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Boson sampling solves a classically intractable problem by sampling from a probability distribution
given by matrix permanents. We propose a scalable implementation of boson sampling using local
transverse phonon modes of trapped ions to encode the bosons. The proposed scheme allows deterministic
preparation and high-efficiency readout of the bosons in the Fock states and universal mode mixing. With
the state-of-the-art trapped ion technology, it is feasible to realize boson sampling with tens of bosons by
this scheme, which would outperform the most powerful classical computers and constitute an effective
disproof of the famous extended Church-Turing thesis.

DOI: 10.1103/PhysRevLett.112.050504 PACS numbers: 03.67.Ac, 37.10.Ty, 89.70.Eg

What is the ultimate computational power of physical
devices? That is a deep question of great importance for
both physics and computer science. The famous extended
Church-Turing thesis (ECTT) postulates that a (classical)
probabilistic Turing machine can efficiently simulate the
computational power of any physical devices (“efficiently”
here means with a polynomial overhead) [1]. The recent
development in quantum computation brings doubt to the
ECTTwith the discovery of superfast quantum algorithms.
The most well-known example is Shor’s algorithm to
factorize a large number in polynomial time with a quantum
computer [2]. Classically, whether factoring is hard is not
settled (a “hard” problem means its solution requires
exponential time). No efficient classical algorithm has
been found yet to solve factoring, but it would not be
very surprising if one finds one, as this will not induce
dramatic change to the computational complexity theory.
Recently, Ref. [1] introduced another problem, called

boson sampling, which is hard for classical computers but
can be solved efficiently with a quantum machine. Boson
sampling is defined as a problem to predict the probabilities
of the measurement outcomes in the Fock basis for M
bosonic modes, which start in definite Fock states and
undergo a series of mode mixing defined, in general, by a
unitary matrix. By definition, this problem can be effi-
ciently solved with a quantum machine, but classically its
solution requires sampling of a probability distribution
given by matrix permanents with an exponentially large
number of possible outcomes. Computation of the matrix
permanent is known to be #P hard (much harder than the
more well-known class of the NP-hard problems) [3].
Reference [1] rigorously proved that boson sampling is
classically intractable unless the so-called polynomial
hierarchy in the computational complexity theory collap-
ses, which is believed to be extremely unlikely. In this
sense, compared with the factoring problem, although
boson sampling has no immediate practical applications,

it is a problem much harder for classical computers to
solve. A demonstration of boson sampling with a quantum
machine thus constitutes an effective disproof of the famous
ECTT. Because of this far-reaching theoretical implication,
experimental demonstration of the boson sampling has
raised strong interest recently. Several publications this
year have reported proof-of-principle demonstrations of
the boson sampling with up to three photons [4–7]. The
key challenge for the next-step experiments is to scale up the
number of bosons. The demonstration using photons based
on the spontaneous parametric down-conversion source has
difficulty in terms of scalability [4–7]. The success proba-
bility decreases very rapidly with the number of photons
due to the probabilistic nature of the single-photon source
and the significant photon loss caused by the detector and
the coupling inefficiencies. This, in practice, limits the
number of bosons below 10, which is still within the
simulation range of classical computers.
In this Letter, we propose a scalable scheme to realize

boson sampling using the transverse phonon modes of
trapped ions. Compared with the implementation using
photons, this scheme has the following desirable features:
First, the Fock states of the phonons can be prepared
in a deterministic fashion and there is no limitation to
the number of bosons that one can realize with this
system. We encode the bosons using the local transverse
phonon modes [8], and the state initialization can be
done through simple Doppler cooling and one step of
the sideband cooling that applies to any number of ions.
Second, we find a technique to do projective detection
of the phonon numbers for all the ions through sequential
spin quantum jump measurements. This gives an imple-
mentation of number-resolving phonon detectors with
near perfect efficiency, much higher than the efficiency
of typical single-photon detectors. Finally, we prove that
universal coherent mixing of different phonon modes
can be achieved through a combination of the inherent
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Coulomb interaction and simple laser-induced phase shifts
of the ions. Through this scheme, it is feasible to realize
boson sampling for tens of phonons with the state-of-the-
art trapped ion technology. This scale has gone beyond
the simulation capability of any classical computers and
corresponds to the most interesting experimental region
for a test of the ECTT [1,9].
The problem of boson sampling is defined as follows:

we have M input bosonic modes ai (i ¼ 1; 2;…;M),
which undergo coherent mode mixing described in general
by a unitary matrix Λ, with the output modes given by
bi ¼

P
M
j Λijaj. The input modes are prepared in a Fock

(number) state jTi ¼ jt1; t2;…; tMi, where ti is an integer
denoting the occupation number of the mode ai. We
measure the output modes bi in the Fock basis, and the
probability to get the outcome jSi ¼ js1; s2;…; sMi is
given by [1,10]

PðSjTÞ ¼ jPerðΛðS;TÞÞj2
Q

M
j¼1 sj!

Q
M
i ti!

; (1)

where Perð·Þ denotes the matrix permanent and ΛðS;TÞ is
a submatrix of Λ formed by taking sj copies of the jth
column and ti copies of the ith row of the matrix Λ. Since
the total number of bosons is conserved N ¼ P

M
i a†i ai ¼P

M
j b†jbj, the submatrix ΛðS;TÞ has dimension N × N.

Because of the hardness to calculate the matrix permanent,
it becomes impossible to sample the probability distribution
PðSjTÞ with any classical computer when the number
of bosons N increases beyond 20–30. An experimental
demonstration of a quantum machine that can successfully
perform this job therefore provides strong evidence against
the ECTT.
To realize boson samplingwith trapped ions, we consider a

chain of ions in a linear Paul trap with the transverse trapping
frequency ωx significantly larger than the axial one ωz. The
bosons are represented by the local transverse phonon modes
ai associated with each ion i (i ¼ 1; 2;…;M), all with the
oscillation frequency ωx. The Coulomb interaction between
the ions introduces a small perturbation to the oscillation
frequency of the local phonon modes, with the interaction
Hamiltonian described by [11]

Hc ¼
X

1≤i<j≤M
ℏti;jða†i aj þ aia

†
jÞ; (2)

where the hopping rates ti;j ¼ t0=jzi0 − zj0j3 and
t0 ¼ e2=ð8πϵ0mωxÞ. Here, zi0 denotes the axial equilibrium
position of the ith ion with mass m and charge e. The
Hamiltonian (2) is valid under the condition ti;j ≪ ωx, which
is always satisfied for the parameters considered in this
Letter. To make the scheme more scalable and eliminate the
challenging requirement of resolving phonon sidebands
for a large ion chain, we use the local transverse phonon

modes to represent the target bosons instead of the conven-
tional normal modes.
To initialize the local phonon modes ai to the desired

Fock states, first we cool them to the ground state by laser
cooling. The routine Doppler cooling achieves a temper-
ature TD ∼ ℏΓ=ð2kBÞ (Γ is the natural bandwidth of the
excited state and kB is the Boltzmann constant), with the
corresponding thermal phonon number n̄x¼kBTD=ℏωz∼
Γ=ð2ωxÞ, which is about 1–2 under typical values of
ωx ≈ 2π × ð5 − 10Þ MHz and Γ ≈ 2π × 20 MHz. The side-
band cooling can further push the transverse modes to the
ground state with n̄x ≈ 0 [12]. For the axial modes, we only
require their thermal motion to be much less than the ion
spacing, which is satisfied already under routine Doppler
cooling. As all the local transverse modes have the same
frequency (with ti;j ≪ ωx), we only need to apply one step
of the sideband cooling independent of the number of ions,
with the laser detuning set at −ωx. The off-resonant process
in the sideband cooling limits n̄x ∼ γ=ωx, where γ is the rate
of the sideband cooling which needs to be comparable with
the phonon hopping rate ti;iþ1. For a harmonic trap, we take
l0 ¼ ½e2=ð4πϵ0mω2

zÞ�1=3 as the length unit so that the ion
spacings in this unit take universal dimensionless values (of
the order of 1) independent of the ion species and the trap
frequency [13]. The hopping rate ti;iþ1 ∼ t0=l30 ¼ ω2

z=ð2ωxÞ
and the thermal phonon number after the sideband
cooling n̄x ∼ ti;iþ1=ωx ∼ ω2

z=ð2ω2
xÞ < 10−2 with a typical

ωz ≈ 2π × ð0.3–1Þ MHz. After cooling of all the transverse
modes to the ground state, we can then set them to any
desired Fock states through a sequence of laser pulses
blue detuned at ωx [14]. Note that the ion spacing is about
or larger than 10 μm under our choice of the parameters,
and under such a spacing, it is reasonable to assume
individual addressing of different ions with focused laser
beams. The focused beam can prepare different local
modes ai to different Fock states jnii. For implementation
of the boson sampling, without loss of generality, we
actually can choose ni ¼ 1, which requires only one pulse
for preparation. To make the phonon hopping negligible
during the preparation step, the sideband Rabi frequency Ω
needs to be large compared with the hopping rate
ti;iþ1 ∼ ω2

z=ð2ωxÞ ∼ 2π × ð10–100Þ kHz, which is easy to
satisfy under typical laser power.
After the state initialization, we need to coherently mix

different phonon modes. The inherent Coulomb interaction
described by the Hamiltonian (1) serves this purpose;
however, it is constantly on without a tuning knob and
we need to introduce additional control parameters to
realize different unitary transformations between the M
modes. To achieve this goal, we introduce a simple
operation which induces a controllable phase shift for
any local phonon mode at any desired time. A laser pulse
with duration tp and detuning δ to the sideband induces an
additional Hamiltonian Hi ¼ ℏðΩ2

i =δÞa†i ai (Ωi is the side-
band Rabi frequency applied to the target ion i), which
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gives a phase shift Uϕi
¼ eiϕia

†
i ai to the mode ai with

ϕi ¼ Ω2
i tp=δ. We choose Ω2

i =δ ≫ ti;iþ1 so that the pulse
can be considered to be instantaneous over the time scale
of phonon tunneling.
The operation Uϕi

and the Coulomb interaction Hc
together are universal in the sense that a combination of
them can make any unitary transformation on the M
phonon modes represented by the M ×M matrix Λ.
Now, we prove this statement. It is known that any unitary
transformation Λ on M bosonic modes can be decomposed
as a sequence of neighboring beam-splitter types of
operations and individual phase shifts [15]. The beam-
splitter operation for the modes (j, jþ 1) is represented by
the Hamiltonian HðjÞ

bs ¼ ℏtj;jþ1ðaja†jþ1 þ ajþ1a
†
jÞ. To real-

ize HðjÞ
bs , we just need to cut off all the other interaction

terms in the Coulomb Hamiltonian given by Eq. (1) except
for a specific pair (j, jþ 1). This can be achieved through
the idea of dynamical decoupling using the fast phase
shifts Uϕi

with ϕi ¼ π [16]. Note that a Hamiltonian term
Hij ¼ ℏti;jðaia†j þ aja

†
i Þ can be effectively turned off for

an evolution time t if we apply an instantaneous π-phase
shift Uϕi¼π at time t=2 to the mode ai to flip the sign of Hij
to −Hij for the second half-period of the evolution.
The interaction Hamiltonian Hc has long-range tunneling,
but it decays fast with distance d through 1=d3 scaling.
If we take the first order approximation to keep only the
nearest neighbor tunneling, the Hamiltonian has the form
HNN ¼ P

M−1
i¼1 ℏti;iþ1ða†i aiþ1 þ aia

†
iþ1Þ. The Hamiltonian

HNN can be used to realize the required couplingHðjÞ
bs for an

arbitrary j if we apply π-phase shifts at time t=2 to every
other mode in the ion chain except for the pair (j, jþ 1), as
illustrated in Fig. 1(a). This kind of decoupling can be
extended, and we can simulate the Hamiltonian HNN (and
thus HðjÞ

bs ) with the original long-range Hamiltonian Hc to
an arbitrary order of approximation. Suppose we cut the
interaction range in Hc to the kth order (i.e., we neglect the
terms in Hc that scale as 1=d3ij with ji − jj > k); we can
shrink the interaction range from k to k − 1 by applying
one step of dynamical decoupling with the pattern of
π-phase shifts illustrated in Fig. 1(b). This step can be
continued until one reaches HNN through concatenation of

the dynamical decoupling [16]. This proves that the
Coulomb interaction Hamiltonian Hc, together with the
phase shifts Uϕi

on single ions, can realize any beam-
splitter operations and thus be universal for the construction
of arbitrary unitary operations on the M phononic modes.
We should note that the above proof of universality based

on the idea of dynamical decoupling is intuitively straight-
forward but may be cumbersome to realize in practice. For
a real experiment, we suggest using optimization methods
to design the control sequence for any given unitary.
Alternatively, one can randomly generate a sequence of
phase shifters and insert them to the evolution to sample
unitaries from the group SU(N) randomly [17]. Because of
the universality of the device, we are guaranteed to reach
almost any corner of the space SU(N). In both approaches,
the truncation of the Coulomb interaction range is not
necessary.
The final step of the boson sampling is detection of all

the phononic modes in the Fock basis. The conventional
method of measuring the phonon number distribution of a
single mode by recording the spin oscillation from red or
blue sideband pulses is not applicable here, as it cannot
measure correlation of different phonon modes in the Fock
basis [14]. What we need is a projective measurement of
each mode in the Fock basis which gives information of
arbitrary high order correlations between different modes.
For trapped ions, a projective measurement of its spin
(internal) state can be done with a very high efficiency
through the quantum jump technique using a cycling
transition. However, the spin detection gives only binary
measurement outcomes (“dark” or “bright”). We need to
figure out a way to perform projective measurements of the
Fock states (with multiple possible outcomes) for each
phonon mode through the binary spin detection. This is
achieved through a consecutive detection scheme with the
following steps: (1) First, to illustrate the idea, we consider
a single ion with its phonon mode in an arbitrary stateP

ncnjni and its spin prepared in the dark state jDi [see
Fig. 2(a)]. (2) Through the well-known adiabatic transition
technique [18], we make a complete population transfer
from jnþ 1ijDi to jnijBi for all the Fock components jni
by chirping the frequency of a laser pulse across the red
detuning at −ωx [see Fig. 2(b) for the population distri-
bution after this step]. (3) We make a carrier transition
jnijDi⇄jnijBiwith a π pulse to flip the dark and the bright
states [see Fig. 2(c)]. (4) After this step, we immediately
measure the spin state of the ion through the quantum jump
detection. With probability jc0j2, the outcome is bright.
In this case, the measurement is finished and we know the
phonon is in the jn ¼ 0i state. Otherwise, the spin is in
the dark state and the phonon is in the jn ≥ 1i components
[see Fig. 2(d) for the population distribution in this case].
When the spin is in the dark state, the ion does not scatter
any photons during the quantum jump measurement. So, its
phonon state will not be influenced by this measurement.

FIG. 1. Control of the tunneling Hamiltonian through the
dynamical decoupling. The negative signs in (a) and (b) denote
the set of ions to be applied to a π-phase shift at half of the
evolution time, while the positive signs denote the ions left intact.
(a) The π-phase pattern to turn off other tunneling terms in HNN
except for a neighboring pair j, jþ 1. (b) The π-phase pattern to
shrink the tunneling range of the Hamiltonian from k to k − 1.
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This feature is important for this consecutive measurement
scheme. (5) Now, with the phonons in the jn ≥ 1i compo-
nents, we just repeat steps (2)–(4) until finally we get the
outcome bright for the spin detection. We conclude that
the phonon is in the Fock state jn ¼ li if the outcome
bright occurs (with probability jclj2) after l repetitions of
the above steps. (6) The above consecutive measurement
scheme can be extended straightforwardly to measure M
local phonon modes in the Fock basis independently with
M ions. The only requirement is that the phonon tunneling
between different modes is negligible during the measure-
ment process. The slowest step of the measurement is the
quantum jump detection of the ion spin state. Recently,
there has been an experimental report of high-efficiency
(> 99%) spin state detection within 10 μs detection time
[19]. The typical phonon hopping rate between the neigh-
boring ions in our scheme is in the range of ti;iþ1∼
2π × ð10–100Þ kHz, and this hopping rate can be signifi-
cantly reduced during the detection through either an
expansion of the ion chain along the z direction right
before the direction by lowering the axial trap frequency or
application of a few dynamical decoupling pulses to turn
off the neighboring tunneling during the detection. As the
hopping scales as 1=d3, a moderate increase of the effective
distance d will significantly reduce the tunneling and push
it below the kHz level. We should note that for the boson
sampling algorithm, the output phonon number per mode is
typically small (the conventional photon detectors actually
can only distinguish 0 and 1 photons), and the number of
repetitions in our consecutive measurement scheme is
either zero or very few in most cases.
In summary, we have proposed a scalable scheme to

realize the boson sampling algorithm by use of the local
transverse phonon modes of trapped ions. The scheme
allows deterministic preparation and high-efficiency read-
out of the phonon Fock states and universal manipulation
of the phonon modes through a combination of inherent
Coulomb interaction and individual phase shifts. Several
dozens of ions have been successfully trapped experimen-
tally to form a linear chain, and, in principle, there is no
limitation to the number of ions that can be manipulated in a
linear Paul trap by use of anharmonic axial potentials [20].
This scheme thus opens the perspective to realize boson
sampling for dozens of phonons with the state-of-the-art

trapped ion technology, which would beat the capability of
any classical computers and give the first serious experi-
mental test of the extended Church-Turing thesis.
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