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Cournot competition model calculates profit by company’s product quantity, but it does
not take market share objective into consideration. It has obstacles of considering nonlin-
ear aspects because the partial derivative equations are very hard to solve. Our algorithm
both improves Cournot’s model with consideration of market share ratio, and avoids the
difficulty of solving several partial derivative equations directly. In our algorithm, we give
a parameter o to describe a company’s consideration of market share objective, formulate
the competition between companies, and calculate new market share ratio using param-
eter 0. We consider two network structures in our model: complete graph network and
star graph network. For complete graph network, our calculation and numerical analysis
is based on the case of 3 companies, but the result for general number of companies, n, is
also discussed. We give a series of numerical results of new market share ratio after given
the initial market share ratio and the parameter o, and show that the initial market
share ratio and new market share ratio are highly linear. Another important property
in this network is the convergence of market share ratio when n goes to infinity. For
star graph network, we give calculation for general cases and show that n = 3,4 are the
only numbers of companies that have positive increase of the market share ratio of the
company.

Keywords: Algorithm; Cournot competition model; market share; partial derivative
equation.
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1. Introduction

In traditional analysis in economics, we often use a highly simplified assumption
that the aim of companies is to maximize their own profits. But for many cases, this
is not the real case. However, when a product is ready to put on the market, the
sales strategy will be discussed by managers with different considerations and the
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factors they consider are very complicated. In 1958, Baumol already realized that
managers may be driven by other motives than pure profit-maximization, and he
suggested a sales-maximization model as a more realistic alternative [1]. After this,
researchers notice that market share may provide a crucial motive for managers. In
1988, Peck reported the empirical findings of a survey in corporate objectives among
1000 American and 1031 Japanese top managers [8]. Increasing market share ranks
third in the American and second in the Japanese sub-sample, whereas return on
investment is first among American and third among Japanese top managers. Many
studies reveal that the consideration of non-profit factor actually does exist in real
big companies.

In the paper “A modified Cournot model of the natural gas market in the
European Union: Mixed-motives delegation in a politicized environment” writ-
ten by Thijs Jansen, Arie van Lier, Arjen van Witteloostuijn and Tim Boon von
Ochssee [5], the authors analyze the attitude of Gazprom (the Russian energy
monopolist) in the European gas market. Paillard [7, p. 16] observes that we need
“to take into account... the Russian elite’s desire to make the West pay for the
humiliation of the 1990s after the collapse of the Soviet Union. This view is not
that of a West that is suspicious of Russian power, but actually a reasonable con-
clusion given (then) President Putin’s numerous declarations as well as those of his
administration, dressed as they may be in diplomatic language. Energy, the one
true weapon in the hands of the Russian authorities, may therefore be seen as an
instrument of blackmail, used now and then by the Russian elite to regain its old
status, at least in regard to Europe.”

The paper translated this attitude into a modeling context: this means that the
“utility function” of Gazprom is different from that of, say, Algerian Sonatrach or
Norwegian Statoil, the other two big companies in Europe gas market. After the
translation, they use a modified Cournot model to analyze the Russian government’s
non-profit objective.

We are inspired by the background and the model in the paper above. However,
the paper did not concentrate on specific non-profit factors, and there is not too
much mathematics in the paper to give convincing quantitative result. Our work
fix up these issues. We build our model based on Cournot competition model. (To
understand the classical Cournot model, please read Sec. 2). In our paper, we con-
sider a general oligopoly market with several monopolists. We choose market share
ratio as the non-profit incentive of the utility function of one company. The reasons
why we choose market share ratio are:

(1) This is basically one of the most important factors considered by big companies.
(2) We can obtain very interesting result in calculation, as in the following sections
of the paper.

Denote n to be the number of monopolists. To begin with, we make following
two assumptions: (1) The network is a complete graph; (2) We first assume that
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n = 3. we are given the initial market share ratio » and the market share consider-
ation parameter o. Using this two variable, we can formulate our modified Cournot
model in Sec. 3. After the description of the model, in Sec. 4, we will explain the
mathematics we use in our model, together with the detailed calculation. In Sec. 5,
we make a conclusion that r and 7, is highly linear. Moreover, after giving a
fixed o, we can calculate this linear function and use it to estimate 7,¢.,. Even
with a reversed procedure, given r and r,¢,, from statistics o can be done from the
calculation. In Sec. 6, we discuss the situation of general n, where, n is the number
of monopolists, and r,.,, has a limit for given » and o. In Sec. 7, we use the same
method and analysis the star graph network.

2. The Classical Cournot Model

Cournot’s competition model has to do with companies trying to decide how much of
a homogeneous goods to produce. Imagine that three companies, A, B, C, produce
the same type of goods. Each company must decide how much goods they will
produce. The problem is that the price of each good is dependent on the total
amount of goods produced. If a lot of goods is produced, the market will be glutted
and the companies will make no money. Thus, the companies want to optimize their
expected earnings. This is basically the idea of Cournot model.

Denote ga,qp,qc to be the quantities that company A, B,C can produce,
respectively. Let @ be the sum of g4, ¢p and gc. Therefore

Q=qa+qs+qc.

We also need a price function to tell us how much each unit of quantity will sell
for. In this case, we assume the price function P(Q) to be linear, i.e., P(Q) = a—bQ
for 0 < Q < . For Q > § we assume that P(Q) = 0.

Finally, assume that the cost per product for the three company is ca,cp, cc
respectively (they are all fixed positive real numbers). Now, we can give the utility
function of A, B, C as following:

A = qala—bQ —ca)
g = qp(a—bQ — cp)
e = qc(a —bQ — co).

According to classical result of the Cournot model, we assume that

Oma
20
9qa
aﬂ'B
2 _9
JdqB
orc
— =0.
dqc
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After solving these equations, we get the equilibrium point

*

qy =

4b(a —3ca+cp+co)

1
a5 = 4b(a—|—cA — 3¢ +co)

1
& = 4b(a+c,4 + ¢ — 3co).

And the profits now are

ma = b(q})?
™8 = b((ﬁka)z
TC = b(QE)2~

These are the basic knowledge we need to know for the classical Cournot com-
petition model. In the next section, we will give our own Cournot model.

3. Description of the Model

What we are going to do now: company A has consideration on market share
ratio. More specifically, his utility function is now 74 + aM, where M represents
the consideration on market share.

In the paper of the natural gas market, the authors consider the situation that
Gazprom also considers another aspect, say, geopolitical power. In the paper, M is
a function depends on its own production and the total production of its rivals, i.e.,
M =M(Qgr,Q-r), here Q_r = Qa+Qn, where Q 4, Q n represents the quantity of
Algerian Sonatrach and Norwegian Statoil respectively, the other two main natural
gas companies that influences natural gas market in Europe. However, in the paper
the authors did not consider the first partial derivative of 361\_4 in the calculation,
so their result is a little bit strange. Our calculation fix this problem, as we will
show in Sec. 4.

Formal description: Consider Cournot competition with three companies: A, B,
and C. Assume that the cost per product for the three company is c4, ¢p, ¢c respec-
tively, as in the classical Cournot model. Without loss of generality, we can assume
b=1,1ie, P(Q) = a— Q is the price function. The utility function for A, B,C
are:

qa 0 (gA %
UA)=ma+1- ) Q) = (G—Q—CA)+§'6(Q )
U(B)=np=qpla—Q —cp)
U(C)Z = c( —Cc).

Here Q = ga + g + qc, Q" is the sum of quantity at the equilibrium point in
the initial Cournot model (without consideration of market share objective), and
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o is the market share consideration parameter stated before. For simplicity, denote
l=3.
The reason why (Q*)? is multiplied with % is to make 74 and M = %5(Q*)?
into the same level. For simplicity, denote w = [ - (Q*)?.
The reason why Z is multiplied with %‘ is to express the extent that com-
pany A considers market share ratio. The reason for the 3 is that ga(a — Q — ca)

is a function of g4 with quadratic coefficient —%, therefore we need to multiply
by %

4. Calculation

To calculate the equilibrium, we need to have

U 4
4 _9
dqa
oUgp
=B _p
9B
oUc
=¢ _y
dqc
which is equivalent to
0
(a_CA)_QQA_QB—QC‘Fww:O
qA

(a—cB)—qa—2qp —qc =0
(a—cc)—qa—gp —2¢qc =0.

The idea of taking first partial derivative: We do not consider (‘;% and 33_27 because
this will make the calculation impossible to be done and ruin the analysis of Cournot
equilibrium. But we DO consider g% and %. Another explanation is that we can
regard g4 as the variable and ¢p, ¢c are the result of the variance of ga.

From the second and third equations above, we have

{q3=(a—03)—Q
qgc = (a—cc) — Q.

Adding these two equations together, we obtain

1
Q= §(2a—cB —coc+qa).
Therefore

9a _ 94
Q - 2afcégfcc +%qA
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Notice that ¢% = —( —3ca+cptec)and QF = i(Sa—cA —c¢p — c¢), we have
2a — cp — cc = 3Q* — ¢’. Therefore

qa qa 3qa

Q el 3QT-ditaa

Denote ¢ = 3Q* — ¢7,. Plugging this into (a —ca) —2qa —qB — gc + wng/AQ =0
and use ¢ = i( —3ca + ¢ + ¢cc), we have
¢
4q% — 4qa + Yv— = 0. (%)

(c+qa)?

Since 9w —5—% (C+qA)2 > 0 for all ga, the solution g4 of (*) must have g4 > ¢%. To

make (%) more clear, denote ga = ¢’ + dQ*, here d > 0. Doing some calculation,
we find that (x) is equivalent to

91( g;) = 4d(3 + d)2.

If we use r to represent the market share ratio of initial Cournot equilibrium,

ie., r= we have

Q* ’
90(3 —r) = 8d(3 + d)*.
On the other hand, we have

94 _ 3¢
Q  3Q"—qi+aqa
_ 3(q4 +dQ")
3Q* — ¢4 + (¢4 +dQ~)
B 3L +3d
3+4d

_ 3r+3d
 3+4d”’

which gives the market share ratio of present Cournot equilibrium. Therefore,
by giving the constant ¢ in the market share objective of A and the market share
ratio r of initial Cournot equilibrium, we can calculate the market share ratio
of present Cournot equilibrium.

For some specific value, o = 0.5 and o = 1.0, the result is:

o =0.5:
r=0.1 7rpew = 0.2495
r=0.2 7rLew = 0.3400
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r =03 7pew = 0.4308
r=04 7rne0 = 0.5219
=05 7pew =0.6133
r=0.6 7pe =0.7049

r=0.1 7r,ew = 0.3634
r=0.2 7Tpew = 0.4475
r=0.3 7Thpew = 0.5320
r=0.4 7,00 = 0.6169
r=0.5 7pew = 0.7022
r=0.6 7pew = 0.7880.

The result is very interesting. For ¢ = 0.5, when r = 0.1,0.2,0.3,0.4,0.5, 0.6, the
market share ratio of company A is raised by 10-14 percentage points. For o = 1.0,
when » = 0.1,0.2,0.3,0.4,0.5, 0.6, the market share ratio of company A is raised by
18-26 percentage points. Although company A might sacrifice plenty of profit, the
market share ratio is actually raised.

More interesting, the value of 7,¢, is highly linear. For some special o, the
relation of r and r,e,, is shown in following graphs:

o=0.2:
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Using matlab to give linear fitting and quadratic fitting for 1001 points (r = ﬁ

fori=0,1,..

.,1000), we have the following result:
The best linear fitting:

o=02 I(z)=0.9619z + 0.0687
=04 I(z)=0.9296z+ 0.1292
c=05 I(z)=0.9151z+ 0.1569
=06 I(z)=0.9016x+ 0.1832
c=08 I(z)=08771z+0.2319
c=10 I(z)=0.8554z + 0.2762
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and

The best quadratic fitting:

c=0.2 gq(z)=0.007022 + 0.9549z + 0.0699
o=04 gq(z)=0.01202% + 0.9176x + 0.1312
o=05 g(r)=0.014022 + 0.9011x + 0.1592
0=0.6 g(z)=0.015722 + 0.8859x + 0.1858
o0=0.8 g(z)=0.018522 + 0.8586x + 0.2350
oc=10 q(z)=0.020722 + 0.8347z + 0.2797.

It can be noticed that for ¢ = 0.2,0.4,0.5,0.6,0.8,1.0, the quadratic coefficient
afi in quadratic fitting is in (0,0.025). We can say that for 0 < ¢ < 1, we have
|arit] < 0.025. Therefore, we can convincingly say that e, is highly linear with r.
This phenomenon is very interesting, because it gives a good example of the linear
increase in percentage point of market share ratio, rather than linear increase in
quantity. This model might be appropriate to analyze some real phenomenon that
the market share ratio of a company has increased enormously, with a speed faster
than the linear one.

5. Result for n = 3

As we have shown in Sec. 4, the relation of r and 7., is highly linear, that is, 7, =
ar +b. From the data we obtain above, we have a € (0.85,1) and b € (0,0.28). After
giving a fixed o, we can calculate this linear function as we have done in Sec. 4 and
use this to estimate 7,,. For instance, when o = 0.5 and r = 30%, we get rpew =
43.08% as an accurate result and we get e = 0.9151 X 30% +0.1569 ~ 43.14% in
the linear fitting. We can see the accurate value and estimation value only differs
0.06%, which is tiny compared with 30%. Therefore, if we are sure about the value
o, we can calculate r,., with the linear fitting with high accuracy without the
complicated calculation of 7, in Sec. 4.

Also, we can calculate the value o given r and 7,,. This also makes sense in
reality; after obtaining the real statistics of old market share ratio and new market
share ratio, we can point out the extent how the company cares about market share
ratio. More precisely, from

90(3 —r) = 8d(3 + d)*

and
. _ 3r+3d
T34 d
if both r and ry,., are given, we can determine the value d in the second equality:
J— 3(Tnew — r).
3 — Tnew
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Moreover, plug this into the first equality above, we can express o by r and 7,y :
3—r

(3 = Tnew)?”

We can give the value of o by the equation above. The list below gives the value of

o for some special r and 7e:

0 =24(Tnew — 1)

o Tnew = 0.2 Tnew = 0.3 | Thnew = 0.4 | Tnew = 0.5 Tnew = 0.6 | Tnew = 0.7
r=0.1 0.317055 0.707209 1.18798 1.78176 2.51736 3.43223
r=20.2 0.341411 0.764679 1.29024 1.94444 2.76157
r=0.3 0.368685 0.82944 1.40625 2.13035
r=04 0.399360 0.902778 1.53859
r=20.5 0.434028 0.986274
r=0.6 0.473412

Similarly, if we have got the actual data of r and 7, We can obtain o using
this method. The value ¢ is in some ways appropriate to represent market share
ratio consideration of a company, and we can determine it only by 7 and 7,eq.

6. Calculation and Result for General n

We assume that the competition network is still a complete graph, but now we
have n companies and company 1 has consideration on market share ratio with
parameter o. In this situation, from

oUy
N 0
g2
s _
dq3
oU,
[ 0,
qn
we get
1 -1 741 C;
Q=—a+" 0—21_2
n n
and
q1 q1
- = m . *
Q %CII + (nfl)a;Eizg Ci ( )

In the Cournot equilibrium without consideration of market share ratio, we have

n
na — E C;
i=1

1 - 1
*: P — 1 s >k:—
a T a+;:10 (n+ 1) Q ]

From the above two equations we have

(n—l)a—ZCian*—qT.

=2
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Plug this into (x), we have

@ _ (%)
Q q+nQ*—q

Plug (*x) into

oUy 0(q1/Q)
— tw————= =0,
oq v oq

after some calculation, we obtain

TLQC

n+1)¢gf — (n+ 1)1 + w——= =0. *okk
(n+ g — (0 + Doy + w7 (s:4)
Similar as the special case n = 3, denote ¢1 = ¢f + d,,Q*. Plug this into (),

we find out (##x) is equivalent to

l-n2<n— g*) = dy(n+1)(n+ dp)?, (0)
and
@ _ n(r+d)
Q  ntd,

We have considered how £ varies when n = 3 and o is fixed. Now we consider

another situation: [ = 3 and r are fixed, but n varies. This makes sense in reality
because we might not be sure about the number of companies, but we know our
present market share ratio » and parameter o.

We discuss e when n — oco. (0) is equivalent to

I-n%(n—r)

= d3 + 2nd? 4 n’d,.
n+1

2(n—
Since [, r are fixed, when n — oo, % = O(n?). Hence

d> +2nd% + n*d, = O(n?)
= n?d, = O(n?)
=d, = 0(1).
(0) is also equivalent to

l-n?(n—7r) d3 d?
A A SR Yo' Y A
n?(n+1) n? + n d

Taking n — oo, we have

g
lim d,, =1=—.
s 2
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Therefore
m 7,60 = 771(7« + dn)
. T+ dn
= lim v
4 o
=r+—.
2

This result can be testified by numerical calculation when o = 0.5:

Tnew n=3 n=>5 n =10 n =100 | n=1000 | n=10000 | n=100000
r=0.1 | 0.249487 | 0.278953 | 0.308942 | 0.345215 | 0.349513 0.349951 0.349988
r=0.2 | 0.340033 | 0.372082 | 0.404868 | 0.444726 | 0.449464 | 0.449946 0.449987
r=0.3 | 0430847 | 0.465332 | 0.500832 | 0.544238 | 0.549414 | 0.549941 0.549987
r=0.4 | 0.521934 | 0.558705 | 0.596833 0.64375 0.649364 | 0.649936 0.649986
r=0.5 | 0.613296 0.6522 0.692873 | 0.743263 | 0.749314 | 0.749931 0.749986
r=0.6 | 0.704938 | 0.745819 0.78895 0.842776 | 0.849264 | 0.849926 0.849985

From the data above, we can observed that 7., — 7+ 0.25 for r = 0.1,0.2,
0.3,0.4,0.5,0.6 when n — oco. Moreover, this phenomenon gives an explanation of
the highly-linear of r and r,¢,, in the special case n = 3.

We hope our modified Cournot competition model can be a good tool for peo-
ple to estimate the new market share ratio 7,¢, given market share consideration
parameter ¢ in a complete graph network. On the other hand, given r and 7,cy,
our model provides an estimation of the extent how the company take market share
objective into consideration, that is, determine parameter o.

7. Calculation and Result for Star Graph Network

Denote G = (V, E) to be the graph that represents the star graph network. Denote
V ={va,v2,v3,...,0,} to be vertex set and vy is the center of the star. Assume
that company A has consideration on market share ratio with parameter o. In this
situation, for all : = 2,3,...,n, we have

o(U;)
0q;

=0=a—c¢—2¢;, —qa =0

1
= ¢ = 5(0—01‘—%)-

Summing this from i = 2 to i = n, we obtain

n

Q@-aa=g((r-a=D e (n-thas
:>Q=% (n—l)a—iz:;cl —ngqu (%)
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Similar as before, we denote ¢%, 5,43, - .., g, and Q* to be the quantity of company
A,2,3,...,n, and the sum of quantity at the equilibrium point in the initial Cournot
model (without consideration of market share objective), respectively. Also denote
I =% and w=1-(Q*)* We still use r to represent the market share ratio of initial
Cournot equilibrium and 7, to represent the market share ratio of new Cournot
equilibrium, i.e., r = gfz and Tpe = %‘.

Notice that in (x), we did not use aé(;:) + wa(%flﬁ@ = 0. Therefore, (*) should

also be correct for ¢% and Q*. Consequently

Plug this into

A qA

Q" H(n-Da-Ti,e) - Faa

)

we have

qa QA (**)
Q Q* qA - _(IA

Now, plug () into a(quA) + w 8("”*5‘@) 0, after some calculation, we get

n—>5 Q* + n73
(ga —qh) +w 3 0 O)
2 AR+ g - —qA>

Notice that

Q"+ 150, > 0.

(Q* + 253¢% — 253qa)?
Therefore
n—>5 N
5 (ga — ¢%4) < 0. ()

If n > 5, from (**%) we must have g4 < ¢J. Plug this into (x) we have @ > Q*.
Therefore

*
da
Tnew = < =T

QQ*

But this is counter-intuitive: company A expects the increasing of market share
ratio, but we get decreasing result. Therefore, we should not use this model for
n > 5.
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For n = 3,4, the model does make sense intuitively. For n = 4, (O) is equivalent
to

2Q" + s
* * — 94— 4a-
Q* + 3¢% — 3q4)?

Denote g4 = ¢’ + dQ*. Plug this into the above equation, we get

“l

8 +4r
BICEYER

SA4(2+7) =d2—d)?,
and (xx) is equivalent to

2r + 2d
Tnew = .
2—d

Therefore, after given [ and r, we can calculate 7, as in Sec. 4.
For some specific value, o = 0.05 and o = 0.1, the result is:

o = 0.05:
r=0.1 7,e0 = 0.1600
r=0.2 ruew = 0.2661
r=0.3 7,60 = 0.3726
r =04 7,6, = 0.4794
r =05 7Thew = 0.5865
r=0.6 7pew = 0.6940,

o=0.1:

r=0.1 7pew = 0.2325
r=0.2 7rnew = 0.3469
r=0.3 7Thew = 0.4623
r=0.4 7,60, = 0.5786
r =05 7Thpew = 0.6959
7 =0.6 7Tpep = 0.8143.

We can observe that our algorithm works very well in these two situations.

This model also works for n = 2,3. For n = 3, we can use the same method in
calculation. For n = 2, we can escape this part, because a star graph with 2 nodes
is a complete graph with 2 nodes. In conclusion, the modified Cournot competition
model works in star graph network, but only concords with intuition when n = 3,4.
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8. Conclusion and Future Work

The above work gives an improved Cournot competition model. Using this model, we
can analyze market competition with consideration of market share objective. Two
structures of network have been carefully discussed: complete graph and star graph.
For complete graph network, the highly-linearity between r and 7,,¢,, is noticed, and
the value of 7,¢,, converges after taking n — oo are two very interesting properties
in the model. For star graph network, we point out when n = 3,4, the model is
useful, and when n > 5, the model is relatively limited. Complete graph network
is appropriate for the situation that the market share ratio of companies does not
differ to much; star graph network is appropriate for the situation that an oligopoly
has preponderant market share ratio.

This paper is an implementation of Cournot competition model. In the future,
other network structures will be chosen for calculation. Also, we will consider the
complicated situation that more than 1 company care for market share ratio. This
is much more complicated in calculation because the partial derivative equation will
be much harder to solve, but we will make effort in this direction.
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