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The Existence of Quantum Entanglement Catalysts

Xiaoming Sun, Runyao Duan, and Mingsheng Ying

Abstract—Without additional resources, it is often impossible to
transform one entangled quantum state into another with local
quantum operations and classical communication. Jonathan and
Plenio (Phys. Rev. Lett., vol. 83, p. 3566, 1999) presented an inter-
esting example showing that the presence of another state, called a
catalyst, enables such a transformation without changing the cat-
alyst. They also pointed out that in general it is very hard to find
an analytical condition under which a catalyst exists. In this paper,
we study the existence of catalysts for two incomparable quantum
states. For the simplest case of 2 X 2 catalysts for transformations
from one 4 X 4 state to another, a necessary and sufficient condi-
tion for existence is found. For the general case, we give an efficient
polynomial time algorithm to decide whether a k X k catalyst exists
for two n X n incomparable states, where k is treated as a constant.

Index Terms—Entanglement catalysts, entanglement states, en-
tanglement transformation, quantum information.

1. INTRODUCTION

NTANGLEMENT is a fundamental quantum-mechanical

resource that can be shared among spatially separated
parties. The existence of entanglement is a distinguishing
feature of quantum mechanics that does not exist in classical
mechanics. It plays a central role in some striking applications
of quantum computation and quantum information, such as
quantum teleportation [1], quantum superdense coding [2], and
quantum cryptography [3]. As a result, entanglement has been
recognized as a useful physical resource [4]. However, many
fundamental problems concerning quantum entanglement
are still unsolved. An important such problem concerns the
existence of entanglement transformation. Suppose that Alice
and Bob each have one part of a bipartite state. The question
then is what other states can the entangled state be transformed
into? Since an entangled state is separated spatially, it is natural
to require that Alice and Bob can only make use of local
operations and classical communication (LOCC). Significant
progress in the study of entanglement was made by Bennett,
Bernstein, Popescu, and Schumacher [5] in 1996. They pro-
posed an entanglement concentration protocol which solved
the entanglement transformation problem in the asymptotic
case. In 1999, Nielsen [6] made another important advance as
follows. Suppose there is a bipartite state

[91) = Z Vaili)ali)s
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shared between Alice and Bob, with ordered Schmidt coeffi-
cients (OSCs for short) a3 > as > --- > a, > 0, and they
want to transform |t} ) into another bipartite state

[v2) = 3 VAl ali)s

with OSCs 1 > (2 > -+ > [, > 0. It was proved that
[th1) — |tb2) is possible under LOCC if and only if Ay, < Ay,
where Ay, and Ay, are the vectors of OSCs of |¢1) and |1)2),
respectively, i.e., Ay, = (a1,..., ), Ay, = (B1,--.,0n),
and < denotes the majorization relation [7], [8], i.e., for 1 <
1 <n

with equality when [ = n. This fundamental contribution by
Nielsen provides us with an extremely useful mathematical tool
for studying entanglement transformation. A simple but signifi-
cant fact implied by Nielsen’s theorem is that there exist incom-
parable states |11) and |1)2) with both transformations |¢);) —
[th2) and |tb2) — |1)1) impossible. Shortly after Nielsen’s work,
a quite surprising phenomenon of entanglement, namely, entan-
glement catalysis, was discovered by Jonathan and Plenio [9].
They gave an example showing that one may use another entan-
gled state |c), known as a catalyst, to make an impossible trans-
formation |1)) — |¢) possible. To be more precise, the transfor-
mation is in the form of |¢)) ® |c¢) — |¢) ®|c), where the catalyst
|e) is not modified in the process.

Entanglement catalysis is another useful protocol that
quantum mechanics provides. Therefore, to exploit the full
power of quantum information processing, we would like a
better understanding of the following basic problem: given a
pair of incomparable states |1/1) and |12) with |1)1) 4 |12) and
[tha) /> |1b1), determine whether there exists a catalyst |¢) such
that [¢1) ® |¢) — |[¥2) ® |c). According to Nielsen’s theorem,
solving the problem requires determining whether there is a
state |c) for which the majorization relation Ay, e < Ay, e
holds. As pointed out by Jonathan and Plenio [9], it is very
difficult to find an analytical and both necessary and sufficient
condition for the existence of a catalyst. The difficulty is
mainly due to lack of suitable mathematical tools to deal with
majorization of tensor product states, and especially the flexible
ordering of the OSCs of tensor products. In [9], Jonathan and
Plenio only gave some simple necessary conditions for the exis-
tence of catalysts, but no sufficient condition was found. Those
necessary conditions enabled them to show that entanglement
catalysis can happen in the transformation between two n X n
states with n > 4. One of the main aims of this paper is to
give a necessary and sufficient conditions for entanglement
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catalysis in the simplest case of entanglement transformations
between 4 X 4 states with a 2 x 2 catalyst. For the general
case, it seems not easy to find an analytical condition under
which incomparable states are catalyzable. We thus follow an
alternative approach: that is, to seek some efficient algorithm to
decide catalyzability of entanglement transformation. Indeed,
an algorithm to decide the existence of catalysts has been
presented by Bandyopadhyay and Roychowdhury [10]. Unfor-
tunately, for two n X n incomparable states, their algorithm
to determine whether there exists a k£ x k catalyst for them
runs in exponential time with complexity O([(nk)!]?), and so
is intractable in practice. The intractability of Bandyopadhyay
and Roychowdhury’s algorithm stimulated us to find a more
efficient algorithm for the same purpose, and this is exactly the
second aim of this paper.

This paper is organized as follows. In Section II, we deal with
entanglement catalysis in the simplest case of n = 4 and k = 2.
A necessary and sufficient condition under which a 2 x 2 cat-
alyst exists for an entanglement transformation between 4 x 4
states is presented. This condition is analytically expressed in
terms of the OSCs of the states involved in the transformation,
and thus it is easily checkable. Also, some interesting exam-
ples are given to illustrate the use of this condition. Section III
considers the general case. We propose a polynomial-time al-
gorithm to decide the existence of catalysts. Suppose |11) and
|tho) are two given n x n incomparable states, and k is any fixed
natural number. With the aid of our algorithm, one can quickly
find all £ x k catalysts for the transformation |1)1) — [1)2)
using only O(n2*+3:5) time. Comparing to the time complexity
O([(nk)!]?) of the algorithm given in [10], for constant &, our
algorithm improves the complexity from superexponential to
polynomial. We draw conclusions in Section I'V, and some open
problem are also discussed.

To simplify the presentation, in the rest of the paper, we
identify the state |¢)) = Y7, \/7i|i)|i) with the vector of its
Schmidt coefficients (1,72, ...,7n), if the meaning is clear
from the context.

II. A NECESSARY AND SUFFICIENT CONDITION OF
ENTANGLEMENT CATALYSIS IN THE SIMPLEST CASE
(n=4,k=2)

Jonathan and Plenio [9] have shown that entanglement catal-
ysis only occurs in transformations between n X n states with
n > 4. In this section, we consider the simplest case: when does
there exist a 2 X 2 catalyst for transforming one 4 X 4 state to
another? Assume

and

|/l/}2> = (1317527/637/84)

|/l/}1> = (Oél, 2, (3, 064)

are two 4 X 4 states, where a; > as > a3 > a4 > 0,
Y =101 >0 > s> B >0,and Y, B = 1.The
potential catalyst is a 2 X 2 state, denoted by |¢) = (¢, 1 — ¢),
where ¢ € [0.5,1].

It was proved in [9] that if |1)1) /> |12), but |1)1)|d) — [h2) @)
then

a1 < B, artag > Pi+P2, r+astaz < Bi+Fo+PB3 (1)
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or equivalently

az+oag+ay > Po+ B3+ Ps, agt+ay < B3+ Ps, ag > Ba.

2
Note that {c; } and {; } are arranged in decreasing order, so we
have

B1> a1 >ar> o> 3> a3 > ay > Py 3)

These inequalities are necessary conditions for the existence of
catalyst |¢), and it is easy to see that they are not sufficient. In the
following theorem, we give a condition which is both necessary
and sufficient.

Theorem 2.1: There exists a catalyst |¢) for two states

(1), li2)) with [12) 7> [ia), if and only if
ma {0¢1+0¢2—ﬂ1 1— 0l4—ﬂ4}
P2+ P B3 — as
gmin{ S 751—01171_ B } @)
a1+ @y — o az + ay
and (1) hold. In addition, for any ¢ € [0.5, 1] such that

max{a1+a2—/31 1_044—/34}
Bo+ 03 B3 — a3
chmin{ P 7/31—06171_ B4 }
a1 +as s — B a3 + oy

|¢) = (¢, 1 — ¢) is a catalyst for (|1)1), |1)2)).
Proof: Assume [p1) 7/ [h2) but |[P1)|d) — |1h2)|h)
under LOCC. From [9, eq. (8)] we know (1) holds. So (2) and

(3) hold as well.
A routine calculation shows that the Schmidt coefficients of

[91)[) and |¢h5)|¢) are
A ={aic, asc, ase, asc; ar (1 — ¢),
az(1—c),as(l —c),aq(1 — )}
and
B = {/[31 & /8267 /[3367 /846; /81(1 - C)7
Pa(1 —c), B3(1 — ¢), Ba(1 — )}
respectively. Sort the elements in A and B in decreasing order
and denote the resulting sequences by a(t) > a(2) > ... > ¢
and b > p@ > ... > p® It is clear that aP = ajc,
a® = ay(1 —¢), bV = Bie, and b® = B4(1 — ¢). Since
[th1)|@) — |1h2)|#), Nielsen’s theorem tells us that
l

l
da® <> (v1<1<8).
=1

i=1
Since {f;} is ordered, and ¢ > 0.5
Brc > Bac > PBze > Pac
(1 —c) > P2(1—c) > B3(l —c) > Ba(l —c)
Bic > Bi(1 —c). (5)
Now we demonstrate that
Bic> Bi(1—c¢) > Bac > B3e > Pa(l —¢)
> f3(1—c) > Pac> Pa(l—c) (6)
and, consequently, fix the ordering of B. The key idea is that the

sum of the biggest [ numbers in a set is greater than or equal to
the sum of any / numbers in this set.
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First, by definition of {a(V} we have o) 44 > ajc+ase.
So Nielsen’s theorem leads to

b® 4 p2) > a® + 43 > aic+ asc.

From inequality (1), we have ay + o > 142, 50 NOENICIEN
Brc+ Bac,ie., b2 > Byc. Combining this with inequality (5),
we see that the only case is b(2) = B1(1 —¢), b(3) = fye, and
B1(1 —c¢) > Pac.

Similarly, we have

M +a® +a® 40 > et asetar(l —¢)+az(1—c)

=1+ Qo.
So it holds that

D 4 5@ 4 4 5D > o 4 o® 4 o® 4 o@
> o1+ az > B+ Pa.

This implies b(*) > 35(1 — ¢). Then it must be that b*) = s,
and B3¢ > (21 — ¢).

Now what remains is to determine the order between b(®)
and (7. We consider b(") first. Nielsen’s theorem yields
b+ b® < o 4 4B By definition, we know that
a™ +a® < as(1 — ¢) 4+ ay(1 — ¢). Therefore,

b 4+ <az(1—c)+ au(l —¢)
=(az+ag)(l—c) < (Bs+P4)(1-c)

the last inequality is due to (2). Since b(®) = B4(1—c), it follows
that (" < f3(1 — c¢). Furthermore, we obtain b(7) = gy,
b = B3(1 — ¢), and B3(1 — ¢) > Bac.
Finally, only (2(1 —c) is left, s0 b®) = 35(1—¢). Combining
the above arguments, we finish the proof of inequality (6).
Clearly, inequality (6) implies that

B2 B B3
ﬂ2+ﬂ3<c<{ﬂ1+527/@3+ﬂ4}' @

This is needed in the remainder of the proof.

Since the order of B has been established, it enables us to
calculate Zézl b for each I. The only remaining problem is
how to calculate Zi‘:1 . To this end, we need the following
lemma.

Lemma 2.1: Assume A = {a1,...,a,}, B={b1,...,bn}.
Sort B in decreasing order and denote the resulted sequence by
bW > p® > ... > (™) Then A < B if and only if for
1<I<n

max
ACA A=

l
Yo ai<y b @®)
i=1

a; €A’

with equality when [ = n.

Proof of Lemma 2.1: The “if” part is obvious. For the
“only if ” part, we sort A in decreasing order and denote the
resulted sequence by a(!) > a(?) > ... > a(") Then A < B if
andonlyifforl1 <1 < n

El: 0

i=1

1
<Y b0
=1
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It is easy to see that

max E a;
© ACA,|A|=1
a; €A’

so the lemma holds.

Proof of Theorem 2.1 (continued): The above lemma
guarantees a way to deal with Ei:l a?, namely by enumer-
ating simply all the possible cases. For example, a(!) 4 a(?) =
arc+ ai(l —¢) or aje + asc, ie.,

oM +a® = max{orc+ a1 (1 — ¢), 1 ¢ + asc}.

The treatments for Z?’ Lal Zle a are the same.
What we still need to do is to solve systematically the inequal-
ities of

(1<1<8).

l l
30 < 3750
=1 =1

We move this daunting but routine part to the Appendix. O

The above theorem presents a necessary and sufficient condi-
tion for the case when a 2 X 2 catalyst exists for a transforma-
tion from one 4 X 4 state to another. Moreover, it is also worth
noting that the theorem is indeed constructive. The second part
of it gives all 2 x 2 catalysts (if any) for such a transformation.
To illustrate the utility of the above theorem, we present some
simple examples.

Example 2.1: This example is exactly the original ex-
ample that Jonathan and Plenio [9] used to demonstrate
entanglement catalysis. Let |¢;) = (0.4,0.4,0.1,0.1) and

l4h2) = (0.5,0.25,0.25,0). Then
maX{Oll-i'Olz—ﬂl 1_ Ol4—54}
Bo+pPs T Ps—as

= max{0.6,1 —2/3} = 0.6
. { B Br— a1 B4 }
min , , 1 —
ar+ax’ ar — B a3 + oy
= min{5/8,2/3,1} = 0.625.

Since 0.6 < 0.625, Theorem 2.1 gives us a continuous spectrum
|¢) = (e,1 — c) of catalysts for |11) and |t)2), where ¢ ranges
over the interval [0.6,0.625]. In particular, when choosing ¢ =
0.6, we get the catalyst |¢) = (0.6, 0.4), which is the one given
in [9].

Example 2.2: We also consider the example in [10]. Let

1) = (0.4,0.36,0.14,0.1) and |1ho) = (0.5,0.25,0.25,0).
The catalyst for |¢)1) and |i)2) given there is ¢ > (0.65,0.35).
Note that
Hlax{al+a2_/81 B 0l4—/34}
PotBs T Pz—az

= max{0.52,1 — 10/11} = 0.52
. { /31 /31 — Qa1 ﬂ4 }
min , ;1 —
a1+ as s — B a3+ oy
= min{25/38,10/11,1 — 0} = 25/38
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and 0.52 < 0.65 < 25/38, Theorem 2.1 guarantees that |¢) is
really a catalyst; and it allows us to find many more catalysts
|p) = (¢,1 — ¢) with ¢ € [0.52,25/38].

III. AN EFFICIENT ALGORITHM FOR DECIDING
EXISTENCE OF CATALYSTS

In Section II, we give a necessary and sufficient condition
under which a 2 X 2 catalyst exists for an transformation be-
tween 4 X 4 states. The key idea enabling us to obtain such a
condition is that the order among the Schmidt coefficients of the
tensor product of the catalyst and the target state in the transfor-
mation is uniquely determined by Nielsen’s theorem. However,
the same idea does not work for higher dimensional states, and
it seems very hard to find an analytical condition for existence
of catalysts in the case of higher dimensions. On the other hand,
existence of catalysts is a dominant problem in exploiting the
power of entanglement catalysis in quantum information pro-
cessing. This leads us to explore the possibility of finding an ef-
ficient algorithm for deciding existence of catalysts. The main
goal of this section is to give a polynomial time algorithm to
decide whether there is a k x k catalyst for two incomparable
n X n states |11), |2), where k > 2 is a fixed natural number.

To explain the intuition behind our algorithm more clearly, we
first consider the case of £ = 2. Assume |11) = (aq,...,ap),
and |1p2) = (f1,...,Bn) are two n X n states, and assume that
the potential catalyst for them is a 2 X 2 state ¢ > (z,1 — x).
The Schmidt coefficients of |¢)1)|¢) and |1)2)|¢$) are then given
as
an(l —z)}

Ay ={aiz, a0z, ..., 0nz;00(1 — ), ...,

and

B, = {/le7ﬂ2$7 s 7ﬂn$;/81(1 - x)v v 7/871(1 - x)}
respectively. Sort them in decreasing order and denote the re-
sulting sequences by

1) 2 P () 2 -+ > a®(a)

and

b () > b () > - > b ().
By Nielsen’s theorem, we know that a necessary and sufficient
condition for [¢1)|¢) — |12)|d) is

Z al )(a:) < Z b(i)(a:)

However we do not know the exact order of elements in A and
B. Let us now consider this problem in a different way. If we fix
o to some constant zg, we can calculate the elements in 4, B
and sort them. Then if we moves x slightly from x( to zo+¢, the
order of the elements in A (or B) does not change, except in the
case that z goes through a point z* With a;(1- x*) = az* (or
Bi(1 — z*) = Bjz*), ie, z* = a+a (resp., z* = Biﬂ
for some 7+ < j. This observation leads us to the f0110w1ng
algorithm.
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1. pij — ﬁ,6,1<—ﬂ1+9,1<2<3<n
2. Sort{p; j}U{6; ;}in nondecreasmg order, and denote the
resulting sequence by 7(1) < 7(2) << ’y(" —n)
3. 70 — 0.5, 4t 1
4. Fori = 0ton?>—ndo
5. c — w
6. Determine the order of elements in A, and B,, re-
spectively
7. Solve the system of inequalities:
LaW(x )<Z bO(2) (I=1,...,2n)

Zl
{%5§x§7W”

8. OUTPUT: Catalysts do not exist, if for all
i € {0,1,...,n% — n}, the solution set of the above in-
equalities is empty; catalyst (z, 1 — ), if for some 7 the
inequalities has solution.

Itis easy to see that this algorithm runs in O(n?) time. In [10],
an algorithm for the same purpose was also given, but it runs in
O(n!) time.

By generalizing the idea explained above to the case of k X k
catalyst, we obtain the following theorem.

Theorem 3.1: For any two n X n states |11) = (a1, ..., ap)
and [¢2) = (f41,...,0Bn), the problem of whether there ex-
ists a k x k catalyst |¢) = (x1,...,xy) for the transformation
|th1) — |1)2) can be decided in polynomial time in n. Further-
more, if there exists a k x k catalyst, our algorithm can find all
the catalysts in O(n2*+3-5) time.

Proof: The algorithm is similar to the one for the case
k = 2. Now the Schmidt coefficients of |1)1)|$) and |12)|¢)
are

A:r = {alwh sy AT ALT2, . vy A X235 .. -,OlnIk}

and

BT —{/31:1}1 ..... ﬂn:vl /31:)927 .. ﬂnl’k}

If we move z in the k-dimensional space R*, the order of the
elements in A, (or B,) will change if and only if z goes through
a hyperplane «;, z;, = aj,zj, (Bi,zi, = Bj,z;,) for some
11 < j1 andia > jo. (Indeed, the area that = ranges over is (k —
1)-dimensional because we have a constraint of 3%, ; = 1.)
First, we can write down all the equations of these hyperplanes

7,8”.’172;...,

I'= {ahxiz = aj1$j2|i1 < jl:iQ > J2}

U{Bi, zi, = Bj, x4, 11 < j1,12 > Ja},

where [T| = 2 (4) (3) = O(n?
R*, these O(n?) hyperplanes can at most divide the whole space
into O(O(n?)*) = O(n?*) different parts. Note that the number
of parts generated by these hyperplanes is a polynomial of 7.
Now we enumerate all these possible parts. In each part, for
different x, the elements in A, (or B,) have the same order.
Then we can solve the inequalities

i a(i)(x) <

i=1 i=1

). In the k-dimensional space
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and check the order constrains by linear programming. Fol-
lowing the well-known result that linear programming is solv-
able in O(n3%) time, our algorithm runs in O(n2k%3-5) time, it
is a polynomial time in » whenever k is a given constant. [

Theorem 3.1 is constructive, and its proof gives an algorithm
which is able not only to decide whether a catalyst of a given
dimension exists, but also to find all such catalysts when they
do exist. The algorithm preceding Theorem 3.1 is just a more
explicit presentation of the proof for the case of k& = 2.

IV. CONCLUSION AND DISCUSSION

In this paper, we investigate the problem concerning the
existence of catalysts for entanglement transformations. It is
solved for the simplest case in an analytical way. We give
a necessary and sufficient condition for the existence of a
2 x 2 catalyst for a pair of two incomparable 4 x 4 states.
Although we fail to give an analytical condition, for the
general case (k x k catalysts for n x n states), an efficient
polynomial time algorithm is found when k is treated as a
constant. However, if £ is a variable, ranging over all positive
integers, the problem of determining the existence of cata-
lysts remains open. We believe that it is NP-hard, since the
set A, = {a1z1,...,QnT1;Q1T9, ..., Qnlo;...,QpT} in
the proof of Theorem 3.1 potentially has exponential kind of
different orders.

APPENDIX
PROOF OF THEOREM 2.1

Proof of Theorem 2.1 (Remaining Part)

We need to solve the system of inequalities
l 1

a® <30 (1<1<8).
— i=1

1=1
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This is carried out by the following seven items.
(I)  First, we have

a® <bM = qe<Pice= a1 < B, )

The inequality o™ + a® < () 4+ @ may be
rewritten as

a1

max{aic+ ai(1 —¢),arc+ asc}
< ﬁlc‘l‘ﬁl(l — C) R
P
a1+ aa
(I1)  We now consider a(®) + a3 +4¢3) < pD) 452 4 p(3),
It is equivalent to

(10)
(1)

c< , a1 < fr.

max{ajc+ ai(l — ¢) + asc,arc + age + azc}
< Bic+ Bi(l =) + foc =

CS{ B /Bl_al}‘ (12)

ar+az+as— L[ az— [

av
V)

Equation (13) at the bottom of the page holds.!
See (14) at the bottom of the page.

(VI) See (15) at the bottom of the page.

(VII) We have

7 7
Za(i) < Zb(i) — a® > = oy > B (16)

i=1 i=1

Combining (7), (9)-(16) we obtain

< B1 Bz B
T B+ B B4 By ]

51 /Bl_al
ar+ar+ag—LFo as—

If avg + a3 — B2 — B3 < 0, this term is useless.

0@ 4 a® 4 a® 4 a® < pD L 4 5@ 40 s
max{aic+ a1(l —¢) + asc+ az(l — ¢),a1c+ azc+ azc+ ar (1 — ¢),
arc+ s+ aze+ ase} < e+ fi(l =) + fac+ fe =
a1+a2_ﬂ1§c§{ S 7 fi— } (13)
B2 + B3 1=fs—Bs avt+az—[P2— P
a® +a® +a® 4 a® 460 <p® 5@ L pG®) £ p® 10—
a® + a4+ a® > p©® 4 pM 4 p®) =
min{as(1l —¢) + as(l —¢) + as(l — ¢), az(l — ¢) + asc+ ay(1 — ¢)}
> Ba(l—c)+ fac+PBa(l—¢c) <=
ay — By Ba
1- 22 ce<i— : (14
B3 — as az+ a3+ as— 5
Yo a® <30 b0 -
al +a® >0 4+ p®) — s
min{az(l —¢) + as(l —¢),uc+ as(l —c)} > fac+ fa(l —¢) <= 1%

c<1— Ba

aztaq’

oy > 4.
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B1 B1— ay
1=y — B3 as+ag—f2— 05
B Pa - Ba (17)
as + as + ag — F3 a3+ Qg
and
cz{al+a2_/81 1_a4—ﬂ4}' (18)
B2 + B3 B3 — a3
Since

Bi> a1 > s> P> P3>a3>ay> P, a1 +as> P+

it follows that

B1 S B
Bi+ B2 a4 as

[33 —1— ,84 >1— /[34
B3+ Ba B3+ Ba as + oy

B1 < b1
a1 +az o+ az+ (g — fa)

B1 < B1 < b _ B
art+az  Bi+Br Bi+Ps 1—=P2— B
1— ba N P

az+oaz+ay — B3 a3+ ayq

and
51—061 >/31—Oll
artaz3—Pa—Ps " az— o

This indicates that there are six useless terms in (17), so we can
omit them. Now we get

maX{C¥1+C¥2—ﬂ1 1_ 014—/34}
B2+ P B3 — a3
1 B1— a1 B4 }

< ¢ < min , , 1=
ar+ax ar — B a3+ gy

Therefore, (4) is a necessary condition for the existence of
catalysts.
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On the other hand, we claim that (1) and (4) are the sufficient
conditions. Indeed, if we choose a ¢ which satisfies (1), then ¢
satisfies (17) and (18). From (9)-(16) we know that

k k
3 <3 b0
=1 =1

i.e., |¥1)]@) — |12)|¢) under LOCC. This completes the proof.
]
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