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Abstract
This algorithm for solving 3-Satisfiability is combined by an intelligent branching algorithm and
a Hamming ball search. Based on the analysis of so-called chain, which is special sequence of
clauses, the deterministic upper bound O(1.328n) is established, improved over O(1.331n), where
n is the number of variables in the formula. The branching algorithm either solves the formula
or generates a big enough set of chains. Additionally, we propose a generalized covering code
to cover the Hamming space constructed by such set of chains. The size of the chains set is
leveraged to bound both algorithms below the worst-case upper bound.
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1 Introduction

The Boolean Satisfiability problem (SAT) stands at the essential region of theoretical computer
science. As the fundamental NP-complete problems, k-SAT and especially 3-SAT have been
extensively studied in both theory and practice. Typically, SAT algorithms are designed for
practically solving SAT, followed by worst-case upper bounds analysis in theory [4, 14, 21, 19].
The study of worst-case upper bounds not only gives a common way for comparing different
algorithms, but also leads to barrier-breaking in heuristics design in many cases [6, 12]. In
this paper, we propose a deterministic algorithm guarantees to decide 3-SAT of n variables
in 1.328n steps in the worst case, improved over 1.334n by Moser and Scheder and 1.331n by
Makino et. al. in 2011 [15, 13].

A number of SAT algorithms with worst-case guarantees have been put forward, including
randomized algorithms and deterministic ones. The first algorithm solving k-SAT in less
than trivial 2n steps is presented by Monien and Speckenmeyer [14], and later their bound
1.619n for 3-SAT is improved to 1.579n and 1.505n respectively [18, 10]. One should note
that these algorithms follow a DPLL-manner, i.e. deterministic algorithms with branching
schemes, whose executions can serve as a proof of unsatisfiability for an unsatisfiable formula.
In 1998, PPSZ is proposed as a randomized algorithm solving unique 3-SAT in 1.308n steps
in expectation [16]. However this PPSZ for general 3-SAT cannot compete with Schöning’s
random walk [19]. Successive works include combing PPSZ and random walk, and proving
unique 3-SAT bound for PPSZ holds in non-unique cases [9, 5], leading to the best 3-SAT
bound. Unfortunately, general PPSZ has not been derandomized due to the excessive use of
random bits [17]. In contrast to this, random walk for k-SAT has been full derandomized
recently [3, 15]. And later result shows that random walk with deliberate initial assignment
can also be derandomized, which implies the current best deterministic algorithm solving
3-SAT in 1.331n steps [7, 13]. As we shall see, state-of-the-art deterministic algorithms deviate
from DPLL-manner, thus an important open question is that can branching algorithms have
better worst-case upper bounds than derandomized algorithms?
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Related Work and Main Contributions. We answer this question by combining a
branching algorithm and Hamming ball search to get an improved bound. Generally, if a
formula has a numerical property Λ, and there exists two algorithms such that the time
complexity of one algorithm is a decreasing function of Λ with another one an increasing
function, the combination of these two algorithms usually implies a better bound than both
of them. Such property in [9] refers to the number of satisfied assignments, and to the
size of maximum independent clauses set in [7]. A strong point of our algorithm is that
we do not utilize the straightforward properties like above, but define a new property and
calculate it: our branching algorithm either solves the formula or outputs an object with
good property Λ which can be used by our Hamming ball search. We leverage Λ to bound
both algorithms below our worst-case upper bound. This property relies on the concept
chain proposed in this work. A chain is a special sequence of clauses such that only adjacent
clauses can share variables, e.g. 〈x1 ∨ x2 ∨ x3〉 and 〈x1 ∨ x2 ∨ x3, x̄3 ∨ x4 ∨ x5〉 are both
simple chains, which are considered in [7] and [1] and refer to as independent clause and
independent clauses pair respectively. However, previous work fails to realize that a chain
can contain any finite number of clauses and still improves random walk by initial assignment.
Moreover, people adopt brute-force search in solving the formula with set of chains, while
we design an intelligent branching algorithm for it. Towards Hamming ball search, it is not
without obstacle to cover Hamming spaces constructed by chains. The first application of
covering code in SAT algorithm is in [3], where Hamming space is covered by uniform radius
Hamming balls and searched by a simple brute-force algorithm. Recent result by Moser
and Scheder refines this search algorithm and full derandomizes Schöning’s random walk
[15]. Note that the Hamming space in their work is {0, 1}n. Shortly afterwards, Makino et.
al. prove the Cartesian product of Hamming space {0, 1}n and {{0, 1}3\03}m can also be
covered without slowdown in Hamming ball search, and the Hamming balls have non-uniform
radii [13]. Nonetheless, this result only supports derandomization for random walk with
independent clauses set. We take a big step further: by formalizing the algebra property of
Hamming space, we prove that the Cartesian product of finite different Hamming spaces can
be perfectly covered. As a result, the Hamming space constructed by finite types of chains
can be covered and searched within time O(1.328n).

Can our deterministic bound for 3-SAT be further improved? We believe that our bound
is optimal unless any one of the following circumstances happens: i) new deterministic
algorithm different from PPSZ and random walk is proposed, ii) PPSZ is derandomized, iii)
our branching algorithm is further refined, or iv) random walk is improved and derandomized.
For case 2, people have struggled finding smaller permutation set to reduce the O(n logn)
random bits used in PPSZ, but failed for general k-SAT [8]. For case 3, we point out that
our worst case is that every chain is a clause, which is exactly the same with the worst case
in [7, 13], but our branching algorithm guarantees to branch on 3 assignments for each clause
while in their cases is 7. Further refinement requires estimation on the number of binary
clauses [2], unfortunately this cannot be achieved since we terminate early to call Hamming
ball search. For case 4, it seems like the analysis on Schöning’s random walk is tight [20],
moreover there is a subexponential slowdown in Moser and Scheder’s Hamming ball search
[15], thus it would be a great breakthrough if progress is made in this part. In conclusion, we
are not asserting that none of these is possible, but under the current framework (combination
of branching and random walk), our bound is highly convinced to be optimal.

The rest of this paper is organized as follows: Section 2 gives basic background in our
worst-case upper bounds study. Section 3 describes detailed algorithms as well as their
analysis, including: i) chain related concepts in 3.1, ii) the complexity analysis of branching
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algorithm in 3.2, iii) Hamming ball search and generalized covering code in 3.3, and iv)
how to combine these two algorithms in 3.4. The detail of the branching algorithm and its
correctness proof are presented in Section A of the Appendix. At last we conclude this paper
with our main results and further implications in Section 4.

2 Preliminaries

CNF Related. Let V = {v1, v2, . . . , vn} be a set of boolean variables, a literal li is either
vi or v̄i (1 ≤ i ≤ n). Let L = {v1, v̄1, v2, v̄2, . . . , vn, v̄n}, a clause C is a subset of L and each
literal in C corresponds to different variable, a K-clause (K ≥ 1) is a set of exactly K literals.
A formula F is a set of m different clauses. A truth assignment a is a mapping which assigns
each variable v ∈ V to 1 (True) or 0 (False), a literal l is assigned to 1 under a if l = v and
v = 1 or l = v̄ and v = 0 under a, for l = 0 is the opposite. A partial assignment a is a set of
mappings restricted in V ′ ⊆ V , such that each mapping only assigns one variable in V ′ to 1
or 0. We also call it assignment for short without ambiguity. A conjunctive normal form
(CNF) formula is a formula F =

m
∧
i=1
Ci while Ci =

ki∨
j=1

lij with lij ∈ L. A k-CNF F satisfies
ki ≤ K for all 1 ≤ i ≤ m, i.e. every clause of F has at most K literals. F is satisfiable iff.
there exists an assignment a such that for every clause C in F , at least one literal of C is
assigned to 1 (a satisfies C), i.e. a satisfies F . For the purpose of this paper we only consider
3-CNF, so sometimes we use CNF to denote 3-CNF in the following.
Independent and Overlapping. Let X be a variable or a literal or a clause or a CNF or
a chain (see Definition 2) or a set of any of them or a partial assignment, we use V ar(X)
to denote the set of all the variables appear in X. X1 and X2 are called independent if
V ar(X1) ∩ V ar(X2) = ∅, otherwise they are called overlapping, or we say X1 overlaps with
X2. If X is a literal or a clause or a CNF or a set of any of them, let Lit(X) to denote the
set of all the literals appear in X. We will also use the set definitions of formula and clause,
i.e. for a CNF F = C1 ∧ C2, it is equivalent to write F = {C1, C2}, and C is equivalent to
Lit(C).
Formula Simplification. For a CNF F , we use F |a to denote the formula derived by
giving assignments to variables in F according to a. For every clause C ∈ F , if a satisfies
C, then C is removed in F |a. Otherwise, the literals in C which are assigned to 0 under a
are removed in C. If all the literals in C are removed, which means C is unsatisfied under
a, we replace C by ⊥ in F |a. Obviously if ⊥ ∈ F , F is unsatisfiable. Given a CNF F , let
G = F |a. For every C ∈ F , we use CF to denote the original clause C in F and CG the
new clause coming from C by giving assignment according to a. Note that CG might be
as same as CF if a does not affect it, or might be different from CF because some literal
in C might be eliminated. Moreover, CG might be eliminated in G if a satisfies C, in this
case CG = 1 ∨ C ′ /∈ G. During the branching process, the CNF will be simplified, we use F
to denote the original input CNF without instantiating any variable, and CF is called the
original form of clause C.

I Definition 1. Given a 3-CNF F , define T (F ) as the set of all the 3-clauses in F , B(F ) as
the set of all the 2-clauses in F and U(F ) as the set of all the 1-clauses in F . Given a partial
assignment a, let G = F |a, define T B(F,G) = {C|C ∈ B(G), CF ∈ T (F )}, i.e. T B(F,G)
are the set of all 2-clauses in G which were 3-clause in F before giving assignment a.

For a 3-CNF F , we have F = T (F ) ∪ B(F ) ∪ U(F ) if ⊥ /∈ F . We use UP(F ) to denote
the CNF derived by running Unit Propagation [4] to F until there is no 1-clause in F . F
is satisfiable iff. UP(F ) is satisfiable. We use O(T (n)) to represent poly(n) · T (n) where

STACS 2017
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poly(n) represents some polynomial of n, then UP(F ) can be done in time O(1), which is
omitted in the context of exponential time complexity. The following lemma for simplifying
formula is a stronger version of UP.

I Lemma 1 ([14]). Let F be a 3-CNF and l ∈ Lit(F ), let G =UP(F |l = 1). If ⊥ /∈ G and
T B(F,G) = ∅, then F is satisfiable iff. G is satisfiable.

Proof. If G is satisfiable, then F is obviously satisfiable. Now we prove the other direction
by showing that the clauses set of G is a subset of the clauses set of F . First of all,
T (G) ⊆ T (F ). Secondly, since T B(F,G) = ∅, there is no new 2-clause in G comparing
to F , thus B(G) ⊆ B(F ). Thirdly, U(G) = ∅ because we run Unit Propagation. Finally,
⊥ /∈ G means G = T (G) ∪ B(G) ∪ U(G) if ⊥ /∈ F . As a result, the clauses set of G is just a
subset of the clauses set of F , thus a satisfied assignment for F satisfying all the clauses in
F also satisfies all the clauses in G, so it is also a satisfied assignment for G. The conclusion
follows. J

Here l = 1 is referred as autark. For further applications please refer to [11]. Note that
this lemma immediately implies the 1.619n 3-SAT bound since the recursive function is
T (n) = T (n− 1) + T (n− 2) with guarantee of branching on 2-clauses.

3 Algorithms and Analysis

The overview has been given in the Introduction in page 1, and here we present the details.

3.1 Preliminaries for Chain
First we give formal definition of our main study object chain, followed by the algorithmic
framework.

I Definition 2. A chain S is a sequence of 3-clauses 〈C1, C2, . . . , Cβ〉 (β ≥ 1) such that for
any 1 ≤ i < j < k ≤ β, Ci is independent with Ck, and for any 1 < i < β, Ci overlaps with
Ci−1 and Ci+1. We call S a β-chain since there are β clauses in S.

In a word, if a clause in chain is not the first one, it must overlap with its previous one, and
if a clause is not the last one, it must overlap with its next one, moreover it cannot overlap
with any other clauses. Here we give some simple examples of chain:

A sequence 〈C〉 contains only one clause is a chain.
A sequence of two clauses 〈C1, C2〉 is also a chain if C1 and C2 are overlapping.
A sequence of three clauses 〈C1, C2, C3〉 is a chain if C1 overlaps with C2, C2 overlaps

with C3 and C1 is independent with C3.
Unless S is a 1-chain, the overlapping only happens between two successive clauses within a
chain S, so every > 1-chain can be mapped to a pattern by identifying every two successive
clauses of it to an overlapping type. For example, chain S = 〈{x1, x2, x3}, {x̄3, x4, x5}, {x5, x6, x7}〉
contains three clauses with negative overlapping on x3 for the first two clauses, and positive
overlapping on x5 for the last two clauses, so S is mapped to a negative overlapping type
followed by a positive overlapping type. We will show in Section B.1 of Appendix that in
our algorithm, only 3 types of overlapping need to be considered. All these types are listed
below and use a character to uniquely denote each of them:

Negative Overlapping: {x1, x2, x3} and {x̄3, x4, x5}, denoted by ‘n’.
Positive Overlapping: {x1, x2, x3} and {x3, x4, x5}, denoted by ‘p’.
Two Negative Overlapping: {x1, x2, x3} and {x̄2, x̄3, x4}, denoted by ‘t’.
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In other words, for two successive clauses C1 and C2, we use ‘n’ to denote C1 only shares
1 variable with C2 and have different polarities, ‘p’ to denote the shared variable has the
same polarity, and ‘t’ to denote C1 and C2 share 2 variables and each of them has different
polarities in different clauses. Define string as follow, then there exists a mapping function
from chain to string.

I Definition 3. Given an alphabet set Γ = {p, n, t, ∗}, a string s is a concatenation of bits,
such that every bit of s is an element of Γ.

Map the 1-chain to string “∗” to make each chain well defined in the mapping function. In
this way, every chain is mapped to a string which is a sequence of characters. For instance,
the above example chain S = 〈{x1, x2, x3}, {x̄3, x4, x5}, {x5, x6, x7}〉 is simply mapped to
string “np”.

I Definition 4. Two chains are isomorphic if they are mapped to the same string.

This means if a chain S1 can be transformed to another chain S2 by negating and renaming
some variables, these two chains are isomorphic. This transformation is a bijection from
Lit(S1) to Lit(S2): when l1 ∈ Lit(S1) is mapped to l2 ∈ Lit(S2), l̄1 is also mapped
to l̄2. Note that all 1-chains are isomorphic. One important property of isomorphic
chains is that they have the same solution spaces. For instance, all chains isomorphic to
〈{x1, x2, x3}, {x̄3, x4, x5}〉 have solution space {01000, . . . , 11111} including 24 assignments
on {x1, x2, x3, x4, x5}. We will show later how to cover isomorphic chains with covering code.

I Definition 5. An instance I is a set of chains, such that all the chains are mutually
independent.

Algorithm 1 is the framework of our algorithm, the BR represents our branching algorithm
and HBS is the Hamming ball search.

Algorithm 1: Framework
Input: CNF F
Output: A satisfied assignment or “Unsatisfied”
1: BR(F) solves F or outputs an instance I
2: if F is not solved then
3: HBS(F , I)
4: end if

3.2 The Branching Algorithm: Analysis on Chains
First of all, we give high-level outline of the branching algorithm BR in Algorithm 2. BR is
instantiated in Section A of the Appendix, with other subsidiary algorithms as well as their
correctness proof. Here we focus on the time complexity analysis.

Our chain analysis relies on the following lemma, which is essential to our choice of
choosing branching clause and chain analysis.

I Lemma 2. Let F be a 3-CNF and l0 ∨ l1 is a 2-clause in F , let G =UP(F |l0 = 1). If
there is a clause C ∈ T B(F,G) and l1 ∈ C, then F is satisfiable iff. F\CF ∪C is satisfiable.

Proof. Suppose CF = l1 ∨ l2 ∨ l3 and C = CG = l1 ∨ l3, then l1 = 0 ⇒ l2 = 0, let H be
F\CF ∪ C, and a∗ a satisfied assignment of F . If l0 = 1 under a∗, then a∗ satisfies G, so a∗
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Algorithm 2: BR(F)
Input: CNF F
Output: A satisfied assignment or “Unsatisfied” or an instance
1: while F is not solved do
2: simplify the formula according to Lemma 2
3: choose a clause and branch on its satisfiable assignments recursively
4: add this clause to instance
5: if instance is big enough then
6: output the instance and stop the recursion
7: end if
8: end while

satisfies CG, it also satisfies H. If l0 = 0 under a∗, then l1 = 1 under a∗ because l0 ∨ l1 ∈ F .
Then a∗ satisfies C, so a∗ also satisfies H. So any satisfied assignment of F also satisfies H.
On the other direction, any satisfied assignments for H is obviously a satisfied assignment
for F . We have F is satisfied iff. F\CF ∪ C is satisfied. J

Our key observation is that when Lemma 1 and Lemma 2 are no longer applicable to the
current formula, there must exist a clause C ∈ T B(F,G) and l1 /∈ C. Thus in every step of
BR, a 2-clause is branched and has limited overlapping cases with the previous one. Detailed
explanation of its application in our algorithm please see Section A.3 in Appendix.

We prove that the worst-case upper bound of BR on any 3-CNF of n variables is O(cn),
where c is constant given later. First we identify every type of chain to an integer id, so that
in each step of the algorithm, an integer vector ~d can be used to represent state of chains
set: di is the number of i-type chains in instance. Now we specify the line 5 of BR: an
instance is big enough if ~x · ~d ≥ n, where ~x is the weight vector of all types of chain and will
be calculated in Section 3.4.

Each step of BR corresponds to node in the depth-first search tree, see Figure 1. The
clause in each node is added to the instance as follows: suppose node x1 ∨ x2 ∨ x3 in Figure 1
is the root, node x̄2 ∨ x4 ∨ x5 is independent with all of its children, and so does node
x̄3 ∨ x6 ∨ x7. Clause x̄2 ∨ x4 ∨ x5 overlaps with its father by type ‘n’ (type 4). So in node
x̄2 ∨ x4 ∨ x5, ~d satisfies that all components are 0 except d4 = 1.

Let T (~d) denotes the steps needed to solve the current formula, we want to prove the
following:

T (~d) ≤ cn−~x·~d.

The boundaries can be proved straightforwardly: at the beginning of the algorithm, ~d = 0,
T ≤ cn. If the instance is big enough (~x · ~d ≥ n), the recursion is stopped, so T = 0.

First we state that the base c of our bound is 3
log 4

3
log 64

21 ≈ 1.327924 < 1.328, and using ~x
without specifying how to calculate it, then we prove that this is the worst-case upper bound
of the branching algorithm by induction. In Section 3.4 we will show how to derive ~x, in fact
it is a result of combination of our two algorithms.
Proof of the Inductive Step. We generate all the possible chains, and prove every case of
the induction. Assuming T (~d) ≤ cn−~x·~d holds for the current step. Define βi as the branching
number of i-type chain, which can be seen as the cost of generating a chain. For example, in
Figure 1, 2-chain 〈{x1, x2, x3}, {x̄2 ∨ x4 ∨ x5}〉 has 3 satisfied assignments, so its branching
number is 3× 3 = 9, because in the worst-case, it cost 9 branches to generate this 2-chain
(the worst-case is reached if other 2 branches do not lead to contradiction and assignment
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𝑥1⋁𝑥2⋁𝑥3 

𝑥 2⋁𝑥4⋁𝑥5 ⊥ 𝑥 3⋁𝑥6⋁𝑥7 

𝑥2𝑥3 = 10 𝑥2𝑥3 = 11 𝑥2𝑥3 = 01 

𝑥4𝑥5 = 11 𝑥4𝑥5 = 10 𝑥4𝑥5 = 01 

Figure 1 The depth-first search tree of our branching algorithm. The algorithm guarantees to
branch on a ≤ 2-clause. There are 3 branches for node x1 ∨ x2 ∨ x3 and branch x2x3 = 11 causes a
contradiction, then node x̄2 ∨ x4 ∨ x5 and node x̄3 ∨ x6 ∨ x7 both have at most 3 branches.

x2x3 = 10 is assigned last among all 3 assignments). Please see Section B.2 in Appendix for
details. In the chain analysis, the inductive step has the following 2 cases:

Case 1: T (~d) ≤ βiT (~d+ei). Then we prove βiT (~d+ei) ≤ cn−~x·
~d. Because βiT (~d+ei) ≤

βic
n−~x·(~d+ei), it remains to prove βicn−~x·(

~d+ei) ≤ cn−~x·~d, which is equivalent to βic−xi ≤ 1.
Case 2: T (~d) ≤ βiT (~d+ ei) + βjT (~d+ ej). The same with the first case, it remains to

show that βic−xi + βjc
−xj ≤ 1.

We define the βic−xi in the first case as well as the βic−xi + βjc
−xj in the second case to be

the inductive number ξ for each branching case and report it in Table B.3 of Appendix. All
the ξ values are smaller than or equal to 1, thus proved our upper bound. Since ~d = 0 in the
beginning of BR, we immediately have the following lemma:

I Lemma 3. There exists a positive weight vector ~x with finite length, such that algorithm

BR solves any 3-CNF on n variables or outputs an instance within O(3
log 4

3
log 64

21
n
) steps.

3.3 Hamming Ball Search: Generalized Covering Code
We give the outline of our Hamming ball search in Algorithm 3, where algorithm searchball-
fast refers to the deterministic algorithm solving Promise-Ball-k-SAT 1 with radius r in
time (k − 1)r+o(r) [15], also see Theorem 4.

In the following we use [x] to denote the integer number set {0, 1, ..., x}, T to denote time
complexity of an algorithm and let F denote a 3-CNF formula of n variables.

3.3.1 Preliminaries for Covering Code
The Hamming space is a set of assignments, the Hamming distance of two assignments a
and b is the number of bits that a and b disagree, we use h(a, b) to denote it. A covering

1 Promise-Ball-k-SAT promises that there is a satisfied assignment in Hamming ball Br(a).

STACS 2017
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Algorithm 3: HBS(F , I)
Input: CNF F , an instance I
Output: A satisfied assignment or “Unsatisfied”
1: construct covering codes set C for every Hamming space according to every pattern
P ∈ I and the rest of the variables in F

2: for each covering code C(r) ∈ C do
3: for each assignment a ∈ C(r) do
4: if searchball-fast(F, a, r) found a solution then
5: return the solution
6: end if
7: end for
8: end for
9: return “Unsatisfied”

code C(r) is a set of assignments, it covers the Hamming space of all the assignments a s.t.
h(a, b) ≤ r for all the b ∈ C(r).

I Theorem 4 ([15]). Given a 3-CNF F and an assignment a of F , F can be solved by
a deterministic algorithm in time O((2 + ε)h(a,a∗)) for any constant ε > 0, where a∗ is a
satisfied assignment of F .

I Lemma 5 ([3]). Let n be a sufficiently large integer, 0 < ρ < 1
2 . There exists a covering code

C0 with radius at most ρn for Hamming space {0, 1}n, and |C0(ρn)| ≤ poly(n)·2(1−h(ρ))n, can
be constructed deterministically within time poly(n) · 2(1−h(ρ))n. Where h(ρ) = −ρ log2 ρ−
(1− ρ) log2 (1− ρ) is the binary entropy function.

Now we generalize the concept of Hamming space defined in [3] from {0, 1}n to {s1, s2, ..., sp}n,
where s1 to sp can be any binary string with same length, and p and n are non-negative inte-
gers. For example, a Hamming space A = {01, 10, 11}2 contains all the satisfied assignments
of a 2-CNF formula F = (x0 ∨ x1) ∧ (x2 ∨ x3).

I Definition 6 ([13]). Let l be a non-negative integer. A set {C ′(0),C ′(1),...,C ′(l)} is an
[l]-covering code for a Hamming space A, if for every x ∈ A, there exists a codeword y ∈ C ′(r)
for some r: 0 ≤ r ≤ l, s.t. h(x, y) ≤ r.

I Lemma 6 ([13]). For Hamming space A = {{0, 1}3\03}d, there exists an [l]-covering
code C ′(0),C ′(1),...,C ′(l) for A, where l is the maximum integer s.t. ( 3

7 )d <
( 1

2
)l−2, and

|C ′(i)| = poly(d) · ( 7
3 )d/2i. Furthermore, if d is sufficiently large, {C ′(i)|i ∈ [l]} can be

deterministically constructed within time poly(d) · ( 7
3 )d.

3.3.2 Generalized Covering Code
We describe the vital algebra property of Hamming space, such that covering code for any
Hamming space can be formalized.

I Definition 7. Given a chain S, let S = {s1, s2, ..., sp} be the set of all of its satisfied
assignments, let s ∈ S be a random variable according to some distribution π(S). There
exists π(S) such that E

a

[
( 1

2 )h(s,s∗)
]
are the same for all s∗ ∈ S, define this value to be the
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characteristic value b of chain S as follow:

b(S) def= E
s

[
(1
2)
h(s,s∗)

]
.

The existence of such π(S) can be shown by solving system of linear equations for fixed
S, and the characteristic value of each chain can also be calculated by this. One can find
a simple example in [1] to see how it works. In this work, we solved 48 systems of linear
equations with at most 3000 variables, and report all b(S) in Table C of Appendix.

Define pattern P = {S1,S2, ...,Sd} as the set of isomorphic and mutually independent
chains, Sj ⊂ F (j ∈ [d]), and {s1, s2, ..., sp} are all the satisfied assignments of each Sj(j ∈ [d]).
Because all chains are mutually independent, they have the same satisfied assignments,
the Hamming space A = {s1, s2, ..., sp}d contains all the satisfied assignments of P. Our
main technology based on dividing CS into different patterns, thus each Hamming space
corresponds to each pattern can be multiplied as a whole. We propose the following lemma
as a generalization of Lemma 6, to show the key relation between characteristic value and
covering code. This lemma is also the basis of our generalized covering code.

I Lemma 7. For a Hamming space A = {s1, s2, ..., sp}d with sufficiently large d, (1) there
exists an [l]-covering code which is a set of covering code {C(0),C(1),...,C(l)} for A, where
l is the maximum integer s.t. bd <

( 1
2
)l−2, and |C(i)| = poly(d) · b−d/2i, (2) {C(i)|i ∈ [l]}

can be deterministically constructed within time poly(d) · b−d.

Using a probabilistic argument, we can prove the existence of such code, and its deterministic
construction can be proved by codewords concatenation. This is quite similar to the work by
Makino et. al., except their Hamming space is {{0, 1}3\03}m with characteristic value b = 3

7 .
We refer the readers to [3, 13] to detail proof.

Here we propose our generalized covering code, which can be used to cover Cartesian
product of finite different Hamming spaces, then the time complexity of its construction is
given.

I Definition 8. Let A1,A2,...,Aτ and {0, 1}n be (τ + 1) Hamming spaces such that Aj
corresponds to some fixed pattern Pj with |Aj | = dj = O(n) for every j ∈ [τ ]\0, and let
0 < ρ < 1/2. Let C(r(~i, ρn)) be C0(ρn) × C1(i1) × C2(i2) × ... × Cτ (iτ ) where C0 is the
covering code for {0, 1}n and Cj is the covering code for Aj, ~i = (i1, i2, ..., iτ ). Define
{I}-covering code as a set of covering codes ĈI = {C(r(~i, ρn)|~i ∈ I)}.

I Corollary 1. There is an {I}-covering code ĈI for A1×A2×...×Aτ×{0, 1}n, I = [l1]×...×
[lτ ], lj = Θ(−dj log bj) for each j ∈ [τ ]\0, s.t. for all ~i ∈ I, we have r(~i, ρn) ≤

∑k
j=1 ij + ρn,

|C(r(~i, ρn))| ≤ poly(n)2(1−h(ρ))n−
∑τ

j=1
ij ∏τ

j=1 bj
−dj , can be deterministically constructed

within time poly(n)2(1−h(ρ))n∏τ
j=1 bj

−dj . Where bj is the characteristic value of the chain
in Aj and dj = |Aj | for every j ∈ [τ ].

Proof. Lemma 5 implies that ∀a0 ∈ {0, 1}n,∃a′0 ∈ C0(ρn) s.t. h(a0, a
′
0) ≤ ρn. Also Lemma 7

shows that ∀aj ∈ Aj ,∃a′j ∈ Cj(ij) s.t. h(aj , a′j) ≤ ij . So ∀a ∈ A1 × A2 × ...× Aτ × {0, 1}n

which is a concatenation of a0 to aτ , ∃a′ ∈ C0(ρn)× C1(i1)× C2(i2)× ...× Ck(iτ ) where a′
is a concatenation of a′0 to a′τ , s.t. h(a, a′) ≤

∑τ
j=1 ij + ρn. Which means Ĉ~i∈I covers the

Hamming space A1 ×A2 × ...×Aτ × {0, 1}n and r(~i, ρn) ≤
∑τ
j=1 ij + ρn.

From Lemma 7 we know that for each j ∈ [τ ]\0 and each 0 ≤ ij ≤ lj = Θ(−dj log bj),
|Cj(ij)| = O(d2

jb
−dj
j /2ij ), and |C0(ρn)| ≤ poly(n) · 2(1−h(ρ))n (Lemma 5), so the size of our
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{I}-covering code is bounded by:

|C(r(~i, ρn))| ≤ poly(n) · 2(1−h(ρ))n ·
τ∏
j=1

(
d2
jb
−dj
j /2ij

)
= poly(n) · 2(1−h(ρ))n ·

τ∏
j=1

(
b
−dj
j /2ij

)
= poly(n) · 2(1−h(ρ))n−

∑τ

j=1
ij ·

τ∏
j=1

b
−dj
j .

For constructing ĈI , first we construct C0(ρn) within time poly(n) · 2(1−h(ρ))n, then for
each j ∈ [τ ]\0, Cj(0) to Cj(lj) are constructed within time poly(dj) · bj−dj . We construct ĈI
by concatenating every codeword w0 ∈ C0(ρn) and every w1 ∈ C1 and every w2 ∈ C2 and ...
and every wτ ∈ Cτ , where Cj denotes {Cj(i)|i ∈ [lj ]}. The whole process is deterministic,
the running time is at most:

poly(n)2(1−h(ρ))n +
τ∑
j=1

poly(dj)bj−dj + poly(n)2(1−h(ρ))n
τ∏
j=1

 lj∑
i=0

(
poly(dj)bj−dj/2i

)
≤ poly(n)2(1−h(ρ))n

τ∏
j=1

(
poly(dj)bj−dj

)
≤ poly(n)2(1−h(ρ))n

τ∏
j=1

bj
−dj .

J

The number of elements in I can be estimated as follows:

|I| =
τ∏
j=1

(lj + 1) =
τ∏
j=1

Θ(−dj log bj) = poly(n) ·
τ∏
j=1

(− log bj) = poly(n).

According to this and Corollary 1, we prove the worst-case upper bound of algorithm HBS.
Based on our calculation we know there are finite different isomorphic structures of chains.
Let us define this finite number to be τ . Let n′ be the number of variables which do not
occur in I, then n′ ≤ n, and let dj = |Sj | (j = 1, 2, ..., τ). The HBS follows two steps: i)
constructs |I| Hamming balls with each ball has radius at most

∑τ
j=1 ij + ρn′ (0 ≤ ij ≤ lj),

ii) each ball can be solved deterministically within time O((2 + ε)
∑τ

j=1
ij+ρn′). According to

Theorem 4, we have:

T (HBS) =
∑
~i∈I

poly(n′)2(1−h(ρ))n′
τ∏
j=1

bj
−dj


+
∑
~i∈I

poly′(n′)2(1−h(ρ))n′−
τ∑
j=1

ij

 τ∏
j=1

bj
−dj

 (2 + ε)

τ∑
j=1

ij+ρn′


The first term corresponds to the construction of |I| Hamming balls (line 1 of Algorithm 3),
and the second term is the running time of searching inside balls (line 2-8 of Algorithm 3).
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The total running time of HBS can be bounded as follows:

T (HBS) ≤ |I|poly(n′)2(1−h(ρ))n′
τ∏
j=1

bj
−dj

+
∑
~i∈I

poly′(n′)2(1−h(ρ))n′−
τ∑
j=1

ij

 τ∏
j=1

bj
−dj

 2

τ∑
j=1

ij+ρn′
(1 + ε)n

= poly(n)2(1−h(ρ))n′
τ∏
j=1

bj
−dj +

∑
~i∈I

poly′(n′)2(1−h(ρ)+ρ)n′
τ∏
j=1

bj
−dj

(1 + ε)n

≤ |I| · poly(n)2(1−h(ρ)+ρ)n′
τ∏
j=1

bj
−dj (1 + ε)n

= poly(n)(1 + ε)n
(

4
3

)n′ τ∏
j=1

bj
−dj (let ρ = 1

3)

= poly(n)(1 + ε)n
(

4
3

)n−|var(I)| τ∏
j=1

bj
−dj .

Omit the polynomial and choose sufficiently small ε, this essentially means if an instance
I with τ types of chains can be extracted from CNF F , then F can be solved by HBS in
O(
( 4

3
)n−|var(I)|∏τ

j=1 bj
−dj ) steps, where τ is a finite integer and chains have types from 1

to τ .

3.4 Combining BR and HBS: Calculating the Weight Vector

In Section 3.2, we state that our algorithm runs in time O(cn), where c = 3
log 4

3
log 64

21 ≈ 1.327924 <
1.328, and prove that BR with designated ~x has time complexity below this bound (see the
induction and Lemma 3). Now we proceed to demonstrate how to derive this bound and
prove that HBS with instance provided by BR has the same upper bound.

Suppose all the chains contain only 1 clause, represented by string “∗”. According to
the conclusion in the end of Section 3.3.2, the base c of our bound can be calculated by the
following:

3d
∗
1 = (4

3)n−3d∗1b1
−d∗1 = cn.

The Hamming space constructed by 1-chains is {{0, 1}3\03}d1 with characteristic value

b1 = 3
7 , so we derive d∗1 = log 4

3
log 64

21
n and c = 3

log 4
3

log 64
21 < 1.328. Now we prove this is our

worst-case upper bound for Hamming ball search. If the weight vector ~x satisfies that for
all ~d such that ~x · ~d ≥ n, T (HBS) ≤ cn, the worst case of HBS can be proved to be O(cn).
Note that this is a linear programming system after taking logarithmic. By the property of
linear programming we know, for any type i of the chain, if the instance I containing only
chains of type i satisfies T (HBS) ≤ cn, then the instance containing any combinations of
chains still satisfies T (HBS) ≤ cn. As a result, the problem remains to calculate the weight
vector ~x. Instead of calculating inequality, we solve the following linear system (after taking
logarithmic) for each i-type chain Si,{

( 4
3 )n−|var(Si)|·d∗i bi

−d∗i = cn

d∗i · xi = n

STACS 2017
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such that if d∗i ·xi ≥ n for every i, HBS has running time ≤ cn. Only xi and d∗i are unknown
in this equations set, thus we construct ~x by solving this for each i. Also note that the
explicit values of ~x is required by our algorithm BR. We report each bi and xi for every type
of chain in Table C of Appendix. Every component of the weight vector ~x is greater than 1
and |var(Si)| · d∗i ≤ n for each i, which means the solution is valid.

4 Conclusion

The analysis of our branching algorithm relies on the combinatoric property of chain, while
generalized covering code is built on chain’s algebra property to serve Hamming ball search.
Our results on the combining both of them are summarized in the following:

I Theorem 8. There is a deterministic algorithm deciding 3-CNF on n variables within

O((3 + ε)
log 4

3
log 64

21
n
) steps for arbitrary ε > 0.

I Theorem 9. There is a deterministic algorithm deciding 3-CNF on n variables within
O(1.32793n) steps.

This improves the deterministic 3-SAT bounds from O
(( 4

3
)n) by Moser and Scheder [15]

and O(1.3303n) by Makino et. al. [13] in 2011.

Further Implications. Our Hamming ball search is essentially for any k-CNF (k ≥ 3) with
any finite types of chains. So with more sophisticated branching cases and chain analysis,
our algorithm works for k-SAT (k ≥ 3). We conjecture that the worst case for k-SAT is
still the instance contains only 1-chains under our framework, and the branching number is
2k−1−1 for every clause in chain. One should notice that, the branching algorithm solves the
k-CNF by reducing it to a (k − 1)-CNF, which is solvable in polynomial time for the 3-SAT
case in this paper, while for k-CNF (k > 3), the best deterministic algorithm for (k− 1)-CNF
(which is ours) is called to solve the remaining formula, with variables in instance eliminated.
The conclusion follows immediately:

I Conjuecture 1. There is a deterministic algorithm deciding k-CNF (k ≥ 3) on n variables
within O((Tk + ε)n) steps for arbitrary ε > 0, where Tk satisfies:

1. Tk = 1 for k = 2.

2. Tk
n = (2k−1 − 1)d∗k · Tk−1

n−kd∗k =
(

2(k−1)
k

)n−kd∗k
· b̂−d

∗
k

k for k ≥ 3, where b̂k is the
characteristic value of 1-chain in k-CNF.

Our Theorem 8 is the k = 3 case of Conjecture 1, which has been formally proved in this
work. Our calculation shows that b̂4 = 1

5 for 1-chain in 4-CNF, and we give the following
bound as a strong conjecture.

I Conjuecture 2. There is a deterministic algorithm deciding 4-CNF on n variables within
O(1.49725n) steps.

Note that the currently best deterministic bound for 4-SAT is O(1.5n), due to Moser and
Scheder [15]. We believe that the deterministic k-SAT bounds can be improved by our
algorithm for all k ≥ 3.

Acknowledgments. The author would like to thank Periklis A. Papakonstantinou for
helpful discussions, advices and remarks.
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Appendix

A The Branching Algorithm

Our algorithm follows a depth-first-searching. We use CS to denote all the branched clauses
in a path of the depth-first-searching tree from root. Note that every clause C ∈ CS is
a 3-clause (original form), they can be transformed to an instance straightforwardly: if a
clause C2 overlaps with the previous clause C1, then add C2 to the chain that C1 belongs to,
otherwise let 〈C2〉 be a new chain. Different chains usually have different branching numbers
(see Section B.2), which is essential to the worst-case upper bounds analysis.

A.1 Overview
First we give an overview of all the algorithms and their relationships, their correctness
are proved in next section. BR is the calling entry of our branching algorithm, with
Branch2, Branch3 and Branch5 dealing with different branching cases. Besides, we have
auxiliary algorithms Simplify and Check. BR always chooses a literal from 3-clauses and
call Branch2 to branch on this literal. Branch2 deals with cases with two branches. If
the formula in one branch can be simplified (line 2-7), BR is called again by Branch2.
Otherwise, we have the conclusion stated in Statement 1. Branch3 deals with cases with
three branches, the cases are displayed as follows:

1. Formula can be simplified to 2 branches, then Branch2 is called, corresponding to
line 8-12 and line 22-27.
2. Formula can be simplified to 1 branches, then BR is called, corresponding to line
13-21.
3. Formula can not be simplified in all of 3 branches, and there exists a special clauses
with two negative overlapping, then Branch5 is called, corresponding to line 28-29.
4. Formula can not be simplified in all of 3 branches, and there does not exists such
clause with two negative overlapping, then Branch3 is called, corresponding to line
31-35.

Branch5 deals with cases with two negative overlapping. If F can be satisfied by set
l1l2l3 = 111, then only one branch is derived and F is solved by BR (line 3).

I Statement 1. The running of the following codes guarantees to find a 3-clause in F with
‘n’ overlapping with its predecessor in CS:

Line 9 of Branch2 (Algorithm 7)
Line 31 of Branch4 (Algorithm 8)
Line 11 and 21 of Branch5 (Algorithm 9)

We prove Statement 1 after formally introducing the algorithm Simplify.

A.2 The Algorithm Check
In the beginning of every branching case (Line 1 of Branch2, Branch3 and Branch5),
we check if the current chain can be “forced” to stop. In most case, if a chain is forced
to stop, the algorithm has to branch for 2 · (2|L| − 1) times, where L is all the unassigned
literal in the last chain. Because all the assignments of L have to be branched, and calling
BR has to choose a literal and branch on its two assignments. On the other hand, given
a 2-clause, if the chain is not stopped, at most 3 branches are generated, with the length
of chain increased by 0 (independent) or 1. As we will show later, this “not stopped” case
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has smaller time complexity. However, this process will never stop until a contradiction is
reached or satisfied. Thus in the worst case, this chain will go to infinite size, which cannot
be covered by finite size of covering code. The key solution of this is to note that when a
chain “grows” to a big enough size, forcing the growing process to stop does not hurt the
worst-case upper bound. We give the algorithm Check here (Algorithm 4) and prove that
such deliberate forcing algorithm yield the same bound. The set of types of chains which
can be forced to stop are derived by rule 3 and rule 5 (see the main body of this paper for
definitions), with the remaining types as the chain automatically stops, i.e. the next clause
is independent with its predecessor. All types are reported in Table C.

Algorithm 4: Check(F, CS)
Input: CNF F , clauses set CS
Output: A satisfied assignment or “Unsatisfied” or an instance or “Unsatisfied” or False
1: figure out the last chain S of CS
2: if type(S) ∈ Forced then
3: L← all the unassigned literals of S
4: for every satisfied assignments a of L do
5: BR(F |a, CS) // branch on a clause
6: end for
7: if all the branches return “Unsatisfied” then
8: return “Unsatisfied”
9: end if

10: else
11: return False

12: end if

A.3 The Algorithm Simplify

Algorithm 5: Simplify(F )
Input: 3-CNF F

Output: 3-CNF F

1: F ← UP(F )
2: repeat
3: simplify F according to Lemma 2
4: until Lemma 2 cannot be applied to F
5: return F

Lemma 1 and Lemma 2 imply a polynomial time algorithm for simplifying 3-CNF, see
Algorithm 5. We use Simplify(F ) to denote this algorithm and explain what benefits it
brings. Suppose F is a 3-CNF with a 2-clause l0 ∨ l1 ∈ F 2, either l0 or l1 is set to 1
to satisfy F . First we calculate G =UP(F |l0 = 1) in polynomial time. If ⊥ ∈ G, F is
satisfiable iff. F |l0l1 = 01 is satisfiable, thus simplifies F to F |l0l1 = 01. If T B(F,G) = ∅,
then by Lemma 1 we know F can be replaced by G, thus F is simplified because at least 1

2 Our algorithm guarantees such 2-clause always exists during the execution of branching.
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variable is assigned. Else if T B(F,G) 6= ∅, we search for a clause C ∈ T B(F,G) such that
l1 ∈ C. If such C exists, by Lemma 2 we know that F can be replaced by H = F\CF ∪ C,
thus F is simplified because at least 1 literal is assigned. Secondly, if F is simplified, we
calculate G =UP(F |l1 = 1) and follow the same process for l0 = 1, but note that if both
branches derive ⊥, F is unsatisfiable. This algorithm runs in polynomial time because F is
simplified for at most |F | times and every subroutine runs in polynomial time. The algorithm
terminates in following cases:

1. F is no longer a 3-CNF, then F can be solved in polynomial time.
2. Both branches derive ⊥, F is unsatisfiable.
3. The first branch derives a ⊥, while the second branch derives does not.
4. The first branch does not derive a ⊥.

The last two cases are equivalent and we can discuss them in a same way. Here we analysis
the case of l0 = 1. If ⊥ is not derived by setting the literal to 1 and run Unit Propagation,
there are three cases to distinguish:

1. T B(F,G) = ∅.
2. T B(F,G) 6= ∅ and there exists C ∈ T B(F,G) such that l1 ∈ C (or l0 ∈ C for the
second branch).
3. T B(F,G) 6= ∅ but there does not exists C ∈ T B(F,G) such that l1 ∈ C (or l0 ∈ C
for the second branch).

Proof of the Correctness of Statements 1. For case 1 and case 2, F is simplified
according to Lemma 1 and Lemma 2 respectively. For case 3, we discuss the overlapping
type between CF and ĈF , where ĈF is the original form of Ĉ = l0 ∨ l1 ∈ F . Suppose
ĈF = l ∨ l0 ∨ l1 and CF = l3 ∨ l4 ∨ l5. Obviously V ar(l)

⋂
V ar(CF ) = ∅, because l is

assigned in F but CF is 3-clause in F . V ar(l1)
⋂
V ar(l4 ∨ l5) = ∅ because l1 /∈ C. So

the only possible overlapping is between l3 and l0 or l1. If l3 overlaps with l0, it has to be
negative overlapping, because l3 is eliminated in G =UP(F |l0 = 1). Else if l3 overlaps with
l1, it can be either positive or negative, however in this case, l0 = 1 implies l1 = 0 if positive,
or l0 = 1 implies l1 = 1 if negative, and the branch numbers are smaller than general ‘p’ or
‘n’ overlapping, thus does not affect the worst-case upper bound. So we only have to consider
two cases: CF and ĈF negative overlapped, denoted by ‘n’; they are independent, and both
of which generate 3 branches.

B The Time Complexity

Here we go over all the branching algorithms, and show their correctness by analysing all
the cases of overlapping between clauses in chain, then we analysis the branching number in
each case.

B.1 Branching Cases Analysis
If BR is called, this clause does not share variable with the previous clause because it is
a 3-clause in F (line 9 in Branch2), and will generate 2 branches (line 8 in BR). And if
the type of the chain is a forced stop type, Check will force it to stop: call BR to let the
next clause not share variable with the current clause. If the type of overlapping of the last
2 clauses in S is ‘t’, then 5 branches will be generated to fix the variables in these clauses,
because there are 5 satisfied assignments for l1 ∨ l2 and l̄1 ∨ l̄2 ∨ l3: l1l2l3 can be 100 or 101
or 010 or 011 or 111. Else if the type of overlapping of the last 2 clauses in S is ‘p’ or ‘n’,
3 branches will be generated because the last clause in S is a 2-clause. Of cause starting
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Algorithm 6: BR(F, CS)
Input: CNF F , clauses set CS
Output: A satisfied assignment or an instance or “Unsatisfied”
1: transform CS to an instance
2: if ~x · ~d ≥ n then
3: output the instance and stop the recursion
4: else if F is 2-CNF then
5: solve F in polynomial time, output a satisfied assignment and stop the recursion or

return “Unsatisfied”
6: else
7: choose a literal l ∈ T (F ) // any literal appears in a 3-clause
8: return Branch2(F, CS, l = 1, l = 0) // branch on a literal
9: end if

with a new 2-clause will cost 2 branches. So forcing a chain to stop generates 5× 2 or 3× 2
branches depends on the last overlapping type.

Now let us consider Branch3. Let C = l1 ∨ l2 be the current branching 2-clause in F in
algorithm Branch3, we discuss the overlapping cases of C and C1

F (the same discussion for
C2). If the repeat loop in line 2 to 4 in algorithm 4 is removed, C1

F has 6 cases: 3 cases if it
contains l̄1, and the other 3 if it does’t. If it contains l̄1, C1

F can be l̄1 ∨ l2 ∨ l3 or l̄1 ∨ l̄2 ∨ l3
or l̄1 ∨ l3 ∨ l4. Else , it ca be l3 ∨ l2 ∨ l4 or l3 ∨ l̄2 ∨ l4 or l3 ∨ l4 ∨ l5. However, after executing
the repeat loop in line 2 to 4 in algorithm 4, l2 is removed in C1, so there are only 4 cases left
: l̄1 ∨ l̄2 ∨ l3 or l̄1 ∨ l3 ∨ l4 or l3 ∨ l̄2 ∨ l4 or l3 ∨ l4 ∨ l5. The first case is dealt by Branch5 and
identified with ‘t’. The case l3 ∨ l̄2 ∨ l4 has less than 3 satisfied assignments after variables in
C are assigned, but we do not distinguish it with the case l̄1 ∨ l3 ∨ l4 since they both share 1
negative variables with C, and this does not influence the worst-case upper bound. So in
Branch3, if a successive clause is found in line 31, it can only be identified with ‘n’.

For Branch2, it derives 2 branches. If it is called by Branch3, the successive clause can
share at most 1 variable with the previous clause whose 2 variables has been assigned (line 9,
11, 23, 25, 27 of Branch3), so it can be identified with ‘n’ or ‘p’.

For Branch5, the type is ‘t’. In the worst case, 3 BR (line 3, 10, 20) and 2 Branch3
(line 12, 22) are called. These 3 BR derive 6 branches and no successive clause for the current
branching clause C ′. Before Branch3 is called, C1 or C2 is found as the successive clause
for C ′, these are 2 branches, and if C1 or C2 overlaps with C ′, it can only be ‘n’, because
C1 ∈ T B(F1, F2), which means C1 ∈ T (F1), so neither l1 nor l2 is contained in C1. But if C ′
and C1’s overlapping type is ‘p’, then l3 ∈ C1, so C1 is eliminated in F2 (the same for C2).

For example, (p,n) is a chain containing 3 clauses, the first clause share 1 variable with
the second clause with positive polarity and the second share 1 variable with the third
clause with negative polarity. We generate all the chain following the order ‘p’, ‘n’, ‘t’, the
forced stop type is established to stop the process of finding successor but does not harm
the worst-case upper bound (analyze later). For example, a chain S with type (p,p) is a
forced stop type, we branch on every satisfied assignments of the last clause of S (algorithm
3). There is also automated stop type, which means the next clause is independent with the
current clause and the chain is cut off. There are finite types of chains, and each type of
chain has no more than 6 clauses.
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Algorithm 7: Branch2(F, CS, a1, a2)
Input: CNF F , clauses set CS, 2 partial assignments a1 and a2
Output: A satisfied assignment or an instance or “Unsatisfied”
1: if Check(F, CS) = False then
2: F ← Simplify(F )
3: F1 ← Simplify(F |a1), F2 ← Simplify(F |a2)
4: if ⊥ ∈ F1 or T B(F, F2) = ∅ then
5: return BR(F2, CS) // a1 causes contradiction or F2 has the same satisfiability

with F
6: else if ⊥ ∈ F2 or T B(F, F1) = ∅ then
7: return BR(F1, CS) // a2 causes contradiction or F1 has the same satisfiability

with F
8: else
9: choose any C1 ∈ T B(F, F1), choose any C2 ∈ T B(F, F2)

10: Branch3(F1, CS ∪ C1
F , C1)

11: Branch3(F2, CS ∪ C2
F , C2)

12: if all the branches return “Unsatisfied” then
13: return “Unsatisfied”
14: end if
15: end if
16: else
17: return “Unsatisfied” // if Check does not return False and the recursion is not

stopped, then the current assignment leads to contradiction
18: end if
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Algorithm 8: Branch3(F, CS, C)
Input: CNF F , clauses set CS, a 2-clause C = l1 ∨ l2
Output: A satisfied assignment or “Unsatisfied” or an instance
1: if Check(F, CS) = False then
2: F ← Simplify(F )
3: F1 ← Simplify(F |l1 = 1)
4: F2 ← Simplify(F |l2 = 1)
5: F3 ← UP(F1|l2 = 1)
6: F4 ← UP(F1|l2 = 0)
7: F5 ← UP(F2|l1 = 0)
8: if T B(F, F1) = ∅ then
9: return Branch2(F, CS, l1l2 = 10, l1l2 = 11) // l1 can be fixed to 1

10: else if T B(F, F2) = ∅ then
11: return Branch2(F, CS, l1l2 = 01, l1l2 = 11) // l2 can be fixed to 1
12: else if T B(F, F3) = ∅ then
13: return BR(F3, CS) // l1l2 can be fixed to 11
14: else if T B(F, F4) = ∅ then
15: return BR(F4, CS) // l1l2 can be fixed to 10
16: else if T B(F, F5) = ∅ then
17: return BR(F5, CS) // l1l2 can be fixed to 01
18: else if ⊥ ∈ F1 then
19: return BR(F5, CS) // l1 = 1 can be excluded
20: else if ⊥ ∈ F2 then
21: return BR(F4, CS) // l2 = 1 can be excluded
22: else if ⊥ ∈ F3 or l2 is fixed to 0 in F1 or l1 is fixed to 0 in F2 then
23: return Branch2(F, CS, l1l2 = 10, l1l2 = 01) // l1l2 = 11 can be excluded
24: else if ⊥ ∈ F4 then
25: return Branch2(F, CS, l1l2 = 01, l1l2 = 11) // l1l2 = 10 can be excluded
26: else if ⊥ ∈ F5 then
27: return Branch2(F, CS, l1l2 = 10, l1l2 = 11) // l1l2 = 01 can be excluded
28: else if ∃l̄1 ∨ l̄2 ∨ l3 = C ′ ∈ F then
29: return Branch5(F, CS ∪ C ′F , C, C ′)
30: else
31: choose any C1 ∈ T B(F, F1), choose any C2 ∈ T B(F, F2)
32: Branch3(F3, CS ∪ C1

F , C1
F3)

33: Branch3(F4, CS ∪ C1
F , C1

F4)
34: Branch3(F5, CS ∪ C2

F , C2
F5)

35: if all the branches return “Unsatisfied” then
36: return “Unsatisfied”
37: end if
38: end if
39: else
40: return “Unsatisfied” // if Check does not return False and the recursion is not

stopped, then the current assignment leads to contradiction
41: end if
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Algorithm 9: Branch5(F, CS, C, C ′)
Input: CNF F , clauses set CS, a 2-clause C = l1 ∨ l2 and a 3-clause C ′ = l̄1 ∨ l̄2 ∨ l3
Output: A satisfied assignment or an instance or “Unsatisfied”
1: if Check(F, CS) = False then
2: F ← Simplify(F )
3: if BR(F |l1l2l3 = 111, CS) returns “Unsatisfied” then
4: F1 ← F |l1l2 = 10
5: F1 ← Simplify(F1)
6: F2 ← Simplify(F1|l3 = 1)
7: F3 ← Simplify(F1|l3 = 0)
8: if T B(F1, F2) = ∅ then
9: BR(F2, CS) // l3 can be fixed to 1

10: else if BR(F3, CS) returns “Unsatisfied” then
11: choose any C1 ∈ T B(F1, F2)
12: Branch3(F2, CS ∪ C1

F , C1
F2)

13: end if
14: F4 ← F |l1l2 = 01 // the same with the previous but switch l1 and l2
15: F4 ← Simplify(F4)
16: F5 ← Simplify(F4|l3 = 1)
17: F6 ← Simplify(F4|l3 = 0)
18: if T B(F4, F5) = ∅ then
19: BR(F5, CS) // l3 can be fixed to 1
20: else if BR(F6, CS) returns “Unsatisfied” then
21: choose any C2 ∈ T B(F, F5)
22: Branch3(F5, CS ∪ C2

F , C2
F5)

23: end if
24: if all the branches return “Unsatisfied” then
25: return “Unsatisfied”
26: end if
27: end if
28: else
29: return “Unsatisfied” // if Check does not return False and the recursion is not

stopped, then the current assignment leads to contradiction
30: end if
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B.2 The Branching Number
Recall that function T only deals with the case of complete chains, but when during the
process of finding successive clause (Branch2, Branch3, Branch5) within a chain, we
need another function to represent the current state. Like we mentioned before, a 1-chain
(contains only 1 clause) is mapped to string “∗”, because character ‘∗’ means the current
clause is independent with its predecessor. Thus every chain which is completed must has
a ‘∗’ in the end of its corresponds string. As a result, the string of the chain which is not
completed yet does not contain ‘∗’.

I Definition 9. If ∗ ∈ s, then define F (~x, s) = T (~x+ ~etype(s)), where type maps each string
to an integer, and ~ei has the same length with ~x and all the component of it are 0 except the
ith component is 1.

For example at the beginning of generating chain, F (~x,∅) = T (~x), when the chain is
generated completely, substitute F into T . We will show how does this F measure the cost
(the branch number) of a chain. There are 3 branching algorithms to find successors and 1
algorithm to force the chain to stop, we calculate the branch number under the worst case :

Branch2 : F (s) ≤ 2F (s+ p) or F (s) ≤ 2F (s+ n) (Line 10-11).
Branch3 : F (s) ≤ 3F (s+ n) (Line 32-34).
Branch5 : F (s) ≤ 6F (s+ t+ ∗) + 2F (s+ t+ n) (Line 3, 10, 20 for the first term,

and line 12, 22 for the second term).
Check : If the type of overlapping of the last 2 clauses in the chain is ‘p’ or ‘n’,

F (s) ≤ 6F (s+∗) (2 unassigned literals for a 2-clause). Else F (s) ≤ 10F (s+∗) (5 satisfied
assignments for {l1 ∨ l2, l̄1 ∨ l̄2 ∨ l3}).

Here the ‘+’ between alphabets means concatenating the current string with the new alphabet.
Since we only care about the worst-case upper bound, we derive 5 rules to generate a chain
and map it to string:

0. F (s) ≤ 3F (s+ ∗).
1. F (s) ≤ 2F (s+ p).
2. F (s) ≤ 3F (s+ n).
3. F (s) ≤ 6F (s+ ∗).
4. F (s) ≤ 6F (s+ t+ ∗) + 2F (s+ t+ n).
5. F (s) ≤ 10F (s+ t+ ∗).

If an independent successor is found, then chain stopped according to rule 0. We can apply
rule 3 to force the chain to stop anytime. If l̄1 ∨ l̄2 ∨ l3 does not exist, we can apply rule 1 or
2 depends on the type of overlapping. Else we can apply rule 5 to force the chain to stop or
apply rule 4.
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B.3 Branching Cases and Inductive Numbers
We give the inductive number ξ for each branching case in the following. Every string ends
up with a ‘∗’ is a complete chain. New string derived by rule 3 or rule 5 are forced to stop
types. We have that all type has inductive number ξ ≥ 1, which concludes our proof of the
induction in Section 3.2. Note that the first type is our worst case, with instance containing
only 1-chains. In this table, chains are generated in a first-in-first-out manner, with complete
chain removed from the queue.

chain rule new chain ξ

F (∅)

0 3F (∗) 1
1 2F (p)
2 3F (n)
4 6F (t∗) + 2F (tn)

2F (p)

0 6F (p∗) 0.703
1 4F (pp)
2 6F (pn)
5 20F (pt∗) 0.855

3F (n)

0 9F (n∗) 0.854
1 6F (np)
2 9F (nn)
4 18F (nt∗) + 6F (ntn)

6F (t∗) + 2F (tn)

0 6F (t∗) + 6F (tn∗) 0.945
1 6F (t∗) + 4F (tnp)
2 6F (t∗) + 6F (tnn)
5 6F (t∗) + 20F (tnt∗) 0.995

4F (pp) 3 24F (pp∗) 0.986

6F (pn)

0 18F (pn∗) 0.605
1 12F (pnp)
2 18F (pnn)
5 60F (pnt∗) 0.749

6F (np)

0 18F (np∗) 0.605
1 12F (npp)
2 18F (npn)
5 60F (npt∗) 0.735

9F (nn)

0 27F (nn∗) 0.712
1 18F (nnp)
2 27F (nnn)
5 90F (nnt∗) 0.884

18F (nt∗) + 6F (ntn)

0 18F (nt∗) + 18F (ntn∗) 0.856
1 18F (nt∗) + 12F (ntnp)
2 18F (nt∗) + 18F (ntnn)
5 18F (nt∗) + 60F (ntnt∗) 0.862
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chain rule new chain ξ

6F (t∗) + 4F (tnp)

0 6F (t∗) + 12F (tnp∗) 0.883
1 6F (t∗) + 8F (tnpp)
2 6F (t∗) + 12F (tnpn)
5 6F (t∗) + 40F (tnpt∗) 0.915

6F (t∗) + 6F (tnn)

0 6F (t∗) + 18F (tnn∗) 0.910
1 6F (t∗) + 12F (tnnp)
2 6F (t∗) + 18F (tnnn)
5 6F (nt∗) + 60F (tnnt∗) 0.953

12F (pnp) 3 72F (pnp∗) 0.856

18F (pnn)

0 54F (pnn∗) 0.505
1 36F (pnnp)
2 54F (pnnn)
5 180F (pnnt∗) 0.627

12F (npp) 3 72F (npp∗) 0.848

18F (npn)

0 54F (npn∗) 0.521
1 36F (npnp)
2 54F (npnn)
5 180F (npnt∗) 0.645

18F (nnp)

0 54F (nnp∗) 0.505
1 36F (nnpp)
2 54F (nnpn)
5 180F (nnpt∗) 0.614

27F (nnn)

0 81F (nnn∗) 0.592
1 54F (nnnp)
2 81F (nnnn)
5 270F (nnnt∗) 0.725

18F (nt∗) + 12F (ntnp) 3 18F (nt∗) + 72F (ntnp∗) 0.894
18F (nt∗) + 18F (ntnn) 3 18F (nt∗) + 108F (ntnn∗) 0.941

6F (t∗) + 8F (tnpp) 3 6F (t∗) + 48F (tnpp∗) 0.943
6F (t∗) + 12F (tnpn) 3 6F (t∗) + 72F (tnpn∗) 0.991
6F (t∗) + 12F (tnnp) 3 6F (t∗) + 72F (tnnp∗) 0.984

6F (t∗) + 18F (tnnn)

0 6F (t∗) + 54F (tnnn∗) 0.880
1 6F (t∗) + 36F (tnnnp)
2 6F (t∗) + 54F (tnnnn)
5 6F (t∗) + 180F (tnnnt∗) 0.916

36F (pnnp) 3 216F (pnnp∗) 0.716
54F (pnnn) 3 324F (pnnn∗) 0.840
36F (npnp) 3 216F (npnp∗) 0.737
54F (npnn) 3 324F (npnn∗) 0.870
36F (nnpp) 3 216F (nnpp∗) 0.708
54F (nnpn) 3 324F (nnpn∗) 0.870
54F (nnnp) 3 324F (nnnp∗) 0.840
81F (nnnn) 3 486F (nnnn∗) 0.984

6F (t∗) + 36F (tnnnp) 3 6F (t∗) + 216F (tnnnp∗) 0.942
6F (t∗) + 54F (tnnnn) 3 6F (t∗) + 324F (tnnnn∗) 0.978
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C Characteristic Values and Weight Vector

We give the variables number |Si|, characteristic value bi and weight xi for each i-type chain
Si. The order is according to their appearances in Table B.3.

type i chain |Si| xi bi

1 ∗ 3 3.874 3/7
2 p∗ 5 7.561 81/331
3 pt∗ 6 11.12 27/145
4 n∗ 5 8.306 27/110
5 tn∗ 6 11.80 45/241
6 t∗ 4 7.413 14/46
7 tnt∗ 7 15.29 25/176
8 pp∗ 7 11.26 243/1739
9 pn∗ 7 11.97 81/578
10 pnt∗ 8 15.46 405/3799
11 np∗ 7 11.97 81/578
12 npt∗ 8 15.52 45/422
13 nn∗ 7 12.82 9/64
14 nnt∗ 8 16.30 135/1262
15 nt∗ 6 11.80 45/241
16 ntn∗ 8 16.17 405/3788
17 ntnt∗ 9 19.67 675/8299
18 tnp∗ 8 15.46 405/3799
19 tnpt∗ 9 19.02 675/8321
20 tnn∗ 8 16.30 135/1262
21 tnnt∗ 9 19.79 45/553
22 pnp∗ 9 15.63 2187/27334
23 pnn∗ 9 16.48 729/9080
24 pnnt∗ 10 19.96 1215/19894

type i chain |Si| xi bi

25 npp∗ 9 15.67 729/9110
26 npn∗ 9 16.37 243/3028
27 npnt∗ 10 19.86 405/6634
28 nnp∗ 9 16.48 729/9080
29 nnpt∗ 10 20.03 1215/19888
30 nnn∗ 9 17.34 243 / 3016
31 nnnt∗ 10 20.83 405/6608
32 ntnp∗ 10 19.84 1215/19904
33 ntnn∗ 10 20.68 135/2204
34 tnpp∗ 10 19.16 405/6653
35 tnpn∗ 10 19.86 405/6634
36 tnnp∗ 10 19.96 1215/19894
37 tnnn∗ 10 19.84 405/6608
38 tnnnt∗ 11 24.31 225/4826
39 pnnp∗ 11 20.13 729/15904
40 pnnn∗ 11 21.00 729/15848
41 npnp∗ 11 20.03 2187/47732
42 npnn∗ 11 20.88 729/15856
43 nnpp∗ 11 20.17 2187/47704
44 nnpn∗ 11 20.88 729/15856
45 nnnp∗ 11 21.00 729/15848
46 nnnn∗ 11 21.87 243/5264
47 tnnnp∗ 12 24.48 3645/104168
48 tnnnn∗ 12 25.35 243/6920
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