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Abstract

In a ‘shortcut-to-adiabaticity’ (STA) protocol, the counter-diabatic Hamiltonian, which sup-

presses the non-adiabatic transition of a reference ‘adiabatic’ trajectory, induces a quantum un-

certainty of the work cost in the framework of quantum thermodynamics. Following a theory

derived recently [Funo et al 2017 Phys. Rev. Lett. 118 100602], we perform an experimental

measurement of the STA work statistics in a high-quality superconducting Xmon qubit. Through

the frozen-Hamiltonian and frozen-population techniques, we experimentally realize the two-point

measurement of the work distribution for given initial eigenstates. Our experimental statistics

verify (i) the conservation of the average STA work and (ii) the equality between the STA excess

of work fluctuations and the quantum geometric tensor.

∗ jianlanwu@zju.edu.cn
† yiyin@zju.edu.cn
‡ gpguo@ustc.edu.cn

1

ar
X

iv
:1

80
5.

10
87

9v
1 

 [
qu

an
t-

ph
] 

 2
8 

M
ay

 2
01

8

mailto:jianlanwu@zju.edu.cn
mailto:yiyin@zju.edu.cn
mailto:gpguo@ustc.edu.cn


I. INTRODUCTION

The fast growing man-made quantum devices have demonstrated the potential for quan-

tum computation, quantum information processing and quantum simulation [1]. Among

many quantum algorithms, the utilization of an adiabatic trajectory has attracted a lot

of interest in various problems [2–4]. However, the bottleneck of an adiabatic quantum

operation is its inevitable dissipation-induced error accumulated in a slow process. The

‘shortcut-to-adiabaticity’ (STA) is a theoretical protocol to speed-up the adiabatic oper-

ation [5–13]. An additional counter-diabatic Hamiltonian is introduced to suppress the

non-adiabatic transition and the system undergoes a reference ‘adiabatic’ trajectory in a

short time scale. Soon after the theoretical proposal, experimental implementation has been

executed in various quantum devices [14–21]. In our recent studies, we have applied the STA

protocol in a superconducting qubit for the realization of a Berry phase measurement [19],

quantum state transfer [20] and high-fidelity gates [21]. The STA protocol was also used by

us to simulate topological phase transition through an experimental construction of the first

Brillouin zone [20].

From an energy perspective, questions about the thermodynamic nature of quantum

systems have been raised [22–25], in parallel with development of fluctuation theorems in

small-scale systems [26, 27]. The statistical uncertainty of a quantum system can be sepa-

rated into three categories: an initial distribution from a pre-thermalization, a random force

from a surrounding environment, and the intrinsic uncertainty of quantum mechanics. To

avoid the distinction between two basic thermodynamic variables, work and heat, many the-

oretical proposals and experimental implementations have been restricted in closed systems

without quantum heat transfer between the system and the bath [28–38]. To account the

remaining two sources of uncertainty, the two-point measurement scheme has been proposed

for the distribution of quantum work cost [24, 25, 39–41]. The probability of an accessi-

ble work is a product of the probability of a certain initial eigenstate and the conditional

probability from this initial eigenstate to an instantaneous eigenstate at the measurement

time. Despite a simple theoretical formulation, the experimental determination of the work

distribution is a nontrivial task [33–38].

In an ideal adiabatic evolution, the intrinsic quantum uncertainty is removed as the sys-

tem propagates along an adiabatic trajectory of instantaneous eigenstates, and the work
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distribution is fully determined by the initial distribution. The accelerated STA operation

has been proposed to engineer friction-free quantum machines [42–44]. However, the exact

instantaneous eigenbasis is rotated away from the reference adiabatic basis due to the in-

troduction of the counter-diabatic Hamiltonian. Therefore, each STA protocol is physically

characterized by its deviation of the work statistics, which is originated from the quantum

uncertainty of the counter-diabatic Hamiltonian. In a recent paper [32], the statistics of

the STA work were theoretically resolved. An equality connecting the STA excess of work

fluctuations and the quantum geometric tensor was derived. The experimental verification

of this STA work theory was proposed for a harmonic oscillator in a trapped ion system. Al-

ternatively, high-quality qubits with sufficiently long quantum coherence have been achieved

in a superconducting circuit [45–50]. Sophisticated microwave control techniques allow us

to precisely manipulate and measure a superconducting qubit system. In this paper, we

drive a single superconducting Xmon qubit with an STA field and experimentally deter-

mine the statistics of the STA work for a given initial eigenstate. To realize the two-point

measurement scheme, we design the frozen-Hamitlonian and frozen-population sequences

to extract the instantaneous eigenenergies and the population of instantaneous eigenstates,

respectively. Our study thus reports an experimental verification of the STA work theory in

Ref. [32].

II. THEORY

In this section, we will briefly review the theory of STA work fluctuations in Ref. [32] and

apply it to the quantum system of a single qubit.

A. STA Protocol

For an arbitrary non-degenerate quantum system driven by a time-dependent Hamil-

tonian H0(t), we introduce its instantaneous eigenbasis {|n(t)〉} satisfying H0(t)|n(t)〉 =

εn(t)|n(t)〉, where εn(t) is the n-th instantaneous eigenenergy and |n(t)〉 is the associated

eigenstate. The Hamiltonian is thus expanded in this instantaneous eigenbasis, becoming

H0(t) =
∑
n

εn(t)|n(t)〉〈n(t)|. (1)
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In the scenario of dtH0(t)→ 0, the system follows an adiabatic trajectory, |n(0)〉 → |n(t)〉,

if it is prepared at |n(0)〉 initially. The quantum state at time t is given by |Ψ(t)〉 =

Uad(t)|n(0)〉 = cn(t)|n(t)〉, where Uad(t) = T+ exp[−(i/~)
∫ t
0
H0(τ)dτ ] is the adiabatic time

evolution operator and the coefficient cn(t) includes the accumulation of both dynamic and

geometric phases [51]. Here T+ denotes the time ordering operator and ~ = h/2π is the

reduced Planck constant.

In practice, we often hope that the quantum system can follow an adiabatic trajectory but

in a short time scale. In the STA protocol [5–13], an additional counter-diabatic Hamiltonian

Hcd(t) is constructed to cancel the non-adiabatic transition. In a formally exact way, Hcd(t)

is written as [6]

Hcd(t) = i~
∑
n

P⊥n (t)|∂tn(t)〉〈n(t)|, (2)

where P⊥n (t) = 1 − |n(t)〉〈n(t)| is the projection operator onto the subspace perpendicular

to |n(t)〉. The quantum system driven by H(t) = H0(t)+Hcd(t) evolves rigorously along the

adiabatic trajectory of H0(t), i.e., |Ψ(t)〉 = USTA(t)|n(0)〉 = cn(t)|n(t)〉 with the STA time

evolution operator USTA(t) = T+ exp[−(i/~)
∫ t
0
H(τ)dτ ].

In general, the reference Hamiltonian H0(t) may be expressed as a function of time-

dependent control parameters, λ(t) = {λ1(t), λ2(t), · · · } [51]. A formal representation,

H0(t) ≡ H0(λ), is applied, where the t-dependence of λ is implicitly assumed. The same

representation can be applied to the reference instantaneous eigenstates, i.e. |n(t)〉 ≡ |n(λ)〉.

Based on its definition in Eq. (2), the counter-diabatic Hamiltonian is formulated as Hcd(t) ≡

Hcd(λ, λ̇) with

Hcd(λ, λ̇) = i~
∑
n

∑
µ

P⊥n (λ) |∂µn(λ)〉 〈n(λ)| λ̇µ. (3)

The symbol ∂µ stands for ∂/∂λµ and the time derivatives, λ̇(t) = {λ̇1(t), λ̇2(t), · · · }, specify

a designed STA protocol.

In our experiment, we study a single superconducting Xmon qubit which can be mapped

onto a spin-1/2 particle driven by an external field [52]. For consistency, we will mostly take

the notation of the up (|↑〉) and down (|↓〉) states rather than the equivalent ground (|0〉)

and excited (|1〉) states. In the rotating frame, the time-dependent reference Hamiltonian

follows a general form,

H0(t) = ~B0(t) · σ/2, (4)
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where B0(t)=Ω(t)(sin θ(t) cosφ(t), sin θ(t) sinφ(t), cos θ(t)) is the vector of an external field

and σ=(σx, σy, σz) is the vector of Pauli matrices. The time-dependent control parameters

are the amplitude Ω(t), the polar angle θ(t) and the azimuthal angle φ(t), i.e., λ(t) =

{Ω(t), θ(t), φ(t)}. By calculating the reference instantaneous eigenstates, |s↑(t)〉 = cos[θ(t)/2] |↑〉+ sin[θ(t)/2]eiφ(t) |↓〉

|s↓(t)〉 = − sin[θ(t)/2]e−iφ(t) |↑〉+ cos[θ(t)/2] |↓〉
(5)

and substituting them into Eq. (2), we obtain an analytical expression of the counter-diabatic

Hamitlonian, which reads

Hcd(t) = ~Bcd(t) · σ/2. (6)

The three elements of the counter-diabatic field Bcd(t) = (Bcd;x(t), Bcd;y(t), Bcd;z(t)) are

explicitly given by [5, 6, 19–21]
Bcd;x(t) = −θ̇(t) sinφ(t)− φ̇(t) sin θ(t) cos θ(t) cosφ(t)

Bcd;y(t) = θ̇(t) cosφ(t)− φ̇(t) sin θ(t) cos θ(t) sinφ(t)

Bcd;z(t) = φ̇(t) sin2 θ(t)

. (7)

The total STA field is a sum of the reference and counter-diabatic fields, i.e., B(t) =

B0(t) +Bcd(t).

B. Statistics of STA Work

Although the non-adiabatic transition is fully suppressed in the STA protocol, the intro-

duction of the counter-diabatic Hamiltonian Hcd(t) is not cost-free. For the total Hamilto-

nian H(t), we introduce the STA instantaneous eigenbasis {|ψk(t)〉}, which leads to

H(t) =
∑
k

Ek(t)|ψk(t)〉〈ψk(t)| (8)

with Ek(t) the k-th instantaneous eigenenergy and |ψk(t)〉 the associated eigenstate. For a

given initial state of |Ψ(0)〉 = |n(0)〉, the probability of observing the quantum state |ψk(t)〉

at time t is given by

Pk|n(t) = |〈ψk(t)|USTA(t)|n(0)〉|2 = |〈ψk(t)|n(t)〉|2. (9)

The corresponding joint probability is written as Pkn(t) = Pk|n(t)Pn(0) with Pn(0) an initial

probability at the state |n(0)〉.
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Next we introduce the concept of an STA work in the framework of quantum ther-

modynamics. The initial system is assumed to follow a canonical distribution, ρ(0) =∑
n Pn(0)|n(0)〉〈n(0)| with Pn(0) ∝ exp[−βεn(0)]. Based on the two-point measurement

scheme [25, 39–41], the probability distribution function of a quantum work at time t is

written as

P (W, t) =
∑
nk

δ(W − δEkn(t))Pkn(t) (10)

with δEkn(t) = Ek(t) − εn(0). In Eq. (10), we implicitly assume that the initial counter-

diabatic Hamiltonian is zero, i.e., Hcd(0) = 0 [32]. The general m-th moment of the quantum

work is defined as

〈Wm(t)〉 =

∫
WmP (W, t)dW, (11)

which can be rewritten as

〈Wm(t)〉 =
∑
n

Wm
n (t)Pn(0). (12)

The quantity, Wm
n (t) =

∑
k[Ek(t) − εn(0)]mPk|n(t), is the m-th moment of the quantum

work for the initial eigenstate |n(0)〉. This term is independent of the initial distribution

but fully determined by the designed STA protocol [32]. In this paper, we will present an

experimental investigation of Wm
n (t) instead of the statistics of the total work 〈Wm(t)〉.

In an adiabatic process, the conditional probabilities satisfy Pk|n(t) = δk,n and the m-th

moment is simplified to be Wm
ad;n(t) = [εn(t) − εn(0)]m. In the STA protocol, this quantity

is changed due to an quantum uncertainty induced by Hcd(t). Here we focus on the first

and second moments, which are related to the average work and its variance. Through a

straightforward derivation (see Appendix A), we obtain the first equality [32],

Wn(t) = Wad;n(t) + i~〈n(t)|P⊥n |∂tn(t)〉. (13)

The second term on the right-hand side (RHS) of Eq. (13) vanishes due to an orthogonal

projection, 〈n(t)|P⊥n = 0. In the STA protocol, the preservation of the adiabatic trajectory,

|n(0)〉 → |n(t)〉, is represented alternatively by the conservation of the average work, i.e.,

Wn(t) = Wad;n(t). (14)
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However, the quantum uncertainty created in the STA instantaneous eigenbasis {|ψk(t)〉}

cannot be cancelled in the second order moment of the STA work. Through another straight-

forward derivation (see Appendix A), we obtain the second equality [32],

W 2
n(t) = W 2

ad;n(t) + ~2〈∂tn(t)|P⊥n |∂tn(t)〉. (15)

With the introduction of the control parameter set λ(t), Eq. (15) is rewritten as

δW 2
n(t) = ~2

∑
µ,ν

g(n)µν λ̇µλ̇ν , (16)

where δW 2
n(t) = W 2

n(t) −W 2
ad;n(t) denotes the STA excess of work fluctuations. The term,

g
(n)
µν = ReQ

(n)
µν = Re 〈∂µn(λ)|P⊥n |∂νn(λ)〉, is the real part of the quantum geometric tensor of

the |n(t)〉-state manifold defined in the parameter space of λ [32, 53]. The time dependence

on the RHS of Eq. (16) arises from the varying speed of the control parameters. Since the

eigenvalues of the g
(n)
µν -tensor are always equal or greater than zero, the STA work variance

is always equal or greater than that under the adiabatic condition, i.e.,

W 2
n(t) ≥ W 2

ad;n(t). (17)

For our spin-1/2 particle, the instantaneous eigenenergies of the STA Hamiltonian H(t)

are E±(t) = ±~|B(t)|/2 and the associated eigenstates are denoted as |ψ±(t)〉. Accord-

ingly, the four conditional probabilities involved are P±|↑(t) = |〈ψ±(t)|USTA(t)|s↑(0)〉2 and

P±|↓(t) = 〈ψ±(t)|USTA(t)|s↓(0)〉2. Since the reference instantaneous eigenstates are indepen-

dent of the amplitude Ω(t), a two-element set, λ(t) = {θ(t), φ(t)}, is used to calculate the

geometric tensor [32, 53],

g↑(λ) = g↓(λ) =
1

4

 1 0

0 sin2 θ

 . (18)

In our experiment, the STA protocol is designed to compress a target adiabatic process

evenly through time. With an operation time T , the reference field is defined by the same

form of B0(t̃ = t/T ). Consequently, we obtain the STA excess of work fluctuations in the

single-qubit system as

δW 2
n(t) =

~2

4T 2

[(
dθ

dt̃

)2

+ sin2 θ

(
dφ

dt̃

)2
]
, (19)

which shows an inverse square dependence of the STA operation time T .

7



(a)

P
1

0.0

0.5

 1.0

0.0 40.0 80.0

µsΤ
1
=22

(b)

0.0

delay (µs)

0.5

 1.0

0.0 5.0 10.0 15.0

µs

(c)

P
1

delay (µs)

Τ
2
=64
∗

Z XY 

readout

resonator

readout line

qubit 

HEMT

JPA

 detector

FIG. 1. (a) A schematic diagram of a single cross-shaped Xmon qubit. (b) Population relaxation

of the Xmon qubit is shown in red circles, fitted by a solid line with a relaxation time of T1 = 22

µs. (c) Ramsey fringes of the Xmon qubit are shown in red circles, fitted by a solid line with T1

and a pure decoherence time of T ∗2 = 64 µs.

III. EXPERIMENTAL SETUP

Our study of the STA work is performed in a cross-shaped Xmon qubit [46–48], with

the same experimental setup as in Ref. [21]. Through the bottom arm of the cross (see

Figs. 1(a)), the qubit is dc-biased at a resonance frequency of ω10/2π = 4.85 GHz, where

~ω10 is the energy difference between the ground (|0〉) and excited (|1〉) states. Also through

the bottom arm, a microwave signal is generated separately to drive the qubit to undergo

a designed passage. In the dispersive readout, the qubit state is encoded in the frequency

shift of the readout resonator which is coupled to the top arm of the cross. The readout

signal is sent through a transmission line and a series of circulators, further being amplified

by a Josephson parametric amplifier (JPA) and a high electron mobility transistor (HEMT)

for a high fidelity measurement [54, 55]. Compared with our previous experiment [21], the

qubit coherence at the sweet point is further improved with a relaxation time of T1 = 22 µs

and a pure decoherence time of T ∗2 = 64 µs (see Figs. 1(b) and 1(c)). The qubit device is
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measured in a dilution refrigerator whose base temperature is ∼ 10 mK.

IV. RESULTS

In our experiment, the reference adiabatic field B0(t) = Ω(sin θ cosφ, sin θ sinφ, cos θ) is

designed as 
Ω(t) = Ω0 + Ω1 sin(πt/2T )

θ(t) = (π/6)[1− cos(πt/T )]

φ(t) = (π/2)[1− cos(πt/T )]

. (20)

The two amplitude parameters are set at Ω0/2π = 10 MHz and Ω1/2π = 10 MHz. As shown

in Fig. 2(a), this reference field B0(t) points to the z-axis initially so that the initial eigen-

states of H0(0) are given by |s↑(0)〉 = |↑〉 (= |0〉) and |s↓(0)〉 = |↓〉 (= |1〉). To demonstrate

nontrivial geometric tensors, the reference adiabatic trajectory is not geodesic. Through

the evolution of B0(t), the amplitude is doubled, the polar angle is rotated by 60◦, and the

azimuthal angle is rotated by 180◦. In our experiment, the influence of higher excited states

is very small with the design of B0(t) in Eq. (20) [20, 21]. With an example operation time,

T = 25 ns, the three components of B0(t) along the x-, y- and z-directions are plotted in

Fig. 2(b). In response to this reference field, the Bloch vector of the reference instantaneous

eigenstate |s↑(t)〉 experiences the same rotations along the polar and azimuthal angles as

B0(t), while the Bloch vector of |s↓(t)〉 experiences the reversed rotations. The change of

the amplitude Ω(t) induces an adiabatic work cost for both |s↑(t)〉 and |s↓(t)〉. Subsequently,

the counter-diabatic field Bcd(t) = (Bcd;x(t), Bcd;y(t), Bcd;z(t)) is analytically obtained as
Bcd;x(t) = −(π2/6T ) sin(πt/T ) [sinφ(t) + 3 sin θ(t) cos θ(t) cosφ(t)]

Bcd;y(t) = (π2/6T ) sin(πt/T ) [cosφ(t)− 3 sin θ(t) cos θ(t) sinφ(t)]

Bcd;z(t) = (π2/2T ) sin(πt/T ) sin2 θ(t)

. (21)

The total STA field supplied in our experiment is given by B(t) = B0(t) +Bcd(t). Equa-

tion (21) shows that the counter-diabatic field vanishes at the initial and final moments, i.e.,

Bcd(0) = 0 and Bcd(T ) = 0. The initial STA eigenbasis {|ψ+(0)〉 , |ψ−(0)〉} is identical to

the adiabatic eigenbasis {|s↑(0)〉 , |s↓(0)〉}, which satisfies the presumption of the two-point

measurement scheme [25, 39–41]. In Figs. 2(c) and 2(d), the evolution of B(t) with the

operation time T = 25 ns is plotted explicitly. In the intermediate time range (especially
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FIG. 2. (a-b) The reference adiabatic field B0(t): (a) its trajectory in the parameter space and (b)

the time evolution of the three components along x, y and z directions. (c-d) The total field B(t)

that is the sum of the reference and counter-diabatic fields: (c) its trajectory in the parameter

space and (d) the time evolution of the three components. The operation time is set at T = 25 ns.

around t ≈ 16 ns), a large difference is found between B0(t) and B(t), due to the acceler-

ation of adiabaticity in a short operation time. With the increase of T , the amplitude of

the counter-diabatic field is decreased and the adiabatic limit of B(t) ≈ B0(t) is gradually

approached.

A. Frozen-Hamiltonian and Frozen-Population Measurements in the Instanta-

neous Eigenbasis

The experimental verification of STA work fluctuations requires a measurement scheme

in the instantaneous eigenbasis of the total Hamiltonian H(t). Here we design two different

sequences to detect the eigenenergies and the population of eigenstates separately.

The eigenenergy measurement scheme is shown in Fig. 3(a). A π/2-pulse is initially

applied to the up state (equivalent to the ground state) to create a superposition state
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FIG. 3. (a-c) Measurement of the STA instantaneous eigenenergies. (a) A frozen-Hamiltonian

scheme to measure E±(τm) at an intermediate time τm (see text for details). (b) The up-state

population P↑(τm + τd) with the change of the interruption time τm and the extra duration time

τd. For each τm, P↑(τm + τd) oscillates with τd, which leads to (c) the experimental determination

of E±(τm). (d-f) Measurement of the population at STA instantaneous eigenstates. (d) A frozen-

population scheme to measure P±|↑(τm) in the upper panel and P±|↓(τm) in the lower panel (see

text for details). (e) and (f) present the experimental measurement of P±|↑(τm) and P±|↓(τm),

respectively. In (c), (e) and (f), the open circles are experimental results, while the dashed and solid

lines are theoretical predictions under the reference adiabatic and STA operations, respectively.

Here the STA operation time is set at T = 25 ns.

(|↑〉 + |↓〉)/
√

2, which is then driven by the STA field B(t). At an intermediate time τm

(0≤ τm ≤ T ), the external field is frozen for an extra time duration of τd, giving B(τm ≤

t ≤ τm + τd) = B(τm). Since the quantum state at time τm is a linear combination of

two instantaneous eigenstates, |Ψ(τm)〉 = c+(τm)|ψ+(τm)〉 + c−(τm)|ψ−(τm)〉, a quantum
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oscillation is expected in the frozen period, where the oscillation frequency is determined

by E+(τm)−E−(τm) = 2E+(τm). This frozen-Hamiltonian measurement can experimentally

detect the instantaneous eigenenergies, E+(τm) and E−(τm) [56]. In Fig. 3(a), a Ramsey-

type sequence is used to enhance the amplitude of quantum oscillations despite the fact that

an arbitrary initial state is allowed. For T = 25 ns, Fig. 3(b) presents the experimental

measurement of the up-state population P↑(τm+τd) with the change of the interruption time

τm and the duration time τd. The time interval of τm is 1 ns and a total time range of 1

µs is swept for τd. For each value of τm, the measured population P↑(τm+τd) periodically

oscillates with τd and the oscillation frequency varies with τm. The experimentally extracted

results of E±(τm) are plotted in Fig. 3(c). An excellent agreement is observed between the

experimental measurement and the theoretical design. Compared to the adiabatic increase

of ε↑(τm)/h from 5 MHz to 10 MHz, the STA protocol with T = 25 ns induces a bump of 8

MHz around τm ≈ 16 ns for the instantaneous eigenenergy E+(τm)/h, where h is the Planck

constant.

Figure 3(d) demonstrates the scheme of measuring the population of the two STA in-

stantaneous eigenstates. The qubit is initialized at the up state that is an initial eigenstate,

i.e., |s↑(0)〉 = |↑〉, and then driven by the STA field B(t). At each intermediate time τm,

the external field B(t) is suddenly interrupted and replaced by another field B′0(t), which

freezes the population, P±|↑(τm) = |c±(τm)|2, by dragging the qubit adiabatically. If the final

external field is ramped back to the z-direction, the population measured at the up and down

states provides an experimental determination of P±|↑(τm) [37]. To avoid a non-adiabatic

error, the STA protocol is used pratically with B′(t) = B′0(t) +B′cd(t). A great flexibility

is allowed in the functional form of B′0(t). In our experiment, we choose a geodesic line for

the reference adiabatic trajectory of B′0(t)/|B′0(t)| and this second STA operation time is

set at T ′ = 100 ns. The measured result of P±|↑(τm) for T = 25 ns is plotted in Fig. 3(e),

showing the same excellent agreement with the theoretical prediction. The quantum uncer-

tainty, P+|↑(τm)< 1 and P−|↑(τm)> 0, in the STA operation is observed through time. The

maximum uncertainty of ∼ 20% appears around τm ≈ 16 ns. We perform the experimental

measurement of P±|↓(τm) by applying a π-pulse to the up-state qubit followed by the same

frozen-population approach (see Fig. 3(d)). Since the down state is equivalent to the excited

state of the qubit, an error is accumulated in the experimental measurement of P±|↓(τm) due

to inevitable quantum dissipation of T1 and T2 = [(2T )−11 + (T ∗2 )−1]−1 (see Fig. 3(f)). This
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FIG. 4. Experimental statistics of STA work fluctuations. For the initial eigenstate |n(0)〉 = |s↑(0)〉

the first and second moments, W↑(t̃m) and W 2
↑ (t̃m), are shown in (a) and (b), respectively. For the

initial eigenstate |n(0)〉 = |s↓(0)〉, the first and second moments, W↓(t̃m) and W 2
↓ (t̃m), are shown

in (c) and (d), respectively. The total 5 operation times, T = 25, 50, 100, 200 and 500 ns, are

experimentally studied. The measurement time is rescaled by t̃m = τm/T for each operation time.

The experimental results are shown in symbols while the theoretical predictions are shown in solid

lines.

dissipation-induced error is gradually increased with the increase of the operation time T .

B. The First and Second Moments of STA Work

The measurement of the STA instantaneous eigenenergies, E±(τm), and the conditional

probabilities, P±|↑(τm) and P±|↓(τm), allows us to obtain experimental statistics of the STA

work. In our experiment, the STA operation time is set at T = 25, 50, 100, 200 and 500 ns.

The STA evolution with T = 500 ns is very close to the adiabatic passage since Bcd(t) is

nearly negligible.

The first moment of the STA work at each measurement time τm is experimentally deter-

mined by Wn(τm) =
∑

k[Ek(τm)− εn(0)]Pk|n(τm) for both initial conditions, |n(0)〉= |s↑(0)〉
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and |s↓(0)〉. For a given operation time T , we rescale the measurement time by t̃m = τm/T

and present the result of Wn(t̃m) as a function of the reduced time t̃m. Since the reference

external field with different values of T follows the same form of B0(t̃ = t/T ), the rescaled

time provides a transparent comparison on the influence of the STA operation time. As

shown in Figs. 4(a) and 4(b), the data of Wn(t̃m) with different T collapse to a single curve

for each initial condition, which is consistent with the theoretical prediction in Eq. (14) [32].

With the designed reference field in Eq. (20), the averaged STA work follows the adiabatic

behavior of Wn(t̃m) = Wad;n(t̃m) = ±[Ω(t̃m) − Ω(0)]/2. A systematic error is found for

W↓(t̃m), especially with T = 500 ns, which is due to the quantum dissipation of the qubit

(see Sec. IV A).

The second moment of the STA work is experimentally determined by W 2
n(τm) =∑

k[Ek(τm)−εn(0)]2Pk|n(τm). The experimental results of W 2
↑ (t̃m) and W 2

↓ (t̃m) are shown in

Figs. 4(c) and 4(d), respectively. Different from the behavior of the averaged STA work, the

work variance increases monotonically with the decrease of the STA operation time. Since

the STA operation with T = 500 ns can mimic the adiabatic process, we thus experimentally

verifies the inequality of the STA work fluctuations, W 2
n(t̃m) ≥ W 2

ad;n(t̃m) [32]. The equality

is obtained at the initial and final moments where the counter-diabatic field vanishes, given

by Bcd(0) = Bcd(T ) = 0. As a comparison, both W 2
↑ (t̃m) and W 2

↓ (t̃m) agree excellently

with the theoretical prediction for T = 25, 50 and 100 ns. As the operation time is further

increased to T = 200 and 500 ns, the dissipation-induced error deviates the experimental

result of W 2
↓ (t̃m) away from the theoretical prediction.

C. Experimental Verification of the Relation between the STA Work Fluctuations

and the Quantum Geometric Tensor

Based on the theoretical design, the STA excess of work fluctuations, δW 2
n(t) = W 2

n(t)−

W 2
ad;n(t), is fully determined by the functional form of Hcd(t). From an alternative perspec-

tive of differential geometry, Hcd(t) guides a parallel transport of the reference instanta-

neous eigenstate |n(t)〉 by satisfying 〈n(t)|Hcd(t)|n(t)〉=0 [32, 57]. With a geometric tensor,

g
(n)
µν = Re

〈
∂µn(λ)|P⊥n |∂νn(λ)

〉
, defined in the space of control parameters λ, the counter-

diabatic Hamiltonian is characterized by λ̇. Therefore, it is straightforward to expect a

connection between the STA excess of work fluctuations and a quantum geometric quantity.
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FIG. 5. Experimental verification of Eq. (19) with |n(0)〉 = |s↑(0)〉. (a) The rescaled STA excess

of work fluctuations, T 2δW
(2)
n (t̃m). (b-d) The geometric tensor measurement: (b) the polar angle

θq(t̃m) and (c) the azithumal angle φ(t̃m) of the qubit vector, and (f) the result of 4π2[dl(t̃m)/dt̃m]2,

where the expression of [dl(t̃m)/dt̃m]2 is shown in Eq. (24). The experimentally determined results

are shown in symbols while the theoretical predictions are shown in solid lines. The STA operation

time is set at T = 25, 50, 100 and 200 ns.

As shown in Sec. II B, this connection is described by the equality in Eq. (16) [32], which is

further simplified to be Eq. (19) for a single-qubit system.

To verify Eq. (19), we first experimentally determine the STA excess of work fluctuations

with the operation time T . Since the second moments for both initial eigenstates are the-

oretically identical, only W 2
↑ (t̃m) are inspected to reduce the dissipation-induced error. For

each operation time (T = 25, 50, 100 and 200 ns), the adiabatic reference is taken from the

result of T = 500 ns, giving

δW 2
↑ (t̃m) = W 2

↑ (t̃m;T )−W 2
↑ (t̃m;T = 500 ns). (22)

Equation (19) shows that δW 2
↑ (t̃m) is inversely proportional to the square of the operation

time. Accordingly, we plot the rescaled value, T 2δW
(2)
↑ (t̃m), in Fig. 5(a). Consistent with

the theoretical prediction, all the data of T 2δW
(2)
↑ (t̃m) fall into a single curve. The amplified
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error with T = 200 ns is due to a very small difference between W 2
↑ (t̃m;T = 200 ns) and

W 2
↑ (t̃m;T = 500 ns).

Next we experimentally probe the quantum geometric quantity on the RHS of Eq. (19).

For each operation time, the STA evolution is interrupted frequently with an time interval

of δt̃mT = 0.02T and the qubit state is measured in the fixed frame of {|↑〉 , |↓〉} by the

quantum state tomography (QST). The extracted parameters, {rq(t̃m), θq(t̃m), φq(t̃m)} of the

qubit vector describe the qubit evolution in response to the STA field. In an ideal scenario,

the qubit initialized at the up state |s↑(0)〉 follows the same evolution of B0(t)/|B0(t)|,

giving θq(t̃m) = θ(t̃m) and φq(t̃m) = φ(t̃m). For each operation time, these two equalities

are confirmed in Figs. 5(b) and 5(c). Notice that a small measurement error in the off-

diagonal element ρ↑↓(t̃m) can lead to an amplified error in the phase determination if θq(t̃m)

is around zero. The trajectory of the qubit vector allows us to experimentally estimate the

time derivatives,

dx(t̃m)

dt̃
=
x(t̃m + δt̃m)− x(t̃m − δt̃m)

2δt̃m
(23)

with x(t̃m) = θq(t̃m) and φq(t̃m). The geometric quantity in Eq. (19) is calculated as[
dl(t̃m)

dt̃m

]2
=

1

4

[(
dθq(t̃m)

dt̃

)2

+ sin2 θq(t̃m)

(
dφq(t̃m)

dt̃

)2
]
. (24)

As shown in Fig. 5(d), the data of [dl(t̃m)/dt̃m]2 with different operation times also fall

into a single curve from the theoretical prediction, although experimental errors are found.

Through the combination of the above two measurements, we experimentally verify the gen-

eral equality connecting the STA excess of the work fluctuations and the quantum geometric

quantity in a simple quantum system of a single qubit.

V. SUMMARY

In this paper, we apply a superconducting Xmon qubit to experimentally verify statistics

of ‘shortcut to adiabaticity’ (STA) work theoretically proposed in Ref. [32]. The counter-

diabatic Hamiltonian Hcd(t) additional to the reference adiabatic Hamiltonian H0(t) in-

duces a quantum uncertainty of work cost in a fast STA operation. Following the frozen-

Hamiltonian and frozen-population schemes, we experimentally measure the instantaneous

eigenenergies and the population of instantaneous eigenstates in regard to the total STA
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Hamiltonian, H(t) = H0(t) + Hcd(t). With an experimental realization of the two-point

measurement scheme, we obtain statistics of STA work Wn(t) for two initial conditions,

|n(0)〉 = |s↑(0)〉 and |s↓(0)〉, respectively. A series of STA operation times, T = 25, 50,

100, 200 and 500 ns, are studied in our experiment. As the result of T = 500 ns is

used to approximate the reference adiabaticity, we successfully verify the theory of STA

work: (1) the average work is invariant with the supplementation of the counter-diabatic

Hamiltonian, i.e., Wn(t) = Wad;n(t); (2) the energy cost of Hcd(t) is reflected by an in-

creased work fluctuation, i.e., W 2
n(t) ≥ W 2

ad;n(t); (3) the STA excess of work fluctua-

tions, δW 2
n(t) = W 2

n(t) − W 2
ad;n(t), is connected with the quantum geometric tensor of

the STA protocol, δW 2
n(t) = ~2

∑
µν g

(n)
µν λ̇µλ̇ν . In the case of an evenly time compression,

H0 = H0(t̃ = t/T ), the relation of δW 2
n(t) ∝ T−2 is verified for the STA excess of work

fluctuations. This paper demonstrates the experimental availability of exploring quantum

thermodynamics with a high-quality superconducting Xmon qubit device.
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Appendix A: Theoretical Proof of the STA Work Equalities

In this Appendix, we demonstrate the theoretical derivation of the two STA equalities in

Eqs. (13) and (15). Our derivation is slightly different from its original version in Ref. [32].

With the reference Hamiltonian, H0(t) =
∑

m εm(t)|m(t)〉〈m(t)|, and the counter-diabatic

Hamiltonian, Hcd(t) = i~
∑

mP⊥m(t)|∂tm(t)〉〈m(t)|, the k-th instantaneous eigenstate |ψk(t)〉

17



of the total Hamiltonian H(t) = H0(t) +Hcd(t) satisfies∑
m

〈m(t)|ψk(t)〉
[
εm(t)|m(t)〉+ i~P⊥m(t)|∂tm(t)〉

]
= Ek(t)|ψk(t)〉, (A1)

and

[Ek(t)− εn(t)] 〈n(t)|ψk(t) = i~
∑
m

〈n(t)|P⊥m(t)|∂tm(t)〉. (A2)

For the first moment of the STA work, its deviation from the adiabatic result is given by

Wn(t)−Wad;n(t) =
∑
k

[Ek(t)− εn(t)]Pk|n(t)

=
∑
k

[Ek(t)− εn(t)] 〈n(t)|ψk(t)〉〈ψk(t)|n(t)〉. (A3)

By substituting Eq. (A2) into Eq. (A3), we obtain

Wn(t)−Wad;n(t) = i~
∑
k

∑
m

〈n(t)|P⊥m(t)|∂tm(t)〉〈m(t)|ψk(t)〉〈ψk(t)|n(t)〉

= i~〈n(t)|P⊥n (t)|∂tn(t)〉, (A4)

where the unitary operator, I =
∑

k |ψk(t)〉〈ψk(t)|, and the orthogonality, 〈m(t)|n(t)〉 =

δm,n, are used. With the orthogonal projection, 〈n(t)|P⊥n (t) = 0, the conservation of the

average STA work in Eq. (14) is derived. For the second moment of the STA work, its

deviation from the adiabatic result is given by

W 2
n(t)−W 2

ad;n(t) =
∑
k

[Ek(t)− εn(t)]2 Pk|n(t)

=
∑
k

[Ek(t)− εn(t)]2 〈n(t)|ψk(t)〉〈ψk(t)|n(t)〉. (A5)

Similarly, we substitute Eq. (A2) into Eq. (A5), which leads to

W 2
n(t)−W 2

ad;n(t) = ~2
∑
m

〈∂tm(t)|P⊥m(t)Pn(t)P⊥m(t)|∂tm(t)〉

= ~2
∑
m

〈∂tm(t)|Pn(t)|∂tm(t)〉 − ~2〈∂tn(t)|Pn(t)|∂tn(t)〉, (A6)

with the usage of Pn(t) = |n(t)〉〈n(t)| and P⊥m(t)Pn(t)P⊥m(t) = Pn(t) − δm,nPn(t). Next we

take the time derivative over the unitary operator, I =
∑

m′ |m′(t)〉〈m′(t)|, and obtain the

follow equality,
∑

m′ |∂tm′(t)〉〈m′(t)| = −
∑

m′ |m′(t)〉〈∂tm′(t)|. An inner product with the

m-th reference eigenstate |m(t)〉 gives rise to

|∂tm(t)〉 = −
∑
m′

|m′(t)〉〈∂tm′(t)|m(t)〉. (A7)
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With the projection, Pn(t)|m′(t)〉 = δm′,n|n(t)〉, Eq. (A6) is reorganized into

W 2
n(t)−W 2

ad;n(t) = ~2
∑
m

〈∂tn(t)|m(t)〉〈m(t)|∂tn(t)〉 − ~2〈∂tn(t)|Pn(t)|∂tn(t)〉

= ~2〈∂tn(t)|P⊥n (t)|∂tn(t)〉. (A8)
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