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1 Introduction

Consider the following two games.

Example 1 Protecting Manhattan. Two police stations try to protect Manhattan, which
can be visualized as a rectangle, from a terrorist attack. Station A is responsible for
protecting all the streets, i.e., the horizontal paths across the rectangle; while station
B is responsible for protecting all the avenues, i.e., the vertical paths. Each police
station has one unit of police force, distributes its force among its paths, and derives
a positive utility u iAj (resp. u 5) from successfully protecting each subway station S,
namely, the intersections of street i and avenue j and O utility when failing to protect
it. The probability of successfully protecting a subway station is ,/a; b, where a; and
b; are the amount of police force station A and B allocates to street i and avenue j
respectively.

Example 2 Sponsored search for complementary queries. A user submits a query, say
“Yellow Stone national park”, to a travel website, hoping to book a hotel and a flight.
The query triggers interests from two complementary advertisement agencies: one has
a collection of hotel ads and the other airline ads. The website allocates space for two
listings of advertisements, one for hotel and the other for airline.

Each agency derives positive utility ulAj (resp. uf;.) if the user successfully clicks
a pair of ads (hotel i, airline j). Note that agency A’s utility may depend on j since
the payment rule may involve both i and j. To achieve a click through rate (CTR, the
probability that an ad is clicked) of a; for hotel ad i, agency A needs to pay C Aaiz,
where C4 is some characteristic constant (e.g., the quality score) with respect to A;
similarly, agency B must pay C Bb? to get a CTR of b;. The rationality of the cost

model is further justified in the footnote.! The two agencies seek to maximize their
utilities with fixed amounts of budget, X 4 and X p respectively.

Formalizing the problem above, we have the following game theoretical model:
agency A picks a CTR vector a, where g; is the CTR that agency A wants to achieve for
hotel ad i, subject to the total cost equal to the budget of the agency, i.e., C4 ||a ||% = X4,
where C4 and X 4 are constants. Similarly, agency B chooses a vector b of expected
CTR of airline ads subject to its own budget constraint. Agency A (resp. B) seeks to
maximize its utility, a” UAb (resp. a” UBb), where U4 = {uf}} and UB = {uﬁ.}.

The games above may somewhat resemble the Blotto game (Roberson 2006), where
players wish to jointly ensure a set of outcomes and the probability that an outcome
is ensured is a non-linear function in the amount of resource each agent spends on the
corresponding action. As we shall see, both examples are instances of positive unit-
sphere games, a class of games that possess unique, learnable, pure Nash equilibria.

1 According to certain existing empirical evaluations (see Agarwal et al. 2011), the CTR of an ad link is
concave in payment, where the degree of concavity depends on the keyword length. In our example, the
CTR is proportional to the square root of the money spent, which is one special and commonly used concave
function. In fact, it is standard to assume that the cost of a certain amount of “effort” e (e.g., CTR in our
example) is proportional to 2. See Holmstrom and Milgrom (1987), Hauser et al. (1994), Lafontaine and
Slade (1996) and Hu et al. (2015).
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2 Unit-sphere games

Most of the paper deals with 2-player unit-sphere games. In Sect. 6, this definition is
extended to accommodate any number of players.

Definition 1 A two-player unit-sphere game (USG) is defined by two matrices A x B,
where

e Aisanm x n payoff matrix for player 1,
e Bisann x m payoff matrix for player 2.

A unit-sphere strategy x for player 1 is a column vector of real numbers such that
x € R™, ||x|l2 = 1, while a strategy y for player 2 is a column vector of real numbers
such that y € R", ||y|l2 = 1. Given a strategy profile (x, y), the utility u(x, y) of
player 1is x” Ay while the utility u, (x, y) of player 2 is y” Bx. Other game-theoretical
notions, such as best response and Nash equilibrium, follow standard definitions.

Mathematically, the above definition is a 2-player normal-form game, except for
the definition of strategy, where the restriction of unit L-norm is now replaced by
unit Lo-norm. In other words, each unit-sphere strategy is a point on a unit sphere,
rather than a probability distribution. It implies that both x and y can be negative on
some dimensions, as long as they are on a unit sphere.

It is important to note that a USG can just be thought of as a standard normal-form
game, where each pure strategy corresponds to a unit-sphere strategy and there are
infinite many such strategies. From this perspective, the characterization theorems
(Theorems 3.1, 3.3, 3.4) are sufficient and necessary conditions for a new class of
normal-form games to have (unique) pure Nash equilibria.

In this paper, we do not consider randomized unit-sphere strategies, for the following
reasons. First of all, a randomization over unit-sphere strategies is no longer a unit-
sphere strategy, thus not well-defined under our new definition. Secondly, it is not
hard to see that such a randomized strategy has a Ly-norm less than 1 and is always
utility-dominated by some unit-sphere strategy. Last but not least, we are interested in
comparing unit-sphere strategy (which is somewhat mixed) to standard mixed strategy,
in terms of existence and computation efficiency of Nash equilibrium. Adding another
level of mixture makes the comparison less interesting.

One can also view players in a USG as risk averse agents whose payoffs, when
facing a lottery outcome, are not linear expectations of their utilities on deterministic
outcomes in the lottery, but concave expectations (in our case, a square-root function).
In general, games with concave utility agents possess a mixed Nash equilibrium but it
is in general computationally hard to find such an equilibrium (Fiat and Papadimitriou
2010, Theorem 1). Our model and results differ from Fiat and Papadimitriou in that
we allow for negative strategies, i.e., x and y can have negative entries, thus the whole
strategy set is not necessarily convex, precluding a Nash style proof. Furthermore,
when restricting to positive payoff matrices, we show that a unique Nash equilibrium
exists and easy to compute. Readers are referred to Fiat and Papadimitriou (2010) and
the references therein for an introduction on non-linear expectations.

Finally, in our definition, adding a positive constant to each payoff function no
longer yields an equivalent USG. Intuitively, when adding a large constant to a player’s
payoff function, the player has more incentive to distribute her resource more evenly
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among actions. So, it loses generality to restrictions on positive payoff matrices. On
the other hand, USGs are scale-invariant in the sense that multiplying a constant to a
player’s payoff function yields an equivalent USG.

Our results For 2-player USGs, we show:

e The necessary and sufficient condition for a USG to have a Nash equilibrium
(Theorem 3.1). A USG with payoff matrices A and B has an NE if and only if the
product of payoff matrices, A B, has a nonnegative eigenvalue.

e Closed forms of a pair of NEs for any positive USG (Theorems 3.2, 3.3).

e Uniqueness of NE in positive USGs (Theorem 3.4). As a result, the two NEs we
give explicitly in Theorem 3.2 are identical (Corollary 1).

e Learnability of the unique NE in repeated positive USGs via Cournot adjustments
(Theorem 4.1). The error decreases exponentially fast when both players play their
best responses in each round.

e Amultiplicative O (v/max(m, n))-approximation for mixed strategy NE in normal
form games via USGs (Theorem 5.1), where m and n are the numbers of pure
strategies for the players.

We further generalize our results to m-player positive USGs. We show the existence of
NE in multiplayer positive USGs (Theorem 6.1), and discuss subclasses of multiplayer
positive USGs, symmetric positive USGs and Markov positive USGs. We present an
algorithm to find a symmetric NE for any symmetric positive USG with even number
of players, and show that a unique NE exists in any Markov positive USG, which can
be efficiently reached via Cournot adjustments (Theorems 6.2, 6.3).

3 Nash equilibria in USGs

In this section, we characterize the sufficient and necessary conditions for Nash equi-
librium (NE) to exist in USGs. In particular, equilibrium exists in all the USGs with
positive payoff matrices. It is unique and efficiently computable, via a well-known
learning process known as Cournot adjustment.

3.1 Structure of NE in USGs

Let us now consider a USG A x B. It is easy to see that the utilities of the two players
under strategy profile (x, y) are

up = x" Ay = | Ayll> cosa,
uz = y" Bx = || Bx||2 cos B,

respectively, where o denotes the angle between x and Ay and B denotes the angle
between y and Bx.” Since both x and y are on the unit-sphere, a strategy profile (x, y)
forms an NE if and only if

2 In cases where Ay = 0 (resp. Bx = 0), one may set « (resp. ) arbitrarily.
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Unit-sphere games

x =argmaxx’T Ay < a=0or[|[Ay| =0 < ix = Ay,
x/

and

y =argmax y'’/ Bx <= B =0or|Bx| =0 < uy = Bx,
)Y/

where & = [|Ay|l2, u = || Bx]|2.
By this observation, we derive a necessary condition of existence of NE for two-
player USGs.

Lemma 1 Fora USG A x B. If AB and B A do not share a nonnegative eigenvalue,
it does not have any NE.

Proof We show that an NE exists only if AB and B A share a nonnegative eigenvalue.
Consider payoff matrices A and B. For a NE profile (x, y),

Bix = BAy = Auy = BAy,
ALy = ABx = Aux = ABx.

In other words, x is an eigenvector of A B with eigenvalue A, and y is an eigenvector
of BA with eigenvalue Ap. O

It is known that AB and BA have the same set of eigenvalues. The following
theorem characterizes the sufficient and necessary condition for an NE to exist in any
two-player USG.

Theorem 3.1 For a USG A x B, it has an NE if and only if AB has a nonnegative
eigenvalue.

Proof The only-if direction follows from Lemma 1. We now prove the if direction.
Assume A B has a nonnegative eigenvalue A with eigenvector x such that ||x|, = 1.

o If Bx #£0,lety =
and ||Bx||>y = Bx.

e If Bx =0, y # 0 can be chosen such that either Ay = kx for some k > 0, when
det A # 0, or Ay = 0, when det A = 0. Also we assume | y|[» = 1. Again (x, y)
is an NE for the game, because kx = Ay for some k > 0, and the utility of player
2, yI' Bx, is always 0.

(x, y) is an NE for the game, because —=——x = Ay,

HBX\Iz HBXH

m}

As stated in Theorem 3.1, to solve a USG A x B, i.e., to find all NEs or to ensure that
no NE exists, it is equivalent to calculate all eigenvalues of A B and the corresponding
eigenvectors. Solving USGs is reduced to the eigenvalue problem, one of the most well-
studied problems in linear algebra. Refer to Sorensen (2002) for efficient algorithms.

@ Springer



P. Tang, H. Zhang

3.2 Positive USGs

We now focus on a general, intuitive class of USGs where there always exists a unique
NE.

Definition 2 A USG A x Bispositiveif A, B > 0,and any strategy satisfies x, y > 0°.

Positive USGs (PUSGs) have many interesting properties that general USGs do not
necessarily possess. Before we state these properties, we need the following lemma
from linear algebra.

Lemma 2 (Perron—Frobenius Berman and Plemmons 1979) For any square matrix
A > 0, we have

e A has an eigenvalue ) > 0. Moreover, for any other eigenvalue  of A, |\| > /.
We call )\ the Perron—Frobenius value, or spectral radius of A, denoted as A =
p(A).

e The eigenvalue A has algebraic and geometric multiplicity one. There is an eigen-
vector x > 0 of A with an eigenvalue of . Moreover, the only positive eigenvectors
of A have the form kx for some k > 0, and all positive eigenvectors have corre-
sponding eigenvalue A.

Lemma 3 For payoff matrices A > 0, B > 0, AB and B A share at least one positive
eigenvalue, which is their spectral radius.

Proof Clearly, AB and B A are square matrices. Let x > 0 be an eigenvector of AB
with eigenvalue . = p(AB) > 0, whose existence is guaranteed by Lemma 2. Note
that

BA(Bx) = B(ABx) = A(Bx).

Namely, Bx is an eigenvector of BA with eigenvalue A. It follows that AB and BA
share the same positive eigenvalue A > 0. Now suppose p(BA) > A. By the same
argument, we can see that p(B A) is an eigenvalue of A B, a contradiction. O

With Lemma 3, we are now able to derive a pair of NEs for all PUSGs.

Theorem 3.2 There exists two NEs (x1, y1), (x2, y2) for any PUSG, where

o x1 > 0is the unit eigenvector of AB with eigenvalue .. = p(AB).
ey = ”tic—xll”z. where the utilities of the players obtained from (x1,y) are

X
(m, ||Bx1||2>.

e Yo > 0 is the unit eigenvector of BA with eigenvalue ) = ,o(BA).4

e x> where the utilities of the players obtained from (xa,y2) are

Y2
I Ay21l2"

A
(14v21. s )

3 We say a matrix A > 0 if Aij > 0 for all (i, j), and a vector x > 0 if x; > O for all i.
4 Recall that p(AB) = p(BA).
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Proof We prove for the case of (x1, y1). The case of (x2, y2) is symmetric. By
Lemma 3, it is always feasible to pick x; as stated in the theorem. For player 1,

1
ur(x’, y1) =x'TAy1 = x/TABxl
IBxtll2
A A
= XTx < x!x
Bxill2 | Bx1ll2
_ A
I Bxill2”
For player 2,
w1, y) =y Bxy =y |[Bxi |12y
< [IBxillzyi yi = [|Bxi 2.
In other words, neither player has profitable deviation in (xy, y1). O

Theorem 3.2 derives a pair of NEs for any PUSG. One might wonder whether the
two NEs are identical? This is indeed the case. We dedicate Sect. 3.3 to this result.

In fact, there is a symmetric NE in a PUSG if the payoff matrices satisfy a certain
additional condition. Before we state these conditions, we need the following technical
lemma.

Lemma 4 For square matrices A > 0, B > 0 such that AB = BA, A and B share
the same one-dimensional eigenspace of spectral radius.

Proof Let A = p(A), x > 0 be an eigenvector of A whose corresponding eigenvalue
is A, then

A(Bx) = B(Ax) = A(Bx),

namely Bx is an eigenvector of A whose eigenvalue is A. By Lemma 2, the eigenspace

of A is one-dimensional, which implies that Bx = pux for some wu. Again by
Lemma 2, x belongs to the eigenspace of the spectral radius of B, or equivalently
u=p(B). o

If AB = BA, the corresponding PUSG has a symmetric NE.

Theorem 3.3 There is a symmetric NE (x, x) for any PUSG with square payoff matri-
ces A X B such that AB = BA. The NE utilities are (p(A), p(B)).

Proof Letx > 0be the unit eigenvector of A whose corresponding eigenvalue is p (A)
(and therefore the unit eigenvector of B whose eigenvalue is p(B)). For player 1,

ui(x,x) =xTAx = p(A)x'Tx

< p(A)xTx = p(A).
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For player 2,
ur(x’,x) =x"TBx = p(B)x'"x
<pB)x"x = p(B).
Neither player has a profitable deviation in (x, x). O

3.3 Uniqueness of NE in PUSGs

As mentioned, one of the most appealing properties of all PUSGs is that they have
unique NE.

Theorem 3.4 Any PUSG has an unique NE.

Proof Let (x, y) be an arbitrary NE of PUSG with payoff matrices A and B, whose
existence has been established in Theorem 3.2. By Lemma 1,

Ir>0, u>0, s.t. ABx = x, BAy = uy

We will show that A is the spectral radius of AB, and x is the corresponding positive
unit eigenvector. The case of y is symmetric.

Assume A # p(AB). By Lemma 2, there must be some i € [n] such that x; = 0,
since there are no other positive eigenvectors beside those of the spectral radius. Note
that A > 0, AB > 0.

0=Ax; = (ABx); = Z(AB),-jxj
j
> min(AB);;llx|ly > 0,

a contradiction. Therefore . = p(AB). Again by Lemma 2, the eigenspace of A is
one-dimensional. Namely x is the unique positive eigenvector of A such that ||x||> = 1.

The same argument works for y. To conclude, we prove that (x, y) is the unique
NE. O

Note that if we restrict strategies to be strictly positive, Theorem 3.4 then follows
directly as a corollary of Lemma 2. When taking nonnegative strategies into consid-
eration, with the additional argument above, we are still able to obtain the uniqueness
result.

Corollary 1 Any PUSG has an unique NE, which has the form stated in Theorem 3.2.
Moreover, the two symmetric NEs in Theorem 3.2 are identical.

Next, we show the unique NE of a PUSG can be efficiently found via a natural
learning process.
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4 Solving PUSGs via Cournot adjustments

In this section, we show that the unique NE of any PUSG can be resulted when both
players follow a well-known learning process called Cournot adjustments . This is
remarkable property since it states that players can learn to play NE even without any
information of each other’s payoff matrix.

4.1 Cournot adjustments

Define Cournot adjustments as follows,

1. In the first round, each player i plays any positive strategy s? > 0.
2. Inround ¢, each player i observes s’ ,, the strategy of player —i.
3. Inround 7 + 1, each player i plays her best response against s” .. Namely

ot
+1 _ Als—i
' | Ais”;ll2

4. Iterate until no player updates her strategy.

Cournot adjustments define a natural protocol for players to learn to play a game
over time. It is appealing when players do not know others’ payoff matrices and for
whatever reason that the players cannot perform equilibrium computation upfront. It
is known that, for any standard games, a carefully designed better response dynamics
can converge to some mixed-strategy Nash equilibrium (aka. Nash’s proof), but may
take exponential number of rounds. In the following, we show that this procedure
thoroughly exploits the properties of PUSGs and finds efficiently the unique NE for
any PUSG in logarithmic number of rounds with respect to the initial error.

4.2 Convergence of Cournot adjustments in PUSGs

To formally state and prove the convergence result, we need the following proposition
from numerical analysis.

Lemma 5 (Convergence of power iteration Mises and Pollaczek-Geiringer 1929) For
any positive square matrix A whose eigenvalue with the largest modulus is X and the
corresponding eigenspace is E, let xo be an arbitrary unit vector such that x is not
orthogonal to E. Let

1—1
r Ax
X =
lAx"= 2

It is guaranteed that x' converges to x*, where Ax* = \x*. Moreover,

VpeZtU{oo}, Ire(0,1), ceRT, st
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x" = x*||, <ecr'.

We now state a convergence result of Cournot adjustments in PUSGs.

Theorem 4.1 If both players follow Cournot adjustments, the strategy sequence
(x", y") linearly converges to the unique NE of the PUSG, where the game matri-
ces A>0,B>0.

Proof Let A and B be the payoff matrices. We can explicitly derive the strategy
expressions of Cournot adjustments in round ¢ as follows,

. Aytfl . thfl
= —i. Y= =1,
1AY" = l2 [ Bx"~ 2
It follows that
2k — —(AB)kxO y2k = —(BA)kyO Vk e N
[(AB)*xO|5” [(BA¥yO2

Since we choose x0 > 0, yo > 0, by Lemma 2, it is impossible that x0 (resp. yo) is
orthogonal to the eigenspace of the spectral radius of AB (resp. BA). By Lemma 5, as
k grows, x2 converges to the positive unit eigenvector of AB exponentially fast, and
y% converges to that of BA. Therefore (x>*, y?¥) converges to the unique PSNE expo-
nentially fast. As (x2%, y2%) converges, (x2*1, y2*+1) converges as well, concluding

the proof. O

5 Approximating mixed-strategy equilibrium in standard games via
USGs

It is known that computing a mixed-strategy Nash equilibrium (MSNE) in standard
two-player games is PPAD-complete (Chen and Deng 2006). In this section, we show
that our understanding of USG can help us to find an approximate MSNE of any
standard games.

5.1 Approximation scheme

Consider any PUSG. By theorems we have derived so far, one can easily compute the

unique NE (x, y) of the PUSG. We now normalize x and y to be x” and y’, so that

lx’lli = Iy'|l1 = 1. Our main finding in this section is that (x’, y’) is a multiplicative

O (v/max(m, n))-approximate MSNE? for the underlying standard two-player game.
Call this approximation scheme the simple approximate scheme.

5 Linear convergence is another way of saying the error diminishes exponentially fast in the number of
iterations.

6 A multiplicative k-approximate MSNE denotes a strategy profile where no player can improve her utility
by k times via deviation.
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5.2 Approximation via simple approximate scheme

Once again, before we state and prove our result, we need the following technical
lemma.

Lemma 6

2
min Ixlls | 2
xeR", xlli=1 | [|x]loo Vn+1

Proof Lett = |x[loc > L. We have,

2
2 (1=
iz _ P+ o= ()

Ixlloo — t

v

We are now ready to state our result of the section.

Theorem 5.1 For any standard two-player game with payoff matrices A and B, the
simple approximation scheme yields a multiplicative O («/ max(m, n))-approximate
MSNE, where m is the number of rows of A, and n is the number of rows of B.

Proof Let (x, y) be the NE of the induced PUSG over payoff matrices A x B, and
(x’, y") be the normalized vectors, as stated in the simple scheme. Since (x, y) is an
NE in the PUSG, 3, u, s.t.

Consider player one’s payoff with or without deviation.
Without deviation, she gets

ur(x',y) = xTAY = a|x'13.

By deviation, she gets

max ui(x;,y) = max x! Ay
llxr =1 llx1lh=1
=21 max x!x" = A|x]|co-
lxr =1
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By Lemma 6,

. up(x’, y")
min -
',y Max ||, =1 1 (x1,y")
x'||2 1 m—2m+1
— min w > —
o) Xl — /M J/m@m —1)

-2(%)

Symmetrically, for player two, the approximate factor becomes 2 (

). O

Sl-

6 Multiplayer PUSGs

In this section, we extend our discussion to the general m-player case.

Definition 3 An m-player PUSG is defined as (ny,...,ny, u, ..., uy), where n;
is the size of action set of player i, u; the utility function, where u; (x1, ..., x;) is
multilinear in xy, ..., x,,, and forall x; > 0, ..., x,;;, > 0, we have u; (x, ..., x;) >
0.

An equivalent formulation of PUSGs will involve positive tensors. That is, A% is the
payofftensor for player k, such thatuy (x1, ..., x,) = Zil ,,,, in Afl,__”imxu] e Xmins
and Ai.‘l > Oforalliy, ..., i,. We will further exploit this notation in the following

detailed discussion.

6.1 Existence of NE in multiplayer PUSGs

Lemma 7 (Brouwer’s fixed point theorem) For any n € 7+, Q@ < R which is
compact and convex, f : Q — Q which is continuous, there is some x* € Q such
that f(x*) = x*

Theorem 6.1 There exists an NE for any m-player PUSG (A, ..., A™).

The proof resembles that of the existence of MSNE in normal form games.

Proof Let
§; = an,Rsm BRY/
Jj<i
={x=0Cn...,x00) eR"x; e R, xill1 =1, x;; =0, Vi € [m], j €[]}
Forall x = (x1, ..., xn) € €,
£0) < Alxoxs ... xm AZX1X3 ... Xm AMx1x2 .. X1 )
X) = 5 PRI .
A x5 . Xl 1A2x X3 .. X Il A" x1x2 ... xXm—1l1
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It is easy to verify that Q2 and f satisfy the conditions in Lemma 7. Therefore there

is some x* = (x7, .. x*) satisfying f(x*) = x*, which implies that there is some

A; such that AixT . = A; x for all i. So (Hx TIERER ”x* ” ) is an MSNE of the
1

PUSG. ]

6.2 Subclasses of multiplayer PUSGs

In this subsection, we investigate several subclasses of multiplayer PUSGs that are
easy to solve.

6.2.1 Symmetric PUSGs with even number of players

We first present an algorithm that solves m-player symmetric PUSGs when m is even.

Definition 4 An m-player symmetric PUSG is a PUSG where A’ = A/ foralli, j €
[m], and Ak iy = Alg(il) 0 (im) for all k € [m] and 0 € S,, where S, is the
symmetric group over [n] and n is the number of actions of each player.

The method used to find NE in symmetric PUSG is called SS-HOPM. SS-HOPM
outputs a symmetric NE with a particular payoff which equals the largest Z-eigenvalue
of the payoff tensor. (A € R is a Z-eigenvalue of m-th order n-dimensional symmetric
tensor A if there is some x € R”, Ax”~! = Ax and ||x|» = 1.) The linear convergence
of SS-HOPM has been originally established in Kolda and Mayo (2011) and revised
in Chang et al. (2013).

The algorithm is as follows,

1. Choose x° > 0, and the shift constant & = |_m le ,,,,, in A, ,'m-|.
2. Let y't1 = A(x)™ ! + ax?.
3. Compute
1
et o X e AT,
Iyl

As shown in Chang et al. (2013), x” converges to an symmetric NE x* while A’
converges to the payoff of each player under x*.

6.2.2 Markov PUSGs via Cournot adjustments
Generalizing our uniqueness result for the two-player case using the techniques in Li

and Ng (2014), we show that a unique PSNE exists in any Markov PUSG, which can
be efficiently reached via Cournot adjustments.

Definition 5 An Markov PUSG (4!, ..., A™) is a PUSG such that
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for all k € [m],i; € [n1],...,ik—1 € [Pk=1], ik+1 € [Mk+1), ..., im € [ny] and a
constant ci.

In other words, Markov PUSG is a subset of PUSG such that, fixing any other
players’ strategy profile, the sum of player k’s utility over all his/her actions is a
constant, for any k. Since every Markov PUSG can be scaled so that for all k, ¢y = 1,
it is without loss of generality to consider games with ¢; = 1 for all k.

Lemma 8 For nonnegative xi, ..., x, such that ||x;|; = 1, we have |A*x; ...
Xk—1Xk+1 - --Xnll1 = 1 forall k € [m].

Proof

AR Xy X1 X - Xl

§ : k
= Z Ai1 ’’’’’ imxlsil co e X1k Xk+1igsy - - Xmyip

|70 ST /S B S B P

k
= Z E Ai|,...,imx1’il e Xk— L Xk Ligg - - - X

LSO 72 Y S NN PP 74

= E X0y« oo Xk—1ig—1 Xk+1igg1 + -« Xm, iy,
LSRN S Y 7 S BN P

=1

Lemma 9 Let Q2 be as defined above, [ : Q — Q be such that for v € €,
F = A*vy v vt - U

Forx =(x1,...,xm) €2, y=01,.--,Ym) €%,

If ek —fOnlh = =80 D Il —yilli |

ielm), i#k

where

8y = min min E Af.‘l it min E Afl in |
V<in Ulseeisikm1 kgl seensdm =2 70777 Ulseeislkm1 Tkl seensm = 7077
Clnil | it lk=150k4 15 esim eV Pkl bl 20,

and V' = [ni]\ V.
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Proof

D @

s Yk—1ig—1> Yk+1,igq1s+ -+

- f(}’)k,ik)

Ao i KLy ey Xk Lig_ s Xkt Liggs - -+ »

) )’m,im)

Ajy i (L = Y1i)X2,0 -+ -5 Xy

ireVy
IREVE i1, esik—15Tk415emsim
— Yl ---
IREVE i1,eis k=15 k4 15emsim

+ V1,0 (2,0 — ¥2,i) X35 - -

Xy T Vi

ym*]»im—l (xmsim

Xm,i m

= Ym,ip)]-

Let Vi C [ny] be the largest set such that Vig € Vi, f(X)k,i, > f(Wk.ir» V1 € [n1]the
largest set such that Viy € Vi, x1,;; > y1,;,. Note that by Lemma 8, [lx¢ll1 = llykll1 =

1, and hence Zik Xk,iy

— Yk, = Oforall k € [m]. We then have

Z Z All ,,,,, 1,,,(x111 —Y1z|)YZn..~,Ym,im

U] seeisll—1 ik 1 seeesm I EVE
= E Z Z Ay X1iy = Y1i) Y250+ s Yimig
eV i, ik —1,Tk415nim ik EVE
+ Z Z Z Al] ..... lm(-x| i1 yl.il)y2,i2-~~sym,im
HEVL 2ol 100kt 15esim iK€ Vk
< Z Z max Z A | K1y = Y1) V2,05
. . A — . JIEVLJ2, s
HEVL 12yensik—15ik4150Im " jkeVe
- Z Z min Z Ajiim | Oy — X1 y2,05
. . B . JIEVLEJ2, s Jm
NEVL i,k 1,0k 1 seeesdm Jk€Vi
= j EVm]aX Z A]l Jm T EVan . Z A]l vvvvv Jm
1EVI 20 i JIEVL J2seesjm e
) > VLiy = XL,i) Y2,y « - - Yh—Lig_g Yk Liggr - - - Yo
DEVI 2, lk—1 5Tk 15 eesim
< (1 jmin D Ajin = min D Ajn | D O~ )
""" " Vi I eV ig¢Vi

IA

1
E(l =3 lxr = yilli-

s Ymi

s Ymim
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We therefore get

If GO = Fill =2 Z (f Ok = fF D)

ireVy
1
< 2_2 [5(1 -8 llx; — yilll}
i#k
= =8 | Y llxi = yills

ik
O

Theorem 6.2 There exists an unique NE in any Markov PUSG where §; > "=2 a1 for
all k.

Proof Assume there are two distinct NE in an m-player game (Al, ..., A™), xo and

— _X0
Yo- Letx = i, v = - By Lemma 9,

lx =yl =) llxx — yelh
k
=Y If G = FOlh
k

<Y D (=8 Ui — yill)

k ik
< Z(m — 1)( )(le, = villD)
i€[m]

=[x =y,
an contradiction.

Theorem 6.3 Cournot adjustments lead to the unique NE in any Markov PUSG where
8k > 3= 2forallk

Proof For simplicity, we denote strategies by vectors whose L1-norm are scaled to 1 in
the proof. Consider a procedure where player k starts by playing x,? = (%, ceey nk)
Let x* be the unique PSNE of the game, guaranteed to exist by Theorem 6.2. Let
€0 = Max;e[m] ||xl.0 — x/|l1, 8 = max;ep)(1 — §;). Clearly, in round ¢, strategies of
player k will be x; = f (x"~1)x, where f is the same as stated above.

On the other hand, as shown in Lemma 9,

t—1
ek —xil <8 | D™ —xfln | Ve Z, kelm].
i#k
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By a simple induction, we prove that

& = max(llxf = x{ 1] < (m = 1)'8'e0.

When ¢ = 0, it holds obviously that €y < €. Assume that ¢,_; < (m — 1)’ 18" l¢g,
we may show,

& = max(|lxj —xflh] < maxs | 3 e —xf | < 80n = Dey < m = 1d'cq.
i#k

It can be seen easily that €; goes to 0 exponentially fast considering that § < ﬁ

We have shown that the Li-norm normalized strategies converge to the Li-norm

normalized NE. It follows naturally that the strategies themselves converge to the

unique NE. Moreover, the convergence is linear, i.e., the error decreases exponentially

fast. O

6.3 Multiplicity of NE in multiplayer USGs

In fact, there may be infinitely many NEs in a multiplayer USG. Here is an interesting
example (Chang et al. 2013).

Example 3 Consider a 4-player USG where game tensors (Al, A2, A3, A4) are such
1 Al A2 T A2 43 A3 a4 44
that Ajy, = A = ATy = A = Ajjp = A = Afp = 431, = 2,
{ ... = 0 otherwise. We consider symmetric strategy x = (xp, x2). In order for x
1020304

to be an NE, we need

2x12xz = Ax|
2x1x% = Ax .
x% + x% =1

By setting A = 2x1x», it appears that any pair of (x1, x2) where x% + x22 = 1 forms a
symmetric NE. Moreover, any equilibrium payoff A € [0, 1] can be achieved by some
choice of (x1, x3).
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