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Abstract

In decision tree models, considerable attention has been
paid on the effect of symmetry on computational complex-
ity. That is, for a permutation group I", how low can the
complexity be for any boolean function invariant under I'?
In this paper we investigate this question for quantum de-
cision treesfor graph properties, directed graph properties,
and circular functions. In particular, we prove that the n-
vertex Scorpion graph property has quantum query com-
plexity ©(n!/?), which implies that the minimum quantum
complexity for graph properties is strictly less than that
for monotone graph properties (known to be Q(n?/3)). A
directed graph property, SINK, is also shown to have the
©(n'/?) quantum query complexity. Furthermore, we give
an N-ary circular function which has the quantum query
complexity ©(N'/4). Finally, we show that for any per-
mutation group T, as long as T is transitive, the quantum
query complexity of any function invariant to I is at least
Q(N'/%), which implies that our examples are (almost) the
best ones in the sense of pinning down the complexity for
the corresponding permutation group.

1. Introduction

In classical decision trees, considerable attention has
been paid on the effect of symmetry on computational com-
plexity. The most famous example is the confirmation of

*  Thisresearch was supported in part by NSF grant CCR-0310466.

the Aanderra-Rosenberg Conjecture that all non-constant
monotone graph properties on n vertices have (determin-
istic) decision tree complexity ©(n?) [11]. There are how-
ever many intriguing questions that remain open, in classi-
cal as well as quantum decision trees. The purpose of this
paper is to fill some of these gaps in the area of quantum
complexity.

Let I" be agroup of permutationsof 1,2,--- , N.Let f :
{0,1}" — {0, 1} be any boolean function invariant under
L ie, f(xlvm% t axN) = f(x0(1)7xa'(2)7 T 7xa(N))
fordl o € T'. We are interested in how low the complexity
can be for such functions. In the case of classical decision
trees, let D be the minimum deterministic complexity for
any non-constant boolean function invariant under T", and
let D(FM ) be the minimum deterministic complexity for any
non-constant monotone boolean function invariant under I.
For quantum decision trees, let Qr and Q(FM) be the corre-
sponding minimum complexities (allowing ¢ two-sided er-
rors).

Much is known about Dy and D(FM ) when T is a tran-
sitive group. See Section 4 for the definition of transi-
tive groups. In particular, the Aanderra-Rosenberg Conjec-
ture mentioned above can be phrased as DIQM) = O(N),
where N = (%) and I is the permutation group on the N
edges of an n-vertex graph induced by the relabelling of
the n vertices. It aso has been proved that, for the same T,
Dr = ©(N'/?). We remark that it was not easy to con-
struct a graph property with O(N'/2) complexity, and the
first non-trivial such example found was the property of be-
ing Scorpion graphs (see Section 2 for definition).

Lessisknown about Qr and Q(FM). For the casewhen T"



is the set of al permutationson 1,2,--- , N, it is known
that Qr,QM = ©(v/N) [3]. It is generally believed
that, for the I" corresponding to graph properties, Q§M ) =
O(N'/?). Clearly, O(N'/?) is an upper bound, and so far
the best lower bound (by Santha and Yao (unpublished))
is Q(N1/3). There does not seem to be published results
on Qr, and at first glance, it appears that Qr may even be
O(N'/?). The main result of this paper isto pin down Qr.

Theorem 1 For the T' corresponding to graph properties,
Qr = O(NY4),

Itisof interest to note that thisis strictly below the quan-
tum complexity of any non-constant monotone graph prop-
erties. The graph property used to establish the upper bound
in Theorem 1 isthe scorpion graph property. It is perhaps a
natural choice, since scorpion graph property has low clas-
sical complexity, but the proof is nontrivial.

We have also obtained results for several other T'. Let
T girecteg e the group of permutations of 1,2, --- , IV cor-
responding to the directed graph properties on n vertices
(where N = n(n — 1)). Let I'jrcuylar e the group of all
cyclic shiftsof 1,2,--- | N.

Theorem 2 Qr oy = O(N'/4).

Theorem 3 Qr = O(N/4),

circular

The upper bound for Theorem 3 is established by a spe-
cialy constructed boolean function. In contrast, the upper
bounds for Theorems 1 and 2 are achieved by some well-
known boolean functions.

The lower bound part of all the above 3 theorems can ac-
tually be generalized to the genera transitive permutation
group case.

Theorem 4 For any transitive group T', Qr = Q(N/4).

We prove the upper bound parts of Theorems 1 and 2 in
Section 2. The upper bound part of Theorem 3 is proved in
Section 3, and Theorem 4, which implies the lower bound
parts of the first three theorems, is shown in Section 4.

2. Proof of the upper bound parts of Theo-
remsland 2

To prove the upper bound part of Theorems 1 and 2, we
give O(N'/4) agorithms for a graph property SCORPION
and a directed graph property SINK, two problems classi-
cally interesting because their classical decision tree com-
plexity is O(n) [4, 5]. Note that N = (’2’) for graph prop-
etiesand N = n(n — 1) for directed graph properties,
where n is the number of vertices. (We remark that instead
of SINK, one can a'so use adirected graph version of SCOR-
PION.) The definitions of Scorpion graphs and Sink graphs
are asfollows.

Definition 1 An n-vertex undirected graph G is a Scor-
pion if there are three special vertices called Body, Tail and
Sing, whose degreesare n — 2, 2 and 1, respectively. Fur-
thermore, the only vertex that Body does not connect to is
Sing, and the only neighbor of Sting is Tail. (See Figure
1) We call any vertex other than these three special ones a
Foot. Between any pair of Feet, there may or may not be an
edge.

Foot Sti ng

9 Body Tail

Figure 1. A Scorpion graph

An n-vertex directed graph G isa Snkif thereis a spe-
cial vertex with out-degree O and in-degree n — 1. (See Fig-

ure 2)

Figure 2. A Sink graph

Both the properties have classical decision tree complex-
ity of ©(n). The agorithm for SINK is as follows. From
an arbitrary vertex v, do a depth first search. The first time
we cannot find a new vertex, we get a candidate sink ver-
tex. Check whether this candidate has out-degree 0 and in-
degree n — 1. Output “Sink” if yes and “not Sink” other-
wise. The algorithm for SCorPION isalittle more compli-
cated, and we refer to [4, 5] for details of agorithms for
these two properties.

We give quantum algorithms for SCORPION. Similar al-
gorithms work for SINK too, and are omitted in this ex-
tended abstract. Wefirst make some basic observations. The
first one is about Grover search [8] of bounded error input
by Hoyer, Mosca and de Wolf [9].

Lemma5 (Hoyer, Mosca, de Wolf [9]) Given n elements,
some of which may be marked, we wish to decide whether



there is a marked element and locate one if any exists. Sup-
pose that for any given element, one can decide with er-
ror probability less than 1/3 whether it is marked, by a
g-quantum-query subroutine. Then we can decide whether
there exists a marked element (and output one if there is
any) using an quantum algorithm with expected time and
query complexity E = O(y/n/mq), where m is the un-
known number of marked elements.

The second lemma considers to find multiple marked el-
ements rather than just one. Suppose we do not know the
number m of marked elements, and are now required to find
k marked ones. We use the following algorithm.

lfori=0t0k—1

2. for j =0tolog(k/e¢)

3 run the algorithm in Lemma5 for 2F; long time,
4. if we find a marked element during the time

5 go to line 1 with ¢ incremented

6. output m = ¢ and halt.

Inline 3, the E; isthe expected time of the algorithm in
Lemmab5 inthei-thiteration, and E; = O(q,/ =*).

We give abrief analysisof thisalgorithm. If & < m, then
inthei-th outer iteration, the expected timeto find amarked

element is >.19*/) 9t B, /2t < 4E; = O(kq,/-2) and
the error probability is2~¢ = ¢/k. So the expected value of
the whole running timeis

a(y/n/m+/n/(m—1)+ ..+ /n/(m—k+1)))

o(
O(gv/n - 2(vm — v/m —k))
O(qynk/y/m) = O(kq/n/m)
O(qV'kn)

and the whole error probability islessthane. If £ > m, then
for the first m marked elements the analysis is the same as
above and the expected time complexity is O(q\/mn). Af-
ter we find m marked elementsinthe: = 0, ..., m — 1 iter-
ations, we shall not find any marked element inthei = m
iteration, thus output m and halt by executing line 6. Thisit-
eration need O(q+/n log(k/€)) time and the error probabil-
ity ise/k. Thusthe whole time complexity in k > m caseis
O(gv/mn + q/nlog(k/e)) and the error probability isless
than e. In summary, we have the following lemma.

Lemma 6 The above algorithm outputs k& marked elements
if & < m, and outputs m and the m marked elements
when £ > m. In both cases the algorithm is correct
with probability 1 — ¢, and the time/query complexity is
O(g/min{k, m}n + gy/nlog(k/e)).

The third lemma is a basic observation that if we find a
candidate for Body, Tail or Sting, then we can easily decide
whether the given graph isa Scorpion or not.

Lemma 7 Given a graph G and a vertex v, We can check
whether G is a Scorpion graph with v being Body, Tail or
Sting with error probability e by O(y/nlog(1/¢€)) queries.

Proof Wefirst check whether the degree of vis1, 2, or n-2
by O(y/nlog(2/€)) queries.

e Case 1. deg(v) = 1. We use Grover search to find
the only neighbor « of v. Check that deg(u) = 2 and
then find the other neighbor w of «. Finally, check that
deg(w) = n—2. Output YES and w, u, v asBody, Tail
and Sting and then halt if and only if G passesall these
checks, and NO otherwise.

e Case2: deg(v) = n — 2. We use Grover search to find
the only vertex « which is not adjacent with v. Check
deg(u) = 1 and then the rest part is similar with Case
1

e Case 3: deg(v) = 2. Find the neighbor w,w of wv.
Check that deg(u) = 1 or deg(u) = n — 2. Thensim-
ilar as Case 1 or Case 2.

In al the three cases we should use Grover search for
O(log(1/e€)) times to let the error probability decrease to
¢/2, and thus the whole error probability islessthan e. O

The last lemmais the key idea of the algorithms in this
paper. Basicaly, it uses random sampling to find a vertex
with low degree.

Definition 2 For any vertex v in an undirected graph G =
(V,E)and any set U C V, define the set of neighbors of v
inU asNy(v) = {u: (u,v) € E,u € U}. Wewrite N (v)
for Ny (v).

Lemma8 Inagraph G = (V, E), if we pick a random set
T of 2% logn vertices froma set U of u vertices, then we
have

Prlvu € V, if N(0)NT = ¢, then |Ny(v)] < d] > 1-1/n.

This lemma says that, intuitively, if we pick a random
subset T of U and T' does not hit any neighbor of v (in U),
then the degree of v in U is small with high probability.

Pr oof

Privv e V, if N(v)NT = ¢, then |Ny(v)| < d]
1-Pr[3veV, st. N(v)NT = ¢, and |Ny (v)| > d]

> 1—n-PriN(v)NT = ¢, and |[Ny(v)| > d]
> 1—n-PrINw)NT =¢||Ny(v)| > d]

> 1—n- (=Tl

> 1_n.e—210gn

= 1-1/n

asclaimed. O



2.1. An O(n®/*) algorithm

In this section, we give an O(n3/*log!/* n) agorithm.
The basic idea is to find a low degree vertex by random
sampling, and then search among the neighbors of this ver-
tex for the body. The algorithm is asin Algorithm 1 box.
The quantity following each step is the query complexity of
that step.

The correctness and complexity of Algorithm 1 isgiven
by the following theorem.

Theorem 9 Given a graph G, Algorithm 1 can decide
whether G isa Scorpion graph and, if yes, output the Body,
Tail and Sing. Thetimeand query complexity of Algorithm
1isO(n3*log'/* n).

Proof If G is a Scorpion, then there are at least two low
degree vertices: Tail and Sting. So we can find a vertex v
in Step 2 with probability at least 9/10, and we know by
Lemma8that deg(v) < d with probability at least 1 — 1/n.
Then if v is Tail or Sting we will find that G is a Scorpion
by Lemma 7 in Step 3. Otherwise, v is alow degree Foot.
So Body must be one of v’'s neighbors, al of which have
aready been found in Step 4. Thus with probability 9/10,
Body isfound in Step 5 and finally it uses Lemma 7 to out-
put the correct answer. The total error probability is less
than 3/10 4+ 1/n < 1/3.

If G is not a Scorpion, then error can only be made in
Steps 3 or Step 5, where we use Lemma 7 twice each of
which has error probability less than 1/10.

Finaly, The query complexity of the algorithm is
O(n3/*log'/* n) by lettingd = \/nlogn. O

2.2. Improvement

Now we give an improved agorithm, whichisof O(y/n)
complexity. The key ideaisthat in Step 4 in Algorithm 1,
instead of getting all neighbors of v, we again pick some
random samples from these neighbors. We then find another
vertex « which connects to none of these samples, then by
Lemma 8, we know Ny (. (u) issmall — in other words, v
and u share few common neighbors. But note that Body still
connects to both v and v if they are feet. So we can search
among these common neighbors for Body. Directly follow-
ing this idea gives an O(n?/3) agorithm. To make full use
of it, we apply it for about log n rounds asin Algorithm 2.

The following theorem actually shows Theorem 1 in
Section 1.

Theorem 10 Given a graph G, Algorithm 2 decides
whether G is a Scorpion with error probability less than
1/3 and, if yes, outputs the body, tail and sting. The time
and query complexity of Algorithm 2isO(y/nlog® n).

Proof Theproof issimilar tothe onefor Algorithm 1. Note
that by Lemma 8, after the i*" iteration of 1(b), with high
probability (at least 1 — 1/n) the number of common neigh-
bors of vy, ..., v;41 iSNo more than d; ;. And after the to-
tal Step 1, with high probability (at least 7/10 — m/n) the
number of common neighbors of vy, vo, ..., vy, (OF vy, ..., v;
if we get Step 2 by jumping out of thei'” iteration of Step 1)
is no more than d,,, (or d;, respectively). So if G is a Scor-
pion, then Body will be found finally in Step 3 with proba-
bility at least 6/10, if Tail or Sting is not found in Step 1(c)
luckily (which makes the algorithm succeed even earlier).
Onthe other hand, if G is not a Scorpion, then similar argu-
ments asin the proof of Theorem 5 yield the small constant
error probability result.

For the complexity, let usfirst calculate the cost of Step
1. Without loss of generality, supposethat all m iterations of
Step 1 are done before we get to Step 2. Thefirst iteration of
Step 1 is of cost O(v/konlogm) = O(Vlognlogm)
and the cost of the i*" iteration is O (v/E;in + /ksn log m).
Note that

ki = 2(di/diy1)logn
= 2((i — Dn/m?)/(i'n/miT1)logn
= logn,

thus by noting that 77" vEgin > 7" VEinlogm),
we have the cost of Step 1 as

O (VEkonlogm + S (VEkiin + VEmn log m))
= O (Vkonlogm + Z:’;l(\/kﬂnn
= O (+v2mnlognlogm + 211_11 V2mnlog n)

= O (my/mnlogn)
= O (ynlog’n)

sincem = 1(logn — loglogn) — 1.
Now we consider the cost of Step 2 and 3, which is
O(Vkini + vdymmn) = O(y/nlogn) since

(m—1)In

Vm(m/e)™ 'n
O mm )

= 0 J—%a/e)mfl)

of-—-nr—__1
VIogn n/logn

0 (Viogn)

Asaresult, the time and query complexity of Algorithm
2isO(y/nlog?n). O

We add some remarks about the SINK problem to end
this section. The same algorithm can be applied to solve
SINK. Now instead of find a vertex with low degree, we are
trying to find one with low out-degree. Here the sink point
plays both the Sting role (by having no out-degree) and the
Body role (by having n — 1 in-degree).

dm =



Input: G = (V, E).
Output: Tell whether G isa Scorpion, and if yes, output the Body, Tail and Sting.2

1. Letd = /nlogn.Pick aset U of 27 log n random vertices. —0
2. Usethe algorithm in Lemma 5 to find a vertex v such that Ny (v) = (), and the error probability is less than
1/10. If we do not find one, then output “not Scorpion” and halt. —O(y/ny/Glogn) = O(%\/log n)
3. Use Lemma 7 to check whether GG is a Scorpion with v being Body, Tail or Sting (and halt if it is). Make the
error probability less than 1/10. — O(y/n)
4. Find all but up to d neighbors of v by Lemma 6 with error probability less than 1/10. If we find more than d
neighbors of v, output FAILURE and halt. — O(Vnd)

5. Search among these neighbors of v for a vertex u with degree n — 2 by Lemma 5. If we do not find w, then
output “not Scorpion”; otherwise, use Lemma 7 to check whether G is a Scorpion with « being Body and
output the result. — O(Vnd)

a Thereappear “FAILURE” outputsin the algorithms. That is to make the algorithms more clear: “FAILURE” is something unexpected and
the overall probability of “FAILURE” is no more than asmall constant.

Figure 3. Algorithm 1

Input: G = (V, E).
Output: tell whether the G is a Scorpion, and if yes, output the Body, Tail and Sting.
Parameters. m = %(logn —loglogn) —1,d; = (i — 1)!In/m fori =1,...,m.

1 fori=0tom—1do
(@ If i =0, randomly pick aset Tj, of kg = 23+ logn verticesfrom V. —0
Else, randomly pick aset T; of k; = Qdiil log n vertices from mj-:lN(vj) using Lemma 6 and making
the error probability less than ﬁ. If we cannot find so many vertices, jump out of thisfor loop and go

to Step 2. — O(Vksin + Vinlog(k; - 10m)) = O(VE;in)

(b) Find apoint v;1 such that v; 1 connects to none of pointsin 7; using Lemma 5 and making the error

probability less than 5. If no v; 1 isfound, output “not Scorpion” and halt. —O(vk;nlogm)

(c) Use Lemma 7 to check whether G is a Scorpion with v;; being Body, Tail or Sting (and halt if yes),

making the error probability lessthan 1. — O(y/nlogm)

2. If we get here by jumping out of the for loop at the i* iteration, then find all common neighbors of vy, ..., v;

using Lemma 6 with error probability less than 1/20. — O(Vk;ni)

Otherwise, find all but no more than d,,, common neighbors of v1, ..., v, using Lemma 6 with error probabil-

ity lessthan 1/20. _
O(Vdnm)

3. UseLemma’5 to search among these common neighbors for avertex u with degree n — 2. If we do not find «,
then output “not Scorpion”; otherwise, use Lemma 7 to check whether G is a Scorpion and output the result.

— max{O(v/dnn),O(Vkn)}
Figure 4. Algorithm 2




3. Proof of the upper bound part of Theorem
3

To show the upper bound part of Theorem 3, it is suf-
ficient to construct a circular function f whose quantum
query complexity is O(N'/4). A circular function is one
whose value isinvariant to any circular shift of the input in-
dices.

Definition 3 A function f : {0,1}" — {0,1} isacircular
function if any circular permutation of input indices does
not changethefunction value. In other words, f(z') = f(x)
for any x and ' with 2’ = zp 1 2g40... 221 ...y fOr SOME
1<k<n.

Now wegive aparticular circular function f. Basically, it
isavariant of SINK. Here we only give the definition when
N = n? for someinteger n. The general case can be shown
using the similar algorithm and theorems.

Definition 4 Let the function f : {0,1}Y — {0,1} be a
Boolean function of NV Boolean variables where N = n2.
For eachinput z = z125...2y Wewriteitasan n xn matrix
with row and column indices ranging over {0, 1,...,n — 1},
and the (i, j)-entry being x;,,+,+1. We denote this matrix
by M., or M if z is clear from the context. We use M (i, j)
to denote the (i, j) entry of the matrix M.

We denoteby +, and —  the addition and substraction
mod n, respectively. For example, (n — 1) + 1 = 0 and
0—, 1=n-1.

Let f(x) = 1ifand only if M, isof thefollowing (¢, j)-
form for some i,j € {0,1,...,m — 1}: row ¢ contains all
0 entries; inrow (i — , 1), all the entries with column in-
dex greater than j areO; inrow (i+, 1), all theentrieswith
column index lessthan j are0; at last, all the entriesin col-
umn j except M, (i, j) are 1.

0 ... j—1 5 j5+1 n—1
0 1
i—1 1 0 0
) 0 0 0 0
141 0 0 1
n—1 1
(1)

Sometimes we say M is of (i, x)-formif M isof (i,5)-
form for some j; we also say M is of (x,j)-formif M is
of (4, j)-form for some i. The following facts are obvious,
where the D(f) = O(v/N) part can be shown by using an

algorithm similar to the one for SINK described in Section
2.

Lemmall fisacircular function, and D(f) = O(V/'N).

Another key property about f isthat if f(x) = 1, then
any row except row i has at |east one entry being 1, and ex-
actly one column — column j — intersects all rows but row
7 with a 1-entry.

Before describing the algorithm, we construct subrou-
tines analogous to those in Lemma 7.

Lemma 12 Givez and rowindex i , we can decide whether
M, isin (7, x)-form with high probability by using O(/n)
queries, symmetrically, given z and column index j , we
can decide whether M, isin (x, j)-form with high proba-
bility by using O(y/n) queries.

Proof An algorithm for the row case:

1. Check whether M (i,1) = ... = M(i,n) = 0 and if
not, return NO.

2. Findjst. M(i+, 1,1)=..= M(i+, 1,j—1)=0
and M(i+,, 1,5) = 1. 1f no j isfound, return NO.

3. Check whether M (i — 1,j+1) = ... = M@ —,
1,n)=0and M(1,5) = ... = M(i — 1,5) = M(i +
1,j) = ... = M(n,j) = 1. Return YESif so and NO
otherwise.

An algorithm for the column case:

1. Check that only one entry is0in column j and assume
M(i,j) = 0if so. If not, return NO.

2. Check whether M (i — 1, +1) = ... = M(i —,
1,n) =M@+, 1,1)=..=M(i+, 1,j —1) = 0 and

al entriesin row ¢ are also 0's. Return YES if so and NO
otherwise. O

Now we give an O(,/n log? n) agorithm for f asin Al-
gorithm 3 box.

The following theorem validates Theorem 3 in Section
1. We omit the proof because it is almost the same as that
for Algorithm 2.

Theorem 13 Algorithm 3 decides f with high probability
and the time and query complexity is O (y/n log® n).

We give some brief remarks on the case of NV not being a
square number to end this section. Let n to be the maximal
integer such that n? < N. Again we write z;...zy in the
matrix form similar asin Definition 4, now with n columns
and n + 1 or n + 2 rows, but the last row may be not com-
plete. Suppose the last entry in the last row is in the jo-th
column. We define f(x) = 1 if, for some circular permuta-
tion o, M, (,) isin the form of (1) with j < jo. It can be
shown that all the lemmas and theorem hold for this case.
We leave the details in the complete version of the paper.



Input: x
Output: f(x)
Parameters: m = 3

1. fori=0tom —1do

(logn —loglogn) —1,d; = (i — 1)!In/mt fori =1,...,m.

(@ If i =0, randomly pick aset Tp of ko = 27 log n columnindices {c1, ..., cx, }- —0
Else, randomly pick aset T} of k; = 2% log n columnindices {ci, ..., cx, } St. Ve € Ty, M (rg,¢) =1
for al s € [i] using Lemma 6 and making the error probability less than ——. If we cannot find so many

10m "

columns, then jump out from thisfor loop and go to Step 2. — O(Vk;yin)
(b) Find arow index r; 1 st. M (7i4+1,¢1) = ... = M (741, c,) = 0 using 5 and making the error proba-

bility lessthan -5—. If no ;1 isfound, output f(x) = 0 and halt. —

O(Vkin)

(c) Check whether M, isin (r; 1, *)-form by Lemma 12 with error probability less than 15— If YES, out-

put f(z) = 1 and halt.

O(v/n)

2. If we get here by jumping out of the for loop at the i*" iteration, then use Lemma 6 to get all the columns ¢
st. M(ry,¢) = ... = M(ri41,¢) = 1 with error probability less than . — O(Vkini)
Otherwise, get al but no more than d,,, columns ¢ st. M(ry,¢) = ... = M (rm,c) = 1 using Lemma 6 with
error probability less than 5. — O(Vd,nm)

3. Search among these columnsfor acolumn ¢ s.it. M, isof (x, ¢)-form by thealgorithm in Lemma 12 with error
probability less than 5. Output f(x) = 1 if we succeed and f(z) = 0 otherwise. —

max{O(vd,n), O(Vkin)}

Figure 5. Algorithm 3

4. Proof of Theorem 4

Before we prove Theorem 4, we remark that the lower
bound part of Theorem 1 is easy to obtain by existing re-
sults. Let usfirst review some complexity measures (see[7]
for an excellent survey).

Definition 5 The sensitivity of a Boolean function f onin-
put x = x12s9...x, € {0,1}"is

s(f,x) = [{i € {1,...n}: f(x) # f(z)},

where () isthe n-bit string obtained from z by flipping ;.
The sensitivity of f iss(f) = max, 0,13 5(f, 2).

The block sensitivity of f on z is the maximum num-
ber b such that there are b digoint By, ..., B, for which
f(x) # f(xP%). The block sensitivity of f is bs(f) =
mazbs(f, ).

Acertificateset C'S,, of f onx isa set of indices such that
f(z) = f(y) whenever y; = x; for all i € CS,,.. The cer-
tificate complexity C(f, z) of f on z isthe size of a small-
est certificate set of f on x. The b-certificate complexity of f
is Cy(f) = maxg, r(z)—s C(f, z). The certificate complex-
ity of fis C(f) = max{Co(f), C1(f)}.

Turan showed that, for any graph property f, s(f) >
n/4 [12] and Beals et al showed Q2 (f) > +/bs(f)/4[3],

which together imply Q2(f) > \/n/8 because of the triv-
ia fact bs(f) > s(f).

In this section we prove Theorem 4 using the Ambainis's
lower bound technique [2].

A permutation group I" on the set {1,2,..., N} is tran-
sitiveif, forany i,j € {1,2,..., N}, there is a permutation
o € I such that o (i) = j. A simple but useful fact about
any transitive group I is the following lemma in [11]. We
denote by w(x) the number of 1'sin z, and by o(z) the
string To(1)To(2)-Lo(N)-

Lemma 14 (Rivest and Vuillemin) If T" is transitive, then
foranyz € {0,1}" andanyi € {1,2,..., N}

w(z) - {o(x):0 €T} =N-|{o(z):0 €T, o(zx); =1}

For completeness, we first show the following classical
folklore result.

Proposition 15 For any N-ary function f invariant to a
transitive group T', we have Cy(f)C1(f) > N and thus
D(f) > C(f) = VN.

Proof Let Aand B beal and 0-certificate with size C (f)
and Cy(f), respectively. Let T'(B) = {o(B) : 0 € T}.
Then for any B’ € I'(B), B’ isaso a 0-certificate assign-



ment. So A N B’ # (), and thus

> |AnB'|>[1(B) @)

B’€r(B)
By Lemma 14 we know that
|B| - |IT'(B)| =N -|o(B):0 €T,i € o(B)|.
Therefore,

YperpANB| = [A]-]o(B):0el,ico(B)

Al - \B\-\]E(B)I
©)
Combine (2) and (3) we have |A| - |[B| > N, i.e
C1(f)Co(f) > N.So D(f) > C(f) = VN. O

Now the proof of Theorem 4 is as follows. We denote 0 =
00...0. For any z, let 2(5) be the string that obtained from z
by flipping all the z; thati € S.
Theorem 4 Qry e = Q(N1/),
Proof Let f beanontrivia function invariant under atran-
sitive permutation group I'. Without loss of generality, we
assumethat f(0) = 0. Let B beaminimal subset such that
f(0P)) =1,i.e forany B’ C B, wehave f(0(5)) = 0.
Thus flipping any x; where i € B changes the value of
f(0B)), therefore bs(f) > |B|.

Now we use the Ambainis's lower bound technique [2]

to show that Q»(f) = Q(y/n/|B]). Let X = {0}, Y =
{o(0B)):gcT}andR= X x Y. Then

m' =max [{z : (z,y) € R} = 1.
Yy
And

I = max,; {y:(z,y) € R,z; # yi}]
= |{O’(0(B)) o= F,O’(O(B))T; =1},

U'=max|{z:(z,y) € R,z #y;}| = 1.
Y,
Thus by Theorem 5.1 in [2] and the above lemma, we have

- o [3)

Q2(f) = Q(\/ ")

— Q(/N/IB]) = Q/Nbs()).

On the other side, we know Q»(f) =
Q2(f) = Q(NY*). O

Q(/bs(f)), o
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