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Abstract The quantum query complexity of searching for local optima has been a
subject of much interest in the recent literature. For the d-dimensional grid graphs, the
complexity has been determined asymptotically for all fixed d > 5, but the lower di-
mensional cases present special difficulties, and considerable gaps exist in our knowl-
edge. In the present paper we present near-optimal lower bounds, showing that the
quantum query complexity for the 2-dimensional grid [1]% is Q (n!/?>7%), and that for
the 3-dimensional grid [n]? is Q (n'~?), for any fixed § > 0.

A general lower bound approach for this problem, initiated by Aaronson (based
on Ambainis’ adversary method for quantum lower bounds), uses random walks with
low collision probabilities. This approach encounters obstacles in deriving tight lower
bounds in low dimensions due to the lack of degrees of freedom in such spaces. We
solve this problem by the novel construction and analysis of random walks with non-
uniform step lengths. The proof employs in a nontrivial way sophisticated results of
Sarkozy and Szemerédi, Bose and Chowla, and Haldsz from combinatorial number
theory, as well as less familiar probability tools like Esseen’s Inequality.
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1 Introduction

For any function f(xi,x2,...,x,), the decision tree complexity is the minimum
number of queries “x; =7 needed for any algorithm to determine the value of f.
There are various flavors of this complexity, such as deterministic, non-deterministic,
randomized, and randomized with error. The decision tree complexity, as well as re-
lated subjects such as property testing, has been a rich and active area of research for
many years in theoretical computer science.

In the last decade, an extension of decision tree complexities to quantum com-
putation, called quantum query complexity, has been extensively studied, starting
with Bennett et al. [S5] (which showed Grover’s search was optimal). In particular,
the complexity of local search has received much attention. In Turing complexity,
the complexity class PLS (polynomial local search) was introduced by Johnson, Pa-
padimitriou and Yannakakis [12] and was the subject of much study. In the context
of query complexity, the problem of local search can be stated as follows: an inte-
ger valued function f is defined on the vertex set V of a known undirected graph
G = (V, E). A local minimum v € V, defined as a vertex satisfying f(v) < f(w) for
all {w, v} € E, is to be determined with a series of queries of the form f () =?. The
complexity for a graph is the minimum number of queries required. Depending on
the class of algorithms allowed, we denote the complexities respectively as DLS(G)
(deterministic), RLS(G) (randomized with two-sided error €), and QLS(G) (quantum
with two-sided error €).

In 1983, Aldous [2] showed that, for any N-vertex graph G of maximum degree A,
RLS(G) = O(v/NA). For the Boolean hypercube this result implies RLS(B,) =
O0(n'/22"/2) and Aldous also showed a lower bound RLS(B,) = (2"/27°™) yg-
ing a sophisticated random walk analysis. In 1989, Llewellyn, Tovey and Trick [13]
showed for the boolean hypercube, D(B,) = Q(2"/+/n). In 2003, Aaronson [1]
showed QLS(G) = O(N'/3A'/%) for general N-vertex graphs. He also developed a
strategy for obtaining quantum lower bounds through random walk construction, us-
ing the quantum adversary method of Ambainis [3]. Interestingly, his approach also
led to a new lower bound method for the randomized complexity, giving in particu-
lar a simplified and improved bound (over Aldous’) RLS(B,) = 2 ("2 / n?). Santha
and Szegedy [14] showed that DLS(G) and QLS(G) are polynomially related for all
general graphs G.

In this paper we are mainly interested in the quantum complexity for d-
dimensional grid graphs [n]? (fixed d). We summarize the state of knowledge first:
up to log factors, the randomized complexity is tight for d > 2, i.e., RLS([n]d) =
©(n?/?), and the quantum complexity is tight for d > 4, i.e., QLS([n]%) = ©@(n4/3).
The following table summarizes the low dimension case (again up to log factors),
considerable gaps remain:

d 2 3 4
RLS([n]%) Qn*3), 0(n) - -
OLS([n]9) Qn*%), 0(/n) Qn3*), 0(n) Qn%3), 0(n*?3)
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The technique used in previous works is first related Local Search problem with
some finding paths problem in the graph (finding the endpoint of a path which starts
from a given vertex), and then constructs a “hard” path using some standard ran-
dom walk technique on the graph. In this paper we follow this hiding-path approach.
The main difference between our paper and previous works is that we use a novel
construction of random walk with various step lengths: We first construct an integer
sequence which has some nice properties, and then use them as the steps length of
the random walk. By analyzing this novel random walk, we give nearly optimal lower
bounds of local search for the d =2, 3 cases, proving the following main theorems.
The gap in quantum complexity between the upper and lower bounds in the d = 4
case remains an open question.

Theorem 1 RLS([n]?) = Q(n'~?), QLS([n]*) = Qn'/?>~%), for any constant § > 0.
Theorem 2 QLS([n]?) = Q(n'~?), for any constant § > 0.

More detailed history for low dimensions: Aldous’ result implies RLS ([n]d ) =
On/?). Aaronson [1] showed RLS([n]%) = Qn%*'/logn), QLS([n]?) =
0n9/3), and QLS([n]?) = Qn?/*~1/2/ /logn). Recently, Zhang [18] improved
the lower bounds, so that up fo log factors, the randomized complexity is tight for
d > 2,ie., RLS([n]?) = ©(n¢/?), and the quantum complexity is tight for d > 4, i.e.,
OLS([n]") = ©(n7?).

For 2-dimensional grid [n]3, Santha and Szegedy [14] showed that QLS ([n]z) =
Q(n'/*). Zhang [18] showed RLS([n]*) = Q®*?3), QLS([n]*) = Q®>*) and
OLS([n]%) = 0(/n(loglogn)3/?). Verhoeven [16] showed QLS([n]?) = O(/n x
loglogn). For 3 and 4 dimensional grids, Zhang [18] showed RLS([n]?) = Q( ni/2

@),
QLS([n]’) = Q(n*/*), and RLS([n]") = Q(n?), QLS([n]*) = 2(n°).

Other related works: Using the path technique Chen and Deng [7] show a Q2 (n
deterministic lower bound for finding a fixed point in grid [n]¢. Friedl et al [9] proved
Q(/n) and Q(n'/*) lower bound for random and quantum query complexity of
2D-Sperner Problem by using a 2-d monotone path.

In Sect. 2, quantum lower bound tools from the literature are summarized, together
with needed results from number theory and probability theory. In Sect. 3 top-level
view of the approach to the proofs is given. A fairly complete proof for Theorem 1
(the 2-dimensional case) is given in Sects. 4 and 5, with some details left out for
Appendix. The proof of Theorem 2 (3-d case) requires additional twists, and is given
in Sects. 6 and 7.

d—l)

2 Preliminaries

Lemma 1 gives a general quantum lower bound based on the weighted adversary
approach first developed by Ambainis [4]. This form is from Zhang [17]:

Lemma 1 ([4, 17]) Let F : S — {0, 1} be a partial function. Let w : S X S —

[0, 00) and w' : § x S x [N] — [0, 00) be weight assignments satisfying the following
conditions:
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1. w(x,y)=w(y,x) forevery x,y, and w(x,y) = 0 whenever F(x) = F(y);
2. w'(x,y,i) =0 whenever x; = y; or F(x) = F(y), and w'(x,y,)w'(y,x,i) >
w(x, y)? forall x,y,i with x; # ;.

Then
~ [ REwO)
Q(F)= Q(X’yf}}}c?#i v(x, vy, i) )

w(x,y)>0
where wt (x) = Zy w(x,y) and v(x,i) = Zy w'(x,y,i) forall x € S and i € [N].

For the lower bound of randomized query complexity, we use the method invented
by Aaronson [1]:

Lemma2 ([1]) Let F : S — {0, 1} be a partial function. Let w : S x § — [0, 00) be
a function satisfying (1) w(x,y) = w(y, x), and (2) w(x, y) = 0 whenever F(x) =
F(y). Let wt(x) = Zy w(x,y) and v(x,i) = Zy:méxi w(x, y), then

R(F) = SZ( min max{ wix) wiy) })

X,9,i v(x,i) v(y,i)
Xi#yi,w(x,y)>0

To prove Theorem 1 we need to construct a random walk in two dimension space.
In order to construct and analyze the sequence used in the random walk we need
to use the following two inequalities proved by Sarkdzy and Szemerédi [15] and
Esseen [8]:

Lemma 3 ([15]) Let 0 <a) <ap < --- < ay, be a sequence of real numbers. Denote
by f(t) the number of solutions of )_;_, €;a; =t, €, =0 or 1. For any § > 0, there
exists a constant no(8) such that, for all n > ny(3),

n
Ogi)éofn(t) < (1 +5)—T[1/2 PEY;)

Remark 1 We will use Lemma 3 with the following form: Let0 < a; <az <--- < ay
be a sequence of real numbers, then

max Pr (er1a1+---+epan=y) <cn732,
VEZ €1,....,ene{£1}

where c is a positive absolute constant.

Lemma4 ([8]) Let X1, ..., X, be independent random variables such that E(Xy) =

0, E[X}] = of, and E[|Xx]’] < +oo, k =1,...,n. Let B, =Y ;_j0f, L, =
-3/2

B, 2 k| EUXil]. then

n

1 X
Pr{Zkl k

~/ By

sup <cL,

X

<x} — d(x)
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. .. 12
where c is a positive absolute constant, and ® (x) = \/% ffoo e 24,

To prove Theorem 2 we need to construct a 3-dimensional random walk. The
construction and analysis of this random walk involves the following two results of
Halasz (Theorem 2 and Theorem 3 of [10]):

Lemma 5 Let vi (k=1,...,n) be n vectors in R?. Suppose that |vik — vp|| = 1
(Vk #£ k'), and there exists a constant § > 0 such that for any |e|| = 1 one can select
at least §n vectors vy with |(vi,e)| > 1, then

max Pr (€1Vi+ -+ €Vp=y) <c@®n2,
yeZ2 €1,....en€{£1}

where c(8) depends only on §.

Remark 2 Halész gave an upper bound n~!=%/2 for general space R?, we just set
d =2 here.

Lemma 6 Let vy (k=1,...,n) be n vectors in R%. Suppose from among the 2"~ n"
vectors b =vy, £ - £ v, (1 <k; <n)one can select at least sn" vectors, each two
having a distance |b — V|| > 1. And also for any |e|| = 1 one can select at least 5n
vectors Vi with |(vi,e)| > 1, then

max Pr (e1v1+ -+ €,Vp =y) SC((S,h)n_h,
yeZ?2 €1,....en€{£1}

where c(8) depends only on § and h.

Remark 3 Lemma 6 used here is a weak version of Haldsz’s original result (Theo-
rem 3 in [10]). In his paper the space is R?, and in his statement of Theorem 3, &
equals d. But through the proof this is not necessary, at least not necessary for our
weak version here.

In order to build the 2-dimensional and 3-dimensional random walk we also need
the following tools from number theory.

Definition 1 ([11]) A positive integer sequence B = b1by---b, is called a Bp-
sequence if all the sums

biy +biy + -+ by

are distinct, where 1 <i; <---<i, <n.

For example 1,2, ...,n is a By-sequence. It is clear that a Bj-sequence (h > 1)
is also a Bj-sequence, so b; # b; (i # j). The following result is due to Bose and
Chowla [6]:

Lemma?7 {1,2,...,m} contains a B-sequence B of size |B| = ml/h(l +o0(1)).
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Fig. 1 2-dimensional pyramid
path

xeP?

3 Top Level View of the Proof

When proving lower bounds, it is a standard technique to relate the local search prob-
lem to some search problem about finding paths. We relate the local search on grid
graphs to a certain path problem on pyramid graphs.

Let G = (V, E) be a directed acyclic graph. Given a source vy and an unknown
path P starting at vy and ending in a sink, we would like to locate the endpoint of P
by making queries of the form “Is x; € P?”. Let D(G), R(G), Q(G) be respectively
the deterministic decision tree complexity, the randomized decision tree complexity
(with error < e = 1/3), and the quantum query complexity (with error < e = 1/3).

Let Pyn = (Van, Eq,n) denote the d-dimensional pyramid graph, where Vg, is
the set of lattice points {x € Ng : Z”;:lxj <n}, and E4, is the set of all (x, x'),
where x,x" € Vg, and x" = x + ¢ for some k € {1,2,...,d}. Here Ngo = N U {0},
exr =(0,...,0,1,0,...,0) is the k-th unit vector in Z¢. A pyramid path is a path in
Pa,n starting at the source node (0, ...,0) and ending in a sink node at the bottom
(the hyperplane {x : Z?:l x; =n}). Figure 1 shows a 2-dimensional pyramid path.

The following Proposition allows us to reduce the proof of Theorems 1 and 2 to
the proof of lower bounds to the complexity of the corresponding path problems in
pyramid graphs. The proof is standard.

Proposition 1 RLS([n]¢) > R(Py.,), QLS([n]¢) = Q(Pa.n).

Proof Suppose we have an instance for the Pyramid Path problem: a path P =
DO ---Pn € Pan, we construct a Local Search problem in [n]¢: We define function
fp in the same way as [1]:

n—Ilplh, ifpeP,

PP=N . ifpeP.

It is clear that p,, is the unique local minimum of fp.

If a local search algorithm 4 queries a point p, we just ask the Pyramid oracle
the same query and return n — || p|l1 or n + ||pll; to A according to the oracle’s
answers. U
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We will prove Theorem 1 in two steps. First, for any sequence of integers A =
ai,as,...,ay, we define a certain random walk which in turn gives rise to an assign-
ment of weights in the quantum adversary method. Proposition 2 below gives lower
bounds to R(P2 n) and Q(P2 n) in terms of a parameter p (which is determined by
the sequence A). Proposition 3 shows that, using results from combinatorial number
theory, we can construct a sequence A such that p is small which then implies strong
lower bounds via Proposition 2.

Similarly, the proof of Theorem 2 has two steps. Proposition 4 show that any
sequence of two-dimensional vectors gives rise to a lower bound to Q (P3, ). Propo-
sition 5 then shows that, with the help of certain results in combinatorial number
theory, there exist sequences giving rise to strong lower bounds that almost match
known upper bounds.

Proposition 2 Let ay, ..., a, be a positive integer sequence (no need to be distinct).
Let N =)}, a;. Define

i j=max  Pr  (ga;+€y1ai41+ - +e€a;=y) (1<i<j=<n),
yEZ €jyunny éje{:l:l}

J
Pj =Z/M,j (G=1,...,n),
i=1

and p =maxi<j< pj. Then R(Py,x) = (%), Q(Pa.n) = Q( /5).

For example, consider sequence a; =---=a, =1, p; = OK/Jj), p=0(/n).So
it gives lower bound R(P2,,) = Q(/n), Q(Pan) = Q(I/n).

Proposition 3 Given any constant § > 0, for any sufficient large n € N, there exists
a positive integer sequence A = ay, az, ..., a,, such that

Y aj=0@") and p=0(1),
J
where the constants in both O (x) depend only on §, and p is defined in the same way
as in Proposition 2.

Combining Proposition 1, Proposition 2 and Proposition 3, we obtain Theorem 1.

Proposition 4 Let vy, ..., Vv, be a sequence of vectors in N? (no need to be distinct).
Let N =37, |villi. Define

Mi,j = sup Pr  (evi+e€1vipi+---+eivij=y) (1<i<j=<n),
yeZZ €,.n€€{E1}

J
rj=Y g G=1,....m),
i=1
and . =maxi<j<u Aj. Then Q(P3 n) = Q(3).
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Fig. 2 A 4-step random walk
constructed from sequence aj,
az, az, a4

Proposition 5 Given any constant § > 0, for any sufficient large n € N, there exists
a vector sequence V. =v1,Va,...,V, € N2, such that

Y Ivili= 0@y and x= 0(logn),
J

where the constants in both O (x) depend only on 8, and M is defined in the same way
as in Proposition 4.

Combining Proposition 1, Proposition 4 and Proposition 5, we obtain Theorem 2.

4 Proof of Proposition 2

Consider the following n-step random walk in 72 Yo=10(0,0), Y =Y + (a,0)
with probability 1, and ¥ = Y;—1 + (0, ax) with probability §, k =1,...,n (Fig. 2
gives an example for n = 4). It is clear that || Yk||; = 21;21 aj,k=1,...,n, espe-
cially Y, is on the bottom line of the pyramid P, y. '

Lemma 8 ForanyyeZz,Ofi <j<n,
Pr(Y; —Yi=y) < pi+1,j-

Proof of Lemma 8 Define s independent random variables €;11,...,€;: Pr(eg =1) =

Pr(eg=—1)=3 (k=i+1,..., j). Then we can write

1—
2

e+ 1 €
Yi=Yi1 + kT(ak, 0) + —2(0, ar).

Suppose y = (y1, y2), then

J
e+ 1 1 —¢;
Pr(Yj—Yi=y)=_ Pr Z( 5 (@ 0+ — (O,ak)>=(y1,Y2)
T \k=i+1

j ex+1 J 1 —e¢;
= Pr Z A=Yl Z A=
k=i+1 k=i+1
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J
1
< b | Y Ew=y
k=i+1
J

j
= Pr : Z €xar =2y1 — Z ai

k=i+1 k=i+1

<max Pr Zekak:y’

'€Z €i+15--€
A Ve

= Mi+l,j- U

Consider all the 2" paths P = pgpj - - - py € P2,y which are generated by the ran-
dom walk: py = pr—1+(ax,0) or p = pr—1+(0, ar). We use the adversary methods
to prove that in order to separate these 2" paths, 2 (%) randomized queries or €2 ( \/% )
quantum queries are needed.

For any two paths P = py...p, and P’ = p( ... p;, define [P AP'| =k if pg =
Po» -+ +» Pk = Py and pyy1 # py, . For any point x € V3 v, define P(x) =1 ifx eP,
P(x) = 0 otherwise. For any x € V, x5 \ (0,0), define |x|, = {k € N : Zl 1ai <
Ix]l1 < Zi:l ai}, i.e. pk—1pk is the only possible line segment of the path that point
x can belong to.

Now we let

0 if p, = py,.
N n
w®P,P) = { 1 otherwise,

on—|PAP'|

for both the random and the quantum case. For the quantum case, let w’(P, P/, x) =
w (P, P, x) = w(P,P) if P(x) # P'(x), otherwise w'(P,P’,x) = w'(P’,P, x) =
From the definition it is clear that w'(P, P/, x)w'(P’, P, x) > w(P, P")? if P(x) #
P(x).

We first give lower bound for wt (P) of Lemma 1:

wt (P) = Zw(P P/)—Z > =

k=0 P Pn?épn
[P’ AP|=k

n—1 1
Sy )

P/:Pn:p;l
[P’ AP|=k

:%_ZW o (1)
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‘We know

Z 1 <Pr(Y, — Yi = pp — pi)s

P’CPnIP;,
|P’AP|=k

n—k

and from Lemma 8 Pr(Y,, — Yy = p, — px) < tk+1.n, thus

—1 n—1

=

1
ok Z 1< Z/’Lk+l,n =Pn=p. 2)
k=0 P’;pn:p’/l k=0
|P'AP|=k

Combine inequality (1) with (2),
n
wt (P) > 5P (€)]

Next we derive upper bounds to v(P, x) and v(P’, x), when P(x) # P'(x) and
w(P, P’) > 0. Without loss of generality, we can assume P(x) = 1, P'(x) = 0. We
trivially bound v (P, x) by wt (P):

v x) =Y w'@®.P x) <Y wP P)=wi(P). )
P// P//

Now we need to bound v(P’, x):

1
/ _ I P _
v )= W@ PL)= Y] =[P AP
% PP (x)=1,
Pu#Pn

[x]s—1

1
P2 !

]

k=0 P":|P’ AP |=k,
P’ (x)=1,p)#p;,
X|s—1
<| L | 1 .
=D IET= 2D VT
k=0 P":|P" AP |=k,
P’ (x)=1

Suppose P” = p( ... p;,. Since P”(x) = 1, i.e. path P” contains point x. We know
" _ 4 0 V _ 4 O d h _
P, = Pljy—1 + (axy,, 0) or Py, = Plap—1 T (0, ajx,), according to the construc
tion of the path, p‘/ ;I* has at most two different possible choices. Therefore,

1 Vi
on—k Z 152;3&;; Pr(¥ix, — Ye =y — pp)- ©)
PP AP |=k,
P/ (x)=1
From Lemma 8,
max Pr(Yjx, — Yk =y — py) < [k+1,)x,- )
yeWon
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Combine inequalities (5), (6), (7),

[x]x—1

VP x) < Y 2 ), =20, < 2p. (8)
k=0

Finally combine inequalities (3), (4) and (8),
wt(P) wt(P) })

v(P,x) v(P, x)

_ wt®) F=p|\ _ (7

_Q<max{wr<P)’ 2 D_Q(p)

_ wtPywr (P | wt@®)-(G—p)\ _ n
0P = Q(\/ v(P, x)u (P, x) ) - Q( wi (P) - 2p ) N Q([p)

5 Proof of Proposition 3

R(P2.n) =R (max {

To simplify our presentation, for a vector sequence W =wy, ..., w; € 74, we define

u(W)=max  Pr 1}(51“’1 +-+ew =y),

yezZd €1,....& (£

so in Proposition 3 our u;; = w(a;,ai+1,...,a;), and in Proposition 5 u; ; =
m(vi,Vig1,...,vj)) (1 <i < j<n).

Fact 1 If W’ is a subsequence of W (no need to be consecutive), then (W)
w(W’).

IA

Proof of Proposition 3 Pick a large integer hg such that S < 8. We recursively

2hop+1
construct sequence A.

For any finite sequence A of integers, let N(A) denote the sum of all the integers
in the sequence. Let AD =12 ... m, then N(AD) = O(mz) and by Lemma 3
pij = ... ) = O(Grqym). thus p;(AD) < 3 O(G=7ym) = O(1)
~vVj=1,...,m).

Suppose we have already constructed A®) = ay, ..., ay,, such that N(A®) =
O(mf"), and V1 < j <my, p;(A®) = O(1). We have d; = 2. We will construct a
new sequence AK+D with length m 1), such that myi > my and N(A*+TD) =
O(mZ’j:I'), where 1 + Zh(,ﬁ < dj41 < dy, furthermore {d;} tends to 1 4 Zh()ﬁ and
also p; (A Dy =0() (j=1,...,ms1).

We construct A%+D from A® . Let

Since dy > 1 + yiry, 1 is well defined.
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From Lemma 7 we know that there exists a Bp,-sequence in {1, ..., cs™0}) with
size s, c is some constant. Let b}, ..., b; be the By, sequence, let b; = b;. + csho,
j=1,...,s,then by, ..., b, is also a By, sequence, and for 1 < j <, csho < bj <

2¢s"0 . Construct
AKED = A by, by
: : t times

A® by b,

here (A® by, ..., by repeats ¢ times. Write the sequence b1, ..., by by B. We have
the following estimate:

Lemma9 pu(B)=puby,...,bs) < O(s’ho*%).

We leave the proof of Lemma 9 to Appendix.
Now we show that the sequence A**1D is better than AKX):

(ho+4)dy
7
mk+1=|A(k+1)|=t(mk+5)=®(mk o+ ),

(since s = o(my)), and

s (2h0+%)dk_
N(A(k+1))=t(N(A(k)) +Zb,~) <tHO0m¥) +5-2es")y=0(m, T ).

j=1
Thus
(2ho+3)dx
oy = BT 1 (o + 3)di = 2Aho + 1)
+ (ho+1)dy (2ho + 1)dy '
ho+1
Therefore,

1y — (1 + zry) 1 ©

di— 0+ 3g)

Since d =2 > 1 + g, 50 {dj} | 1+ gy < 146

We need to show that A+ satisfy p;(A®*D)=0(1) (j =1,..., mgs1). Write
j=q(mg+s)+r,where g € NU{0} and O < r < my +s. There are two cases, either
jisin A® part or j is in the B part.

Case I: 1 <r <my,i.e. jisinthe A® part. From the construction of AktD
j-r
pi(ARTy = 3 A+ Y A%

i<j—r—s i=j—r—s+1
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J
+ Z i j(ANTD)

i=j—r+l1
N r
= > mig ALY iy (B AD) Y i ().
i<j—r—s i=1 i=1

The last additive term is nothing but p, (A®)), we already know p, (A®)y = 0(1). By
Fact 1 we have

tis+r(B, AD) < i s(B, A®) = (b, ..., by),

and from Lemma 3 w(b;, ..., bs) = 0((S

W), therefore the second additive term

satisfies

N s 1
D uisir(B,AD)Y <> "0 <7> =0(1).
P (s —i+1)32

i=1

It remains to upper bound the first term }; _;_,_ j;, F(A®TD) Since i < j —
r — s, by Fact 1 we have

i (ANTD) < pjposin jACTD) = (B, AD) < u(B).
From Lemma 9 we obtain u(B) = u(by, ..., bs) = O(s_ho_%). Thus

3 i AR < (= r = )07 3) < mpg O = 0(D).

i<j—r—s
Therefore in Case 1 p;(A®*D) = 0(1) foreach j =1, ..., m41).

Case 2: my + 1 <r <my +s,i.e. j isin the B part. Let r; =r — my, then

j—r
pi A% = 3T A%+ Y A%
[<j—mg—s i=j—mp—s+1
j—n J
+ D AT Y A%
i=j—r+1 i=j—r1+1

N

= Y wi A+ 3wy, b, AY By by

i<j—mp—s i=ri+1

mg 8|
+ D timear (AR by b)Y by byy).
i=1 i=1
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First we use Fact 1 on the third term,

mg

mg
> timen AP by, b)) < i (AR) = py (AP) = 0(1).

i=1

Next we use Lemma 3 and Fact 1 to upper bound the second and fourth terms,

N N
D ulbivo b AN by b)) < Y pbi bbby
i=ri+1 i=r+1
- 1
< @ =0(D),
—.Z ((r1+s—i+1)3/2) M
i=r1+1

1

For the first term, since i < j —my — s, i ;(A%TD) < u(B) = O(s~01),

Y i (A%D) < jO(sTT) < migny 0707 = O (D).

i<j—mi—s

This finishes the proof of Case 2.

. (4ho+3)dx—2(ho+1) 1
Since d; =2, dgy+1 = W, from.(9) di41— 1 + ot < 1446, and
after constant steps, we can get a sequence A satisfies both conditions. (]

6 Proof of Proposition 4

Most part of the proof is the same as of Proposition 2, except we have a 3-d random
path, and also we need use w'(P, P, x) and w’'(P’, P, x), in order to derive a better
quantum lower bound.

Consider the following n-step random walk in 73 Yy = 0,0,0), Y =Yi1 +
(Vk, 0) with probability %, and Yy = Yi—1 + (0,0, ||vg|l1) with probability %, k=
1,...,n. Itis clear that

k
Wl =) lvjlh (k=1,....n),

j=1

especially Y, is on the bottom plane of the pyramid Ps y.
Lemma 10 ForanyyeZ?,0<i < j<n,

Pr(Y; —Yi=y) < pi+1,j-
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We put the proof of Lemma 10 in Appendix.

Consider all the 2" paths P = pop1 - - - p, € P53,y which are generated by the ran-
dom walk: px = px—1+ (Vk, 0) or px = px—1 + (0, 0, ||vk]1). To make the path more
precise, if px = pr—1 + (x1, x2, x3), after px_; the path first takes x; steps along
x-axis, then x, steps along y-axis, then x3 steps along z-axis. We use the quantum
adversary method to prove that in order to separate these 2" paths, (3) quantum
queries are needed.

For any two paths P = po...p, and P’ = p ... p,, define [P A P'| =k if
PO =Dl Pk = p,/( and pi+1 # py,- For any point x € V3 \ (0,0, 0), define
il =k e N: Y52 il < llxllt < X5y Ivill1}. ie. pr—ipx is the only possible
segment of the path that point x belongs to. Now we let

0 if pn = py,

w(P, P/): | n . n

SR otherwise,

and let
e if P() = 1.P'(x) = 0. pu # ).
w' (P, P, x)= -1 TP =0.P(x) =1 /
2n—\PAP\m’ ( ) ’ ( ) 1pn7épn,
0, otherwise.

Notice that if P(x) # P’(x), then it must be |P A P’| < |x|«, so the notation
WPAP/|+1, x|, is well defined. From the definition it is clear that w’(P,P’, x)w' (P,
P,x) > w(P,P)2.

We first give lower bound for wt (x):

n—1

wt (P) = Zw(P P’)_Z Z =

k=0 P" Pn #Pn
[P’ AP|=k
n—1 1
_ (n—k=1) _
- n—k <2 Z 1)
k=0 P pu=p;,
[P’ AP|=k
n n—1 1
3 Tgw ot 0
k=0 P':p,=p,
[P’ AP|=k
We know
o= > 1=Pr(Yy—Yi=pu— pa).
P/:pn:pl/z
[P AP|=k
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and from Lemma 10 Pr(Y,, — Yk = pn — pr) < tk+1.n < /Mk+1.n (the last “<” is
due to ptk+1,, < 1). Thus

n—1 n—1

1
F 2 V=) VA=l <k (11)
k=0 P’:pn:p’ k=0
[P’ AP|=k

Combine inequality (10) with (11),
n
wt(P)zE—k. (12)

Next we derive an upper bound to v(P,x)v(P’,x) when P(x) # P/(x) and
w(P, P’) > 0. Without loss of generality, we assume P(x) = 1, P’(x) = 0. Then

/ 1 N HPAPY |41, x|«
U(PJ):ZU)(P,P,X)= Z YR N
P’ PP’ (x)=0,
Pu#Pn
! N/ r=yr
Z Z znfk
k=0 P":PAP|=k,
P’ (x)=0, Pn #[’n

'x'i: «/MkJrl NN )3 L

P’ |PAP”|=k,
P’ (x)=0, [’;’«,’#[’n

We trivially bound the number of path P” such that |P A P”| =k, P”(x) =0 and
P;{ # Pn by zn—k’

| — |x]—1
«/Mk+1 "
v(P,x) < §: VPR gnk < N i =, <k (13)
k=0

Now it turns to bound v(P’, x):

v )= w® P x)= ) R :

P'AP
P’ PP’ (x)=1, =i IVM‘P/APN"HJXH
PL#Ph
[x]x—1
=X v, !
k41, 1x | P ‘P///\P/‘ =k,
P’ (x)=1,p, #p},
[x]s—1
—Zznk% > a4
Hok+1, x4 P:|P/ AP | =k,
P’ (x)=1
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Suppose P” = p( ... p,. Since P”(x) = 1, i.e. path P” contains point x, we know
P, = Plrjo—1 T Vi, 0) or ply = py,_y + (0, Vi, [l1), according to the con-
struction of the path, p’’, has at most two different choices. Therefore,

x|
1 VA
= DD = 2yr€nva;§N Pr(Yy, — Yi =y — p{). (15)
P":|P" AP’ |=k,
P’ (x)=1
From Lemma 10,
max Pr(Yjy, — Yk =y — p}) < tkt1,1x],- (16)
yeVs N
Combine inequality (14), (15), (16),
w1
" 2t 1, x),

v(P, x) < =2Ay), <21 (17)
kXZ(:) N Mk41, x|« Il

Combine inequality (12), (13) and (17),
B wtPywr(P) \ G-M-G=M\__/n
Q(P“V)_Q(\/ v(P,x)v(P’,x)>_Q< w20 )‘Q(,\>'

7 Proof of Proposition 5

Pick a fixed integer Ay > 3 such that % < §. We recursively construct our vector
sequence V.

Similarly as the proof of Proposition 3, for any vector sequence W we will use
N (W) to denote the sum of 1-norm of the vectors in the sequence.

(D) Let VD ={(1,m), (2,m — 1), ..., (m, 1)}. Then the length of sequence V()
ism,and N(VID)y =m(@m + 1) = O(m?).

Itis clear that vectors {(i,m+1—i), i+ 1,m—1i),...,(j,m+1— j)} satisfy the
conditions ||v;y — vi/|| > 1 (k # k), and also it is easy to check if j —i > 6, then for
any |le]| = 1 we can select at least (j —i + 1)/2 vectors vi from {(i,m + 1 —1i), (i +
I,m—1i),...,(j,m~+1— j)} with [(vg, e)| > 1, so from Lemma 5

ul@m+1—i),....(om+1—py<ci(j—i+ 172 (j—i=6).
We can pick another constant ¢2 > ¢ to handle the case when j — i < 6, thus

wi (VY =l m+1—i), ..., (jym+1= Dy <e2(j—i+ 172,
J J
V) =" i (V) <3 fea(j—i+ 1) = 0(log j) < O(logm).
i=1 i=1
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(2) Suppose we have already constructed VO =yiv,- .. Vi, such that N (v®y =
O(mik) dy > 1+ %), and V1 < j < my, AJ(V(k)) = O (logmy). We have d| =2.
We construct a sequence V*+D with length my ; such that my,; > m; and
NV*Dy = 0%y, where 1 + % <dip1 < di, {dj} L1+ % and also

k+1
Aj(VEDY = 0(logmyr1) G=1,....mus1).
Let
d, h,
_ o _ Tl
s=m;’ ", t=m ,
since di > 1 + %, t is well defined.
From Lemma 7 we know there is a By,-sequencein {1, ..., C3Sh0} with size s, here
c3 is a constant. Suppose that by, by, ..., by is the By,-sequence. Now we append

to V® all the vectors (3bi,,3b;,) (i1 # iz) with certain order, and then repeat the
sequence ¢ times, more precisely

V(k+l)
V<k)3 (3b1’ 3b2)1 (3b27 3b1)1 (3b17 3b3)’ (3b37 3b1), L] (3bS1 3bs—l):
= : : : t times
V®, (3b1,3b2), (3b2,3b1), (3b1,3b3), (3b3,3b1), ..., by, 3bs1).

here vector (3b;,,3b;,) (i1 < ip) is followed by the vector (3b;,,3b;,). Let W =
(3b1,3by), ..., (3bg,3bs_1). We claim that

Lemma 11 Suppose that wy, ..., w; is a consecutive subsequence of W, then
pWi, ..., w) <017, (18)
Lemma 12
p(W) < O(IW|7"0) = 0 (s~2"). (19)

Lemma 11 and Lemma 12 can be considered as the 3-d version of Lemma 3 and
Lemma 9. It will be used to upper bound A j(V(k‘H)). Lemma 11 can be proved
directly from Lemma 5. The proof of Lemma 12 will use Lemma 6. We leave it in
the Appendix.

The total length of the sequence V*+1 is

ho

o+2 %
M1y =t(mg +|W|) =t(mg +5(s — 1)) =O@my) = @(mk )
2k 4
The third “="is due to s(s — 1) < s =m,°"" <m ™ = o(my), since ho > 3. And

N(V(k+1)) _ t(N(V(k)) +N(W)) =t (O(mzk) + Z(3bi + 3bj)>
i#]
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< 1(0(m™) + 5% - 6¢35") = (0 (M) + 6¢3m%)
242,
=oumH=0(m" " ).

Therefore
2ho+2
g Tl @ho+2)di — (ho+2)
(k+1) = o d = hody s
ho+2 k

which implies

diesny = (L+72) 1
(—zho = d_ (20)

dp — (1 + h_o) k
We know d =2> 1+ =, 50 {dj} | (1+ 7).

What remained to show is that the sequence V&+D satisfies A (VEHD) =
O(logmy1) for j =1,...,mps1. According to the construction of V*+1D  we can
write j = g(my + |W|) 4+ r where 1 <r < (my 4+ |W]), ¢ € NU{0}. We separate two
different cases, v; is in the V& part or v, is in the W part:

Case I: 1 <r <my,i.e. v; is in the y &) part, from the construction of V(k“), we

have
j—r
(VD) = Z fui j(V&+D) 4 Z i ; (VD)

i<j—r—|W| i=j—r—|W+1
j
+ Y (VD)
i=j—r+l1
[W]
= Z \/Mi,j(V(k“))+Z\/Mi,|W|+r(W, V&)
i<j—r—|W| i=1

+) i (V).
i=1

The last additive term is nothing but A,(V(k)) and we already know kr(V(k)) =
O (logmy).
By Fact 1

Wi wi+r (W, VY < iy (W) (i =1,...,|W])
and from Lemma 11,
wigw (W) < O((IW|—i+ 172 (=1,...,|W),

thus the second additive term
Wl Wi
S uiwier W, v ®) < ST 0W] —i 4+ 1)) = 0og| W) = Ologmy).

i=1 i=1
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The rest thing is to upper bound the first term 37, _;_,_ i, j (VEED)  For
i=1,...,(j —r —|WJ), by Fact 1

Mi,j(V(k+1)) < Mjfrf\W\Jrl,j(V(kJrl)) =1, wi+r (W, v o)y
< prw (W, V&) = w(w),

and from Lemma 12, (W) < O (s—2h), so

Yo i j(VED) < (G —r —[WDO(sT) <m0 (s = O (D).

i<j-r—|W|
Therefore in this case Aj(V(k+1)) =O0(ogmy4+1) (j=1,...,mps1).

Case2: my+1<r <myp+|W|,ie v;isin W part. Letr; =r — my,

Jj—r
VEY = 3 vy (v eED)

i<j—mp—|W]| i=j—mg—|W|+1
Jj—r J
+ Z [ i j (VD) 4 Z i j (V &+D)
i=j—r+1 i=j—ri+1
(W]
= > JujvED 4 N \/Mi,|W|+mk+r1(W, V& W)
i<j—mi—|W| i=ri+1

mg r
3 i (VO W)+ 3 it (W),
i=1 i=1

First we use Fact 1 on the third term,

my my
S i VW) <3 ki (VE) = 2, (V) = O (logmy).
i=1 i=1

Using Fact 1 and Lemma 11 on the second and fourth terms, we have

W] W]

Z \/Mi,|W|+mk+r1(W7 v W) < Z Vi w (W)
i=ri+1 i=r;+1
Wi
< Y 0WUWl-i+DH™H
i=ri+1

= O(log|W|) = O(logmy),

Il Il
Y Vrin W) <) 01 —i+ 1D = 0dog |[W)) = Ologmy).
i=1 i=1
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For the first term, since i < j — [V®| — [W], w; ;(VETD) < (W) = O (s72h0).

Therefore
Yo Jrij(VED) <my 07 = 0q1).

i<j—|V®O |||
Combining the two cases we conclude that A j(V(k“)) = O(logmyy1) (j =
1,...,mk+1).

From (20) we know d; — 1 + hl < 1 + § and after constant steps, we will obtain
a vector sequence V which satisfies the conditions in Proposition 5.

Appendix

Proof of Lemma 9 Define s independent random variable X;: Pr(X; = b;) =
Pr(X; =-bj) = % Let M = cs0, then M < bj <2M (j =1,...,s). The inequality
we need to prove is

1
We prove it by the following two steps:

1
Pr(y—4h0M§X1+---+Xs§y+4hOM)§0(— (22)

)

and

1
Pr(X +...+ X, _y)<0< >Pr(y 4hoM < X1+ -+ Xy <y +4hoM).

(23)
Proof of inequality (22) Since M < bj <2M,
N S
2 2 2
Ty=) E[X}]=) b;=0(M?)
j=1 j=1
and
23_ZE|X| =Z =O(M>).
From Esseen’s inequality [8] we have
X1+ 4+ X X3 1)
Prl ———<y|—-@ <c—==0|—). 24
() eolzgme(G) e
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By picking two different y: y; = ﬁ - % and y, = ﬁ + % in inequality (24)
and adding up the two inequalities, we get

R ) (R

1 Z cl Z cl 1
<0|— +‘¢<—+—>—¢<———>‘=0<—>,
here ¢ is a constant to be fixed later. Thus

V2 N ) (1)
P — <X e+ X <0|(—).
r(y Cl 7 1+ + s<y—i-61\/E = NG

Since Xp = O(sM ), we can choose a suitable ¢; such that ¢ ‘? > 4hoM (Notice

hg is a constant). Hence
1
Pr(y —4hoM < X1+ ---+ X; <y +4hoM) < 0(7).
S

Proof of inequality (23) For any hg-element subset {iy, ..., i} C{1,..., s}, we
have

s
PI‘(ZX]' :y) = Z ZX =y, X;, =€b;,... ”10 Ehb,'ho
j=1

€1yny ehoe{:lzl} j=1

> on( X one z)

€1yny ehoe{il} 1<j<8‘
JF#isening
x Pr(X;, :61bi1,...,Xih :Ehobiho)
- T oo T xo-Xon)
€1yny ehoe{il} 1<j<s,
JFEisening
x Pr(X;, =—e1b;, ..., Xiho = —Ghobiho)
- T w(Zum-aion,
€1yny ehoe{il} j=1
X = —Elbil, o, Xiho = _Ehobih(])
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Therefore
N
Pr Xj=y
j=1
1 S h()
sm X | X w{(Xxe=v-2)en
ho/ iy <--<ipy |€1,mn€ng (£} j=1 j=1

s ho
50(%{)) 3 DToPr[ > Xj=y-2) €bi | |- 29)
j=1 j=1

€1,.s€ny E{EL} | i1 <<ip

For a fixed (1, ..., €p,) € {£1}, all the (hso) values

ho
Zejbij:l§i1<-~-<ih0§s
j=1

are distinct, otherwise there must be two /g-subset with the same sum, which contra-
dicts the property of Bj-sequence. Therefore y — 22?(’:1 €;bi; are all distinct. But
we know M < b; <2M, so

ho
y—4hoM <y =2 ejbi; < y+4hoM.
j=1

Thus

s ho s
Z Pr Zijy—ZZejbij <Pr y—4h0M§ZXj§y+4hoM
j=1 j=1

i1 <-<ip, j=1

(26)
Combine (25), (26)

s N
1 E :
= €1, Eng €l j=1

Zho N
=0 (sTO>Pr y—4hoM <" X; <y +4hoM
j=1 O

Proof of Lemma 10 Define €;1, ..., €; in the same way of Lemma 8. Then we have
e+ 1 1—¢;
Yo=Y+ T(Vk, 0) + T(O’ 0, IviellD).
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Suppose y = (y1, 2, y3), then
Pr(Y; —Yi=Yy)

J
ex+1 1 —e;
= Pr Z( 5 (vk,O)+T(0,0,||Vk||1))=(y1,yz,y3>

€it1s-s€j kit

J J

e+ 1 1—¢

= Pr E Vi = (1, y2), E Vil = y3
e,’+|,...,éj ki 2 . 2

71+1 k—l+l

j
e+ 1
Pr > 5 Ve=01.72)

=
€iglsens€i
i+1 J k—it1
J J
= br Y a=@y.2m - Y w
€iglsemr€j - -
k=i+1 k=i+1
J
<max Pr | > qu=y|=pm;

’ 2€i4],..5€j
Y €Z* €i+ I\ k=it 0

Proof of Lemma 12 'We use Lemma 6. In addition to the proof of Lemma 11, we only
need to prove that the set {b =w;, +--- +w;, :w; € W} contains enough different
vectors.

Since bi,...,bs is a By,-sequence, so does 3bj,...,3bs. Thus set {3b; +

<+ +3b;, iy <--- <ip,} contains at least (hs) different elements. Since W =

{(3b;, 3b‘,‘g 1 i £ j}, all the vectors of the formo(3b,~1 + -+ 3bz‘hos 3bj, +--- +
3bjh0),(i1 < -+ <lipg,j1 < -+ < Jny) are contained in the set {w;, +--~+w,‘h0 1w, €

W}, there are at least (;:0)2 > (,;—YO)ZhO > 8(ho)|W|" vectors of this type, so we can
use Lemma 6, u(W) < c(h0)|W|—hO — 5(h0)s—2h0_ O
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