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Entanglement detection is essential in quantum information science and quantum many-body
physics. It has been proved that entanglement exists almost surely for a random quantum state,
while the realizations of effective entanglement criteria usually consume exponentially many re-
sources with regard to system size or qubit number, and efficient criteria often perform poorly
without prior knowledge. This fact implies a fundamental limitation might exist in the detectability
of entanglement. In this work, we formalize this limitation as a fundamental trade-off between the
efficiency and effectiveness of entanglement criteria via a systematic method to evaluate the detec-
tion capability of entanglement criteria theoretically. For a system coupled to an environment, we
prove that any entanglement criterion needs exponentially many observables to detect the entan-
glement effectively when restricted to single-copy operations. Otherwise, the detection capability
of the criterion will decay double exponentially. Furthermore, if multicopy joint measurements are
allowed, the effectiveness of entanglement detection can be exponentially improved, which implies
a quantum advantage in entanglement detection problems. Our results may shed light on why
quantum phenomena are difficult to observe in large noisy systems.

Quantum information technology promises advance-
ment in various information processing tasks. Currently,
we are in a stage where noisy intermediate-scale quantum
devices [1] with 50 to 200 qubits can be well manipulated
to demonstrate quantum advantages [2–5]. For these de-
vices, entanglement generation is regarded as an impor-
tant benchmark, while the verification of systems with
only 18 qubits is already challenging [6]. This is rather
counterintuitive as entangled states have been proved to
constitute a large proportion of state space [7–9], even
for highly mixed states [10].

Among the various detection methods, entanglement
witness (EW) criteria are rather straightforward and the
most commonly used ones in experiments [6, 11]. How-
ever, much evidence shows that the EW criteria are
only effective with precise prior knowledge of the target
state [12]. Unpredictable noises in the state preparation
could significantly reduce the success probability for EW
protocols.

To solve this problem, researchers have developed non-
linear entanglement criteria, such as positive map crite-
ria, including the well-known positive partial transpo-
sition (PPT) criterion [13], computable cross norm or
realignment (CCNR) criterion [14], and symmetric ex-
tension criterion [15]. Although more effective than EW
criterion, checking these nonlinear criteria relies heavily
on state tomography, which is experimentally unafford-
able. In the last few decades, many efforts have been
devoted to modifying these powerful entanglement cri-
teria, such as the positive map criteria, to avoid state
tomographies [16, 17].

With the intermediate-scale quantum devices avail-
able, entanglement criteria have been applied to vari-
ous physical systems. For these experiments, the exper-
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imental feasibility — low sample complexity and single-
copy compatibility — becomes a growing concern for
criterion design. Protocols like the moment-based PPT
and CCNR criteria [18–21] are proposed which can even
be realized by single-copy and qubit-wise measurements
when combined with the randomized measurements tech-
niques [22–24]. Although much more efficient than state
tomography, these methods still require a number of mea-
surements that scales exponentially with the system size.
In addition to EW and moment-based criteria, many
other case studies investigating the detection capability
of some specific entanglement criteria [25–31] also sug-
gest that a trade-off may exist between the effectiveness
and the efficiency of entanglement detection. However, a
general and quantitative study is still missing.

In this work, we develop a systematic method to up-
per bound the detection capability of various entangle-
ment criteria, including EW, positive map, and faithful
entanglement criteria. We further generalize it to any
entanglement criteria with single-copy implementations
and theoretically formulate the fundamental trade-off be-
tween efficiency and effectiveness, see Theorem 4. Here
we give an informal version.

Theorem 1 (Trade-off between Efficiency and Effective-
ness, Informal). To detect the entanglement of a random
state coupled to a k-dimensional environment, any en-
tanglement criterion that can be verified experimentally
with M observables is either

1. Inefficient: The criterion requires M = Ω(k/ ln k)
observables to verify, or

2. Ineffective: The criterion can detect the entangle-
ment successfully with a probability P = e−Ω(k)

even if the state is entangled.

Explicitly speaking, we investigate the entanglement
within a bipartite system AB, and system R is their pu-
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rification with dimension k. The composite system ABR
as a whole is in a random pure state. System R can be
regarded as the environment of AB, representing either
the uncontrollable noise or some system that is not of
concern. Such a composite system ABR often appears
in many-body physics as it can be generated by a generic
Hamiltonian. Note that k usually scales exponentially
with the environment size. So, according to Theorem 1,
the number of observables increases exponentially, and
the detection capability decreases double exponentially
with the environment size.

To formalize our study quantitatively, here we give a
formal definition of density state distribution [26, 32].

Definition 1 (k-induced Distribution of Density Ma-
trix). πd,k is the distribution in D(H) induced by the
uniform distribution of pure states in H ⊗ HR, where
the dimensions of H and HR are d and k respectively. A
state ρ following the distribution πd,k can be generated by
ρ = trR(|φ〉〈φ|), where |φ〉 is a Haar-measured pure state
in H⊗HR.

Let us start with EW criteria. An EW is an observable,
W , satisfying tr(Wρ) ≥ 0,∀ρ ∈ SEP where SEP is the
set of all separable states. Define the detection capability
of an EW criterion with W as

Ck(W ) = Pr
ρ∼πd,k

[tr(Wρ) < 0], (1)

which represents the portion of states that W can de-
tect. Without loss of generality, hereafter, we assume
the two subsystems A and B are equal in dimension,
dA = dB =

√
d. It has been proved that when k < cd

3
2 ,

where c is some constant, a state following πd,k distribu-
tion is entangled with probability 1 asymptotically [10].

Throughout the Letter, we will always assume k < cd
3
2

so that the definition of Ck(W ) can also be viewed as the
ratio of detected states to all entangled states.

Using Laurent-Massart’s lemma [33], we can give an
upper bound of the detection capability of EW criteria.

Theorem 2 (Detection Capability of EW Criteria). The
detection capability of an EW criterion with W decays at
least exponentially with the dimension of the environment

Ck(W ) < 2e−(
√

1+α−1)2k ≤ 2e−(3−2
√

2)k, (2)

where α = tr(W )√
tr(W 2)

≥ 1 [34] is a witness-dependent fac-

tor.

We show the proof of Theorem 2 intuitively in Fig. 1.
When k is large, the state distribution πd,k converges
near the surface of the set of separable states. An en-
tanglement witness can only detect states in a high-
dimensional spherical cap due to the constraint of
tr(Wρ) ≥ 0,∀ρ ∈ SEP. Since a spherical cap in high-
dimensional space is exponentially small compared to the
ball, Ck(W ) also suffers from an exponential decay. De-
tailed proofs of this theorem and the rest can be found
in the Appendix.
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FIG. 1. An intuitive illustration of Theorem 2. We use
three balls in the (d2 − 1)-dimensional space, D(Hd), to rep-
resent the states where the outer one contains all the states.
The maximally mixed state has purity 1

d
, which lies in the

middle of the figure. It is also shown that all states with dis-
tance to the maximally mixed state smaller than r ≈ 1

d
are

separable [9], which is represented as the inner ball. With
state distribution πd,k, the expected purity can be approxi-
mated by 1

d
+ 1

k
[35]. As a result, the state distribution will

concentrate in the typical set with r′ ≈ 1√
k

centered at the

maximally mixed state as the middle ball. Outside the typical
set is the sparse area, where we can ignore the existence of
states. The horizontal line represents the hyperplane defined
by tr(Wρ) = 0. The states above the hyperplane satisfy-
ing tr(Wρ) < 0 are detectable by W , which forms a high-
dimensional spherical cap. We can approximate πd,k with
a uniform distribution inside the typical set. The detection
capability of an EW is bounded by the volume ratio of the
detectable set, which is exponentially small and bounded by

an order of e−(d2−2)( r
r′ )

2/2 ∼ e−
k
2 [36].

This theorem explains why the effectiveness of EW cri-
teria highly depends on the prior knowledge of the stud-
ied states, as the detection capability decreases double-
exponentially fast with the environment size. It is also
worth mentioning that this result holds for multipartite
EWs and the leftmost inequality holds for any observable
O with a positive trace.

We use two typical examples to support our results.

The first example is PPT-type EW, W = |φ〉〈φ|TA , where
TA is the partial transposition operator acting onHA and
|φ〉 is an arbitrary pure state. In the sense of detection
capability, they are optimal EWs as α achieves its min-

imum value, α = tr(W )√
tr(W 2)

= 1, which is irrelevant with

the system dimension, d. Hence, we have

Ck(|φ〉〈φ|TA) = e−Ω(k). (3)

In fact, this inequality is rather tight as there exists a

constant c such that Ck(|φ〉〈φ|TA) ≥ e−ck according to
Ref. [12].

The second example is the faithful EW, defined as
W = I√

d
−|Φ〉〈Φ|, where I is the identity operator and |Φ〉

is a maximally entangled state inHA⊗HB . Such kinds of
fidelity-based EWs are commonly used in practical entan-
glement detection tasks [6] as many efficient fidelity esti-
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mation protocols exist [23, 37]. However, Theorem 2 tells
us that such an entanglement witness performs extremely
weak in the sense that its detection capability also de-

creases with system size since α = tr(W )√
tr(W 2)

=

√
d−
√
d

2 .

As a result,

Ck
(

I√
d
− |Φ〉〈Φ|

)
= e−Ω(

√
dk). (4)

To make our results more convincing, we conduct sev-
eral numerical experiments, as shown in Fig. 2. We gen-
erate random states according to distribution πd,k with
different values of d and k and use the two kinds of EWs
discussed above to detect it. From Fig. 2(a), one could
find that the detection capabilities of all types of EWs
exponentially decay with k. Besides, the slopes of the
faithful EW with d = 4 and two PPT EWs are almost
the same, which fulfills the prediction of Theorem 2 as
α = 1 for these three EWs. The slope of the faithful EW
with d = 9 is smaller than the other three EWs, reflect-
ing that the value of α for faithful EWs increases with
system dimension. In Fig. 2(b), we investigate the rela-
tion between detection capability and system dimension.
One could find that the detection capabilities of PPT-
type EWs have no apparent changes when increasing the
system dimension. In comparison, the detection capabil-
ity of faithful EWs shows exponential decaying behavior,
and the slopes decrease as k increases. These phenomena
all satisfy our predictions.
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PPT, k=2

FIG. 2. Scaling of detection capability of EW criteria with
regard to (a) the environment dimension k and (b) the system
dimension dA = dB . To numerically calculate the detection
capability, we generate 108 density matrices following πd,k

for each point and treat them as bipartite states ρAB with
dA = dB =

√
d. For each randomly generated state, we use

two kinds of EWs to detect it: the PPT type EWs W =
|φ〉〈φ|TA and the faithful EWs W = I√

d
− |ψ〉〈ψ|. Here |φ〉

is a random state and |ψ〉 = UA ⊗ UB

∑√d
i=1 |ii〉 is a random

maximally entangled state, where UA and UB follow Haar-
measure distribution for each randomly sampled state ρAB .
The straight lines are linear regression results with absolute
slopes all larger than the slopes predicted by Theorem 2.

Since EW criteria highly depend on prior knowledge
to succeed, a direct improvement is to combine a large
number of EWs. Naturally, we define an EW set W =
{Wi, i = 1 · · ·N} and the corresponding detection capa-

bility as

Ck(W) = Pr
ρ∼πd,k

[∃W ∈ W : tr(Wρ) < 0]. (5)

By using the union bound, we can show that the detec-
tion capability of the finite EW set still decreases expo-
nentially when k is large:

Ck(W) < 2Ne−(
√

1+αmin−1)2k ≤ 2eln(N)−(3−2
√

2)k (6)

where αmin = minW∈W
tr(W )√
tr(W 2)

≥ 1. Therefore, to effec-

tively detect entanglement, a total number of eΩ(k) EWs
is required, which is extremely impractical.

There are many other theoretically attractive entan-
glement criteria and concepts based on EWs. Examples
like the positive map criteria [15] and faithful entangle-
ment [38–40] are equivalent to infinitely many EWs. As
a result, Eq. (6) does not apply directly. To adapt the
previous theorem to the infinite case, here we define pa-
rameterized EW criteria.

Definition 2 (Parameterized EW Criteria). A param-
eterized EW criterion is a set of an infinite number of
EWs, which can be represented by a mapM from M real
parameters to EWs in D(H), satisfying

∀θ ∈ Θ ⊂ [−1, 1]M ,∀ρ ∈ SEP : tr [ρM(θ)] ≥ 0, (7)

whereM(θ) is a normalized EW satisfying ‖M(θ)‖F = 1

with ‖A‖F =
√∑

i,j |Ai,j |2 being the Frobenius norm and

Θ is the feasible parameter space ensuring M(θ) a valid
EW. A state ρ can be detected by this criterion if and
only if

∃θ ∈ Θ : tr (ρM(θ)) < 0. (8)

Similarly, we can define the detection capability of a
parameterized EW as

Cpk(M) = Pr
ρ∼πd,k

[∃θ ∈ Θ : tr(ρM(θ)) < 0]. (9)

By using a coarse-graining method and adopting Theo-
rem 2, we can derive an upper bound for Cpk(M).

Theorem 3 (Detection Capability of Parameterized EW
Criteria). For any parameterized EW represented by a
normalized l-Lipschitz map M satisfying

∀θ,θ′ ∈ Θ : ‖M(θ)−M(θ′)‖F ≤ l‖θ − θ
′‖2, (10)

the detection capability decays at least exponentially with
k after k exceeds a certain threshold,

Cpk(M) < 2eC1−C2k, (11)

where C1 = M ln 4
√
Mld, M is the number of real pa-

rameters in M, C2 = (
√

0.5 + αmin − 1)2 where αmin =

minθ
tr[M(θ)]√
tr[M(θ)2]

= minθ tr[M(θ)] ≥ 1.
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The definition of a parameterized EW criterion nat-
urally covers positive map criteria. If a state ρ does
not satisfy NA ⊗ IB(ρ) ≥ 0 for a positive map N , then
∃ |φ〉 : tr [ρNA ⊗ IB(|φ〉〈φ|)] < 0. Regarding |φ〉 as the pa-
rameters θ in theorem 3, this theorem can be applied di-
rectly. We leave the detailed discussion in the Appendix.

Another example of parameterized EW is the faith-
ful entanglement, proposed in [38], which refers to
those entangled states detected by faithful EWs as de-
fined before. We define a parameterized EW that is
equivalent to all the faithful EWs as Mfaithful(θ) =(√

2− 2√
d

)−1(
I√
d
− |φ(θ)〉〈φ(θ)|

)
, where |φ(θ)〉 is a

maximally entangled state [39]. One could prove

that Mfaithful(θ) is at least
√

2-Lipschitz and αmin =√
d−
√
d

2 ≈
√

d
2 when d is large. So that an upper bound

for the ratio of faithful entangled states can be summa-
rized below using Theorem 3.

Corollary 1 (Ratio of Faithful Entanglement States).
The set of faithful entangled states has an exponentially
small ratio in the state space:

Pr
ρ∼πd,k

[ρ ∈ FE] = Cpk(Mfaithful) < 2eC1−C2k (12)

where FE is the set of all faithful entangled states and

C1 = 3d ln 4d, C2 =

(√
0.5 +

√
d−
√
d

2 − 1

)2

≈
√

d
2 .

This result shows when k = Ω(
√
d ln d), the faithful

EWs can hardly detect entanglement, which is compati-
ble with the numerical results shown in Ref. [39].

Besides positive map and faithful criteria, there are
many other entanglement criteria designed for differ-
ent scenarios, like the one based on the state mo-
ments [18, 21, 41], uncertainty relations [42, 43], and
machine learning [44, 45]. They may use complex math-
ematical relations and complicated postprocessing to de-
tect the entanglement. While limited by the basic princi-
ples of quantum mechanics and current technology, only
values like tr(Oρ) can be measured directly. Hence, we
propose a general definition of entanglement criteria with
single-copy realizations.

Definition 3 (Single-Copy Criteria). An entanglement
criterion is said to have a single-copy realization if it
can be checked by the expectation of a set of observables
O = {Oi|i = 1, · · · ,M}. After the measurement, one
gets the results, rρ,i = tr(Oiρ), i = 1, · · · ,M , and can
decide the feasible region FO(ρ) of the state

FO(ρ) = {σ ∈ D(Hd)| tr(Oiσ) = rρ,i, i = 1, · · · ,M}.
(13)

If

FO(ρ) ∩ SEP = ∅, (14)

then ρ is entangled.

According to this definition, we can define the detec-
tion capability of the single-copy criterion O as

Csk(O) = Pr
ρ∼πd,k

[FO(ρ) ∩ SEP = ∅]. (15)

Since the verification of Eq. (14) might require exponen-
tially many classical resources, many practical entangle-
ment criteria are essentially designed by finding supersets
of SEP and FO(ρ) and deciding whether these two super-
sets are disjoint or not. Therefore, the previous definition
is the strongest criterion using the measurement results
of O, and Eq. (15) gives an upper bound for all criteria
using the same data.

Without loss of generality, we could assume that all
the observables are mutually orthogonal and normalized,
i.e., tr(OiOj) = δi,j . In the Appendix, we prove that if a
state ρ can be detected by a single-copy criterion O which
contains M − 1 observables, then it can be detected by a
1-Lipschitz parameterized EW with M parameters.

M(θ0, θ1, · · · , θM−1) = θ0I +

M−1∑
i=1

θiOi (16)

Hence, directly adopting Theorem 3, one can give an up-
per bound for Csk(O).

Theorem 4 (Detection Capability of Single-Copy Cri-
teria). Any single-copy entanglement criterion O with
M − 1 observables has detection capability

Csk(O) < 2eC1−C2k, (17)

where C1 = M ln 4
√
Md, C2 = (

√
1.5− 1)2 ≈ 0.05.

Theorem 4 theoretically formulates the trade-off be-
tween the effectiveness and sample complexities of en-
tanglement criteria. According to this theorem, at least
Ω( k

ln k ) observables are needed to effectively detect the
entanglement of a random state, even assuming the mea-
surement results are infinitely accurate. Besides, com-
pared with Eq. (6), one could conclude that a general
single-copy detection can be exponentially better than
simply using a set of EWs.

Here, we numerically examine the detection capabili-
ties of several nonlinear criteria, like purity [15], fisher
information [46], moments of partial transposed [19, 20]
(labeled by D3,opt) and realigned density matrices [21]
(labeled by M4). We leave the description of these four
criteria for the Appendix. These criteria all have single-
copy realizations with resources independent of k. There-
fore, from Fig. 3, one could find that the detection capa-
bilities of these four criteria decay exponentially with k
when k is large, which is compatible with Theorem 4.

Before the exponential decaying period, we also ob-
serve that the detection capabilities hold constant. In
the Appendix, we analyze these thresholds in detail and
numerically find that they all have polynomial relations
with the system dimension d. Like for the D3,opt crite-
rion, the threshold is linearly dependent on d. These ob-
servations together with Theorem 4 explain why the ver-
ification of these four criteria needs exponentially many
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FIG. 3. Detection capability of four nonlinear criteria. Here
for each point, we generate 108 states ρ ∈ D(H4 ⊗H4) with
distribution π16,k and calculate the detection capability of
four different nonlinear entanglement criteria. The four in-
clined straight lines are linear regression results on the last
several points with absolute slopes all larger than the ones
predicted by Theorem 4.

resources [18, 21, 24, 47, 48]. From another point of view,
if not restricted to single-copy operations, some of these
criteria can be realized by only a few multicopy observ-
ables, implying a quantum advantage in entanglement
detection tasks by joint operations [49].

We can prove this advantage in some special cases.
Let dA = dB = k =

√
d, the distributions of tr

(
ρ2
A

)
and

tr
(
ρ2
AB

)
= tr

(
ρ2
R

)
are completely the same as systems A

and R are symmetric. Hence, using the purity criterion,
i.e. tr

(
ρ2
AB

)
≤ tr

(
ρ2
A

)
∀ρ ∈ SEP, the detection capability

is 0.5 and the criterion can be verified using just one two-
copy observable, tr

(
ρ2
AB

)
−tr

(
ρ2
A

)
= tr

[
(SAB − SA)ρ⊗2

AB

]
,

where S is the SWAP operator. So we can summarize the
results below.

Corollary 2 (Quantum Advantage in Entanglement De-
tection). Consider a state following πd,

√
d distribution,

and dA = dB =
√
d. With only single-copy measure-

ments, M = Ω(
√
d

ln d ) observables are required for any cri-
terion with detection capability greater than 0.5. How-
ever, if multicopy joint measurements are allowed, one
can detect with a capability equaling 0.5 with only one
two-copy observable.

Beyond Definition 3, adaptive methods could also be
used to increase the efficiency of entanglement detection.
In the Appendix, we give similar results as Theorem 4
and Corollary 2 for adaptive methods. It should be no-
ticed that the quantum advantage in Corollary 2 only
holds in terms of the number of observables. While con-
sidering real-world experiments where multicopy mea-
surements may require much more resources than single-
copy ones, will the advantage still hold soundly? Besides,
will Theorem 4 holds when a small false-positive error
rate is allowed? We will leave these questions to future
work.

Meanwhile, our result also holds for some other typi-
cal state distributions. For example, we can show that
Theorem 4 applies to random thermal states, which is
widely used in quantum thermodynamics [50]. In the Ap-
pendix, we present some numerical results demonstrating
the exponential decay behavior of detection capabilities
for random thermal states.
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[33] B. Laurent and P. Massart, The Annals of Statistics 28,

1302 (2000).
[34] N. Johnston and E. Patterson, Linear Algebra and its

Applications 550, 1 (2018).
[35] T. Holgersson and M. Singull, Recent Developments in

Multivariate and Random Matrix Analysis: Festschrift in
Honour of Dietrich Von Rosen (Springer Nature, 2020).

[36] A. Blum, J. Hopcroft, and R. Kannan, Foundations of
data science (Cambridge University Press, 2020).

[37] S. T. Flammia and Y.-K. Liu, Phys. Rev. Lett. 106,
230501 (2011).

[38] M. Weilenmann, B. Dive, D. Trillo, E. A. Aguilar, and
M. Navascués, Phys. Rev. Lett. 124, 200502 (2020).

[39] O. Gühne, Y. Mao, and X.-D. Yu, Phys. Rev. Lett. 126,
140503 (2021).

[40] G. Riccardi, D. E. Jones, X.-D. Yu, O. Gühne, and B. T.
Kirby, Phys. Rev. A 103, 042417 (2021).

[41] S. Imai, N. Wyderka, A. Ketterer, and O. Gühne, Phys.
Rev. Lett. 126, 150501 (2021).

[42] L.-M. Duan, G. Giedke, J. I. Cirac, and P. Zoller, Phys.
Rev. Lett. 84, 2722 (2000).

[43] O. Gühne, Phys. Rev. Lett. 92, 117903 (2004).
[44] J. Gray, L. Banchi, A. Bayat, and S. Bose, Phys. Rev.

Lett. 121, 150503 (2018).
[45] X.-F. Yin, Y. Du, Y.-Y. Fei, R. Zhang, L.-Z. Liu, Y. Mao,

T. Liu, M.-H. Hsieh, L. Li, N.-L. Liu, D. Tao, Y.-A. Chen,
and J.-W. Pan, Phys. Rev. Lett. 128, 110501 (2022).

[46] Q.-H. Zhang and S.-M. Fei, Laser Physics Letters 17,
065202 (2020).

[47] A. Rath, C. Branciard, A. Minguzzi, and B. Vermersch,
Phys. Rev. Lett. 127, 260501 (2021).

[48] Y. Zhou, P. Zeng, and Z. Liu, Phys. Rev. Lett. 125,
200502 (2020).

[49] H.-Y. Huang, M. Broughton, J. Cotler, S. Chen,
J. Li, M. Mohseni, H. Neven, R. Babbush, R. Kueng,
J. Preskill, and J. R. McClean, Science 376, 1182 (2022).

[50] S. Vinjanampathy and J. Anders, Contemporary Physics
57, 545 (2016).

https://arxiv.org/pdf/quant-ph/0205017.pdf
http://dx.doi.org/https://doi.org/10.1016/j.physrep.2009.02.004
http://dx.doi.org/10.1103/PhysRevLett.89.127902
http://dx.doi.org/10.1103/PhysRevLett.89.127902
http://dx.doi.org/10.1103/PhysRevLett.90.167901
http://dx.doi.org/ 10.1103/PhysRevLett.125.200501
http://dx.doi.org/ 10.1103/PhysRevLett.125.200501
http://dx.doi.org/10.1103/PhysRevLett.127.060504
http://dx.doi.org/10.1103/PhysRevLett.127.060504
http://dx.doi.org/10.1038/s41534-021-00487-y
http://dx.doi.org/10.1038/s41534-021-00487-y
https://arxiv.org/abs/2203.08391
http://dx.doi.org/10.1103/PhysRevLett.108.110503
http://dx.doi.org/10.1103/PhysRevLett.108.110503
https://doi.org/10.1038/s41567-020-0932-7
https://doi.org/10.1038/s41567-020-0932-7
https://www.science.org/doi/abs/10.1126/science.aau4963#pill-citations
http://dx.doi.org/ 10.1103/PhysRevLett.116.230501
http://dx.doi.org/ 10.1103/PhysRevLett.116.230501
https://aip.scitation.org/doi/full/10.1063/1.4936880
https://aip.scitation.org/doi/full/10.1063/1.4936880
http://dx.doi.org/10.1103/PhysRevA.85.062331
http://dx.doi.org/10.1103/PRXQuantum.2.030347
https://aip.scitation.org/doi/full/10.1063/1.4901548?casa_token=Z9c6iHu4oOMAAAAA%3A7WM61uk9ewLD7XJIXvMetHipagNijca8F-JL8oV9DcwEgav3p__WNqNoCSLQEwoMRlSNp2am2eVKoA
https://aip.scitation.org/doi/full/10.1063/1.4901548?casa_token=Z9c6iHu4oOMAAAAA%3A7WM61uk9ewLD7XJIXvMetHipagNijca8F-JL8oV9DcwEgav3p__WNqNoCSLQEwoMRlSNp2am2eVKoA
https://arxiv.org/abs/1503.08008
https://arxiv.org/abs/1503.08008
https://aip.scitation.org/doi/full/10.1063/1.4759115?casa_token=dQr3RlOhZwwAAAAA%3A53WZ3Fz1jnUVjPqhlzndoQY2fY7aHULHNvEQjnXBI53_EJ8FvVOQnYSK6VfnCgu7ULsS0AoD1umH-A
https://aip.scitation.org/doi/full/10.1063/1.4759115?casa_token=dQr3RlOhZwwAAAAA%3A53WZ3Fz1jnUVjPqhlzndoQY2fY7aHULHNvEQjnXBI53_EJ8FvVOQnYSK6VfnCgu7ULsS0AoD1umH-A
http://dx.doi.org/10.1007/s00023-007-0345-5
http://www.jstor.org/stable/2674095
http://www.jstor.org/stable/2674095
http://dx.doi.org/https://doi.org/10.1016/j.laa.2018.03.043
http://dx.doi.org/https://doi.org/10.1016/j.laa.2018.03.043
https://link.springer.com/book/10.1007/978-3-030-56773-6
https://link.springer.com/book/10.1007/978-3-030-56773-6
https://link.springer.com/book/10.1007/978-3-030-56773-6
http://dx.doi.org/10.1017/9781108755528
http://dx.doi.org/10.1017/9781108755528
http://dx.doi.org/10.1103/PhysRevLett.106.230501
http://dx.doi.org/10.1103/PhysRevLett.106.230501
http://dx.doi.org/ 10.1103/PhysRevLett.124.200502
http://dx.doi.org/10.1103/PhysRevLett.126.140503
http://dx.doi.org/10.1103/PhysRevLett.126.140503
http://dx.doi.org/ 10.1103/PhysRevA.103.042417
http://dx.doi.org/10.1103/PhysRevLett.126.150501
http://dx.doi.org/10.1103/PhysRevLett.126.150501
http://dx.doi.org/10.1103/PhysRevLett.84.2722
http://dx.doi.org/10.1103/PhysRevLett.84.2722
http://dx.doi.org/10.1103/PhysRevLett.92.117903
http://dx.doi.org/ 10.1103/PhysRevLett.121.150503
http://dx.doi.org/ 10.1103/PhysRevLett.121.150503
http://dx.doi.org/10.1103/PhysRevLett.128.110501
http://dx.doi.org/10.1088/1612-202x/ab8793
http://dx.doi.org/10.1088/1612-202x/ab8793
http://dx.doi.org/10.1103/PhysRevLett.127.260501
http://dx.doi.org/ 10.1103/PhysRevLett.125.200502
http://dx.doi.org/ 10.1103/PhysRevLett.125.200502
http://dx.doi.org/10.1126/science.abn7293
https://doi.org/10.1080/00107514.2016.1201896
https://doi.org/10.1080/00107514.2016.1201896


7

Appendix A: Detection Capability Upper Bound of EW Criteria

1. Restriction of Valid EWs

Lemma 1 (Restriction of Valid EWs). For any valid EW W satisfying

∀ρ ∈ SEP : tr(Wρ) ≥ 0, (A1)

the following inequality always holds

α2 =
tr(W )

2

tr(W 2)
≥ 1. (A2)

Proof. Given an EW W , without loss of generality, we assume tr(W ) = 1. Write W in the form

W =
I
d

+
cσ

d
(A3)

Where σ is a hermitian operator satisfying tr
(
σ2
)

= d, tr(σ) = 0 and c is a constant. We have

tr
(
W 2
)

= tr

(
I
d2

)
+ tr

(
c2σ2

d2

)
+ 2 tr

(cσ
d2

)
=

1 + c2

d
. (A4)

To show α2 = tr(W )2

tr(W 2) ≥ 1, we are going to prove that c2 ≤ d− 1 by constructing a state:

ρ0 =
I
d
− σ√

d− 1d
. (A5)

According to [9], the set of separable states has a non-zero inner radius

∀ρ ∈ D(Hd), tr
(
ρ2
)
≤ 1

d− 1
→ ρ ∈ SEP. (A6)

We can directly verify that

tr
(
ρ2

0

)
=

1

d
+

1

d(d− 1)
=

1

d− 1
, (A7)

which means ρ0 is not only a valid state but also separable. Since W is an EW, tr(Wρ0) ≥ 0.

tr(Wρ0) ≥ 0

1

d
− c

d
√
d− 1

≥ 0

c2 ≤ d− 1

(A8)

So we can conclude that for any valid entanglement witness W ,

α2 =
tr(W )

2

tr(W 2)
=

d

1 + c2
≥ 1. (A9)

We could also provide a graphical illustration of this lemma, which can help us understand the EW criteria. In
Fig. 4, we use Pauli-Liouville representation to represent the density matrix and EWs as vectors in the operator space.
The normalized identity I√

d
is the x-axis, and the y-axis represents one of the other Pauli basis. The expectation of an

observable can be calculated by the inner product of the state vector and the observable vector. Because of the trace
condition tr(ρ) = 1, the density matrix lies in a hyperplane that is orthogonal to the x-axis. We use the solid and
meshed area to represent the entangled and separable states. An EW can detect those states labeled by horizontal
lines with obtuse angles with the EW. This observation and the fact that any state with a distance to the maximally
mixed state less than a certain threshold is separable ensures that the angle between a valid EW and y-axis is larger
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FIG. 4. Graphical illustration of EW criteria.

than some constant. Quantitatively speaking, this tells us that α = tr(W )√
tr(W 2)

has a minimum value. Without loss of

generality, we assume all the EWs satisfy a normalization condition, tr
(
W 2
)

= 1
d . Thus all the EWs lie in a sphere

centralized at the original point, represented by the dashed circle. Due to the α ≥ 1 (tr(W ) ≥ 1√
d
) constraint, valid

EWs are within dashed circular sector area. Given an EW, the states that can be detected lie in a fixed area in the
space. When k increases, the distribution of states, represented by the darkness of the color, will concentrate towards
the maximally mixed state, making the ratio of detectable states decrease accordingly. The solid-line circles on the
right represent the boundary of the typical set.

2. Proof of Theorem 2

Theorem 2 (Detection Capability of EW Criteria). The detection capability of an EW criterion with W decays at
least exponentially with the dimension of the environment

Ck(W ) < 2e−(
√

1+α−1)2k ≤ 2e−(3−2
√

2)k, (A10)

where α = tr(W )√
tr(W 2)

≥ 1 is a witness-dependent factor.

Proof. We first generalize the definition of detection capability for EW to any observable O with a positive trace and
prove it with this generalized definition. Similarly, define

Ck(O) = Pr
ρ∼πd,k

[tr(Oρ) < 0] (A11)

as the detection capability of an observable O.

Since O can be decomposed as O = UOΛOU
†
O, where UO is unitary, and ΛO are the eigenvalues of O, we can

equivalently rewrite

Ck(O) = Pr
ρ∼πd,k

[
tr
(
UOΛOU

†
Oρ
)
< 0
]

= Pr
ρ∼πd,k

[
tr
(

ΛOU
†
OρUO

)
< 0
]
. (A12)

According to the definition of Haar measure, if ρ follows the distribution of πd,k, U†OρUO also follows the distribution
of πd,k as UO is a fix unitary [32]. Therefore,

Ck(O) = Ck(ΛO) (A13)

only depends on the eigenvalues of O.
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To analyze Ck(O), we need to write down the distribution of ρ explicitly. According to the definition of πd,k,
ρ ∈ D(H) can be written as the reduced density matrix in a larger Hilbert space, ρ = trR(|Ψ〉〈Ψ|), where |Ψ〉 is a
random state in H⊗HR. The distribution of |Ψ〉 can be generated by random Gaussian variables:

|Ψ〉 =

d∑
i=1

k∑
j=1

zi,j√
tr(ZZ†)

|φi〉 |ψj〉 , (A14)

where zi,j is the element of the random complex Gaussian matrix, Z [32]; {|φi〉} and {|ψj〉} form orthonormal bases
for H and HR respectively. Precisely speaking,

xi,j = Re(zi,j) ∼ N(0, 1), yi,j = Im(zi,j) ∼ N(0, 1), (A15)

are all standard Gaussian variables. Hence,

ρ = trR(|Ψ〉〈Ψ|) =

d∑
i,j=1

∑k
l=1 zi,lz

∗
j,l

tr(ZZ†)
|φi〉 〈φj | . (A16)

Therefore, the detection capability can be written as

Pr
ρ∼πd,k

[tr(ΛOρ) < 0] = Pr
xi,j ,yi,j∼N(0,1)

( 1

tr(ZZ†)

) d∑
i=1

k∑
j=1

λizi,jz
∗
i,j < 0


= Pr
xi,j ,yi,j∼N(0,1)

 d∑
i=1

k∑
j=1

λi(x
2
i,j + y2

i,j) < 0

.
(A17)

We label the positive and negative eigenvalues of O as a1, · · · , ap and −b1 · · · − bq with ai, bj > 0 and p + q ≤ d. So
we can rewrite Eq. (A17) as

Pr
xi,j ,yi,j∼N(0,1)

 d∑
i=1

k∑
j=1

λi(x
2
i,j + y2

i,j) < 0

 = Pr
xi,j ,yi,j∼N(0,1)

 2k∑
j=1

(
p∑
i=1

aix
2
i,j −

q∑
i=1

biy
2
i,j

)
< 0

, (A18)

where the x and y in the left-hand and right-hand sides are not the same variables. We relabel them to make the
representation clearer while keeping them independent variables.

For simplicity, we define u = (a1, . . . , ap, . . . , a1, . . . , ap) and v = (b1, . . . , bq, . . . , b1, . . . , bq) which are the 2k replica
of a = (a1, . . . , ap) and b = (b1, . . . , bq) respectively. Accordingly,

Pr
xi,j ,yi,j∼N(0,1)

 2k∑
j=1

(
p∑
i=1

aix
2
i,j −

q∑
i=1

biy
2
i,j

)
< 0

 = Pr
xi,yi∼N(0,1)

(
2kp∑
i=1

uix
2
i −

2kq∑
i=1

viy
2
i < 0

)
. (A19)

Using union bound, we can prove that for any real number c

Pr
xi,yi∼N(0,1)

(
2kp∑
i=1

uix
2
i −

2kq∑
i=1

viy
2
i < 0

)
≤ Pr
xi,yi∼N(0,1)

((
2kp∑
i=1

uix
2
i ≤ c

)
∪

(
2kq∑
i=1

viy
2
i ≥ c

))

≤ Pr
xi∼N(0,1)

(
2kp∑
i=1

uix
2
i ≤ c

)
+ Pr
yi∼N(0,1)

(
2kq∑
i=1

viy
2
i ≥ c

)
.

(A20)

To bound this probability, we adopt the Laurent-Massart’s lemma [33], which states that for non-negative vectors u
and v and i.i.d. variables {xi ∼ N(0, 1)}, the following two inequalities hold for all positive numbers t1 and t2:

Pr
xi∼N(0,1)

(∑
i

uix
2
i ≤ ‖u‖1 − 2‖u‖2

√
t2

)
≤ e−t2

Pr
yi∼N(0,1)

(∑
i

viy
2
i ≥ ‖v‖1 + 2‖v‖2

√
t1 + 2‖v‖∞t1

)
≤ e−t1

(A21)
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where ‖v‖1 =
∑
i |vi| ,‖v‖2 =

√∑
i v

2
i and ‖v‖∞ = maxi |vi|. Hence, if

‖u‖1 − 2‖u‖2
√
t2 = 2k‖a‖1 − 2

√
2k‖a‖2

√
t2 = c

‖v‖1 + 2‖v‖2
√
t1 + 2‖v‖∞t1 = 2k‖b‖1 + 2

√
2k‖b‖2

√
t1 + 2‖b‖∞t1 = c

(A22)

hold, then the probability can be upper bounded by

Pr
xi,yi∼N(0,1)

(
2kp∑
i=1

uix
2
i −

2kq∑
i=1

viy
2
i < 0

)
≤ e−t1 + e−t2 . (A23)

To find a c that gives the tightest bound, one should notice that according to Eq. (A23), the upper bound is
determined by the minimal one of t1 and t2. Besides, Eq. (A22) tells us that the values of t1 and t2 are inversely
related. Therefore, the tightest upper bound is reached when t1 = t2 = t, which gives the exact value of t:

√
t

2k
=
−(‖a‖2 + ‖b‖2) +

√
(‖a‖2 + ‖b‖2)

2
+ 2‖b‖∞ tr(O)

2‖b‖∞
. (A24)

To further simplify this equation, let α = tr(O)√
tr(O2)

, then we have

√
t

2k
=
−(‖a‖2 + ‖b‖2) +

√
(‖a‖2 + ‖b‖2)

2
+ 2‖b‖∞ tr(O)

2‖b‖∞

≥
−
√

2 tr(O2) +
√

2 tr(O2) + 2‖b‖∞ tr(O)

2‖b‖∞

=
−α−1 tr(O) +

√
α−2tr(O)

2
+ ‖b‖∞ tr(O)

√
2‖b‖∞

.

(A25)

The first inequality uses the fact that f(x) = −x +
√

1 + x2 is monotone and tr
(
O2
)

= ‖a‖22 + ‖b‖22 ≥
(‖a‖2+‖b‖2)2

2 .
Define

x =
α‖b‖∞
tr(O)

=
‖b‖∞√
tr(O2)

≥ 0. (A26)

By definition, ‖b‖∞ = maxi |bi| <
√

tr(O2), it is easy to prove that 0 ≤ x ≤
√

1− 1
d < 1. Therefore,√

t

k
=
−1 +

√
1 + αx

x
>
√

1 + α− 1, (A27)

where we use the fact that the function −1+
√

1+αx
x is monotonically decreasing with x. Combined with Eq. (A23), we

have

Ck(O) < 2e−(
√

1+α−1)
2
k. (A28)

Appendix B: Detection Capability Upper Bound of Parameterized EW Criteria

1. Proof of Theorem 3

Theorem 3 (Detection Capability of Parameterized EW Criteria). For any parameterized EW represented by a
normalized l-Lipschitz map M satisfying

∀θ,θ′ ∈ Θ : ‖M(θ)−M(θ′)‖F ≤ l‖θ − θ
′‖2, (B1)
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The detection capability decays at least exponentially with k after k exceeds a certain threshold

Cpk(M) ≤ 2eC1−C2k, (B2)

where C1 = M ln 2
√
Mld
ε , M is the number of real parameters in M, C2 = (

√
1 + αmin − ε − 1)2 where αmin =

minθ
tr[M(θ)]√
tr[M(θ)2]

= minθ tr[M(θ)] ≥ 1, and 0 < ε < 1 is an arbitrary number. By choosing ε = 0.5, we have the

original theorem in the main text.

We prove this theorem using a coarse-graining method. The proof sketch is shown in Fig. 5.

Detected

Undetected

𝑶𝟏

𝑶𝟐

𝑶𝟑

𝑶𝟒

Separable

FIG. 5. Proof Sketch of Theorem 3. We prove that if M is l-Lipschitz, the set of detected states can be covered by a finite set
of different observables, like the colored area in this figure. Each observable is close to but not necessarily an EW. Therefore,
by bounding the total number of observables and the difference between these observables and valid EWs, the volume of the
detected set can be upper bounded by Theorem 2.

Proof. A parameterized EW M is a map that maps M real parameters to a continuous set of EWs:

∀θ ∈ Θ ⊂ [−1, 1]M , ρ ∈ SEP : tr(ρM(θ)) ≥ 0. (B3)

We are going to bound the detection capability of a parameterized EW

Cpk(M) = Pr
ρ∼πd,k

[∃θ ∈ Θ : tr(ρM(θ)) < 0] (B4)

by constructing a finite set of observables O = {Oi|i = 1, · · · , N} (not necessarily EWs), such that all the entangled
states ρ that can be detected by M can also be detected by O,

∀ρ : ∃θ ∈ Θ, tr (ρM(θ)) < 0→ ∃Oi ∈ O, tr (ρOi) < 0. (B5)

Once we find the observable set O, the detection capability of M is bounded by the detection capability of O,

Cpk(M) ≤ Ck(O) = Pr
ρ∼πd,k

[∃O ∈ O, tr(Oρ) < 0] . (B6)

Firstly, we coarse-grain the parameter space, define Θ∗ = {θi ∈ Θ, i = 1, · · · , N}, such that

∀θ ∈ Θ,∃θ∗ ∈ Θ∗ : ‖θ − θ∗‖2 ≤ δ. (B7)

Since M is l-Lipschitz, we have

∀θ ∈ Θ,∃θ∗ ∈ Θ∗ : ‖M(θ)−M(θ∗)‖F ≤ lδ, (B8)

which means that

∀θ ∈ Θ,∃θ∗ ∈ Θ∗ :M(θ)− (M(θ∗)− lδI) ≥ 0. (B9)



12

Hence, for any state ρ satisfying tr (ρM(θ)) < 0, it also holds that

∃θ∗ ∈ Θ∗ : tr [(M(θ∗)− lδI) ρ] < 0. (B10)

Therefore, we can choose O to be O = {M(θi)− lδI,θi ∈ Θ∗}, whose detection capability can also be bounded using
Theorem 2.

To bound Ck(O), we need to figure out two problems: what is the detection capability of a single Oi in O and what
is the number of elements in O. According to Theorem 2, the key quantity to bound Ck (M(θ∗)− lδI) is

α2 =
tr(M(θ∗)− lδI)2

tr((M(θ∗)− lδI)2)
=

(α∗ − lδd)2

1− 2lδα∗ + (lδ)2d
, (B11)

where α∗ = tr(M(θ∗))√
tr(M(θ∗)2)

= tr(M(θ∗)) ≥ 1. It can also be directly verified by norm inequality, α∗ ≤
√
d. Define

0 < lδd = ε < 1, we have

1− 2lδα∗ + (lδ)2d = 1− 2
εα∗

d
+
ε2

d
> 0 (B12)

and

1− 2
εα∗

d
+
ε2

d
≤ 1 (B13)

Combine these inequalities with Eq. (B11), and we get α ≥ α∗−ε. Thus the detection capability of a single observable
in O can be bounded by

Ck (M(θ∗)− lδI) < 2e−(
√

1+αmin−ε−1)2k, (B14)

where αmin = minθ∈Θ
tr(M(θ))√
tr(M(θ)2)

≥ 1.

To find the number of elements in O, we can divide the parameter space into small cubes with side length δ√
M

.

In each cube, there exists a θi, such that for all the θ contained in this cube, ‖θ − θi‖2 ≤
√
M
(

δ√
M

)2

= δ, which

fulfills the condition of Eq. (B7). As the volume of parameter space is upper bounded by 2M , the number of cubes,
which is also the upper bound of the number of elements in O, is

|O| =

(
2
√
M

δ

)M
=

(
2
√
Mld

ε

)M
. (B15)

Combining Eq. (B14) and Eq. (B15), we can finish the proof by

Cpk(M) ≤ Ck(O) < 2eM ln 2
√
Mld
ε −(

√
1+αmin−ε−1)2k. (B16)

2. Examples: Positive Map and Faithful Entanglement Criteria

A bipartite state ρ ∈ D(HA⊗HB) can be detected by a positive map N if and only if there exists a parameterized

EW MN (θ) = NA⊗IB(|φ(θ)〉〈φ(θ)|)
‖NA⊗IB(|φ(θ)〉〈φ(θ)|)‖F

to detect it. This is equivalent to

∃θ ∈ S2d−1 : tr [NA ⊗ IB (|φ(θ)〉〈φ(θ)|) ρ] < 0, (B17)

where S2d−1 is the unit sphere in the 2d-dimensional parameter space, and 〈j|φ(θ)〉 = θ2j+iθ2j+1. Hence, substituting
M with 2d, we have:

Corollary 3 (Detection Capability of Positive Maps). A normalized l-Lipschitz positive map N has detection capa-
bility:

Cpk(MN ) < 2eC1−C2k (B18)

where C1 = 2d ln
[
22.5d1.5l

]
, C2 = (

√
0.5 + αmin − 1)2, αmin = minθ

tr[NA⊗IB(|φ(θ)〉〈φ(θ)|)]√
tr[NA⊗IB(|φ(θ)〉〈φ(θ)|)2]

.
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Proof. It follows directly from Theorem 3 by choosing ε = 0.5 and M = 2d.

Also take the PPT criterion as an example, where MPPT(θ) = |φ(θ)〉〈φ(θ)|TA . It can be easily proved that the

partial transposition map is
√

2-Lipschitz and αmin = 1. First, we give the relationship between the F -norm of the
density matrix representation and the 2-norm of the real-valued vector representation.

‖θ − θ′‖22 = ‖|φ(θ)〉 − |φ(θ′)〉‖22
= 2− 2 Re(〈φ(θ)|φ(θ′)〉)
≥ 2− 2|〈φ(θ)|φ(θ′)〉|,

(B19)

‖|φ(θ)〉〈φ(θ)| − |φ(θ′)〉〈φ(θ′)|‖2F = 2− 2|〈φ(θ)|φ(θ′)〉|2

= (2− 2|〈φ(θ)|φ(θ′)〉|)(1 + |〈φ(θ)|φ(θ′)〉|)

≤ 2‖θ − θ′‖22

(B20)

So the map M(θ) = |φ(θ)〉〈φ(θ)| is
√

2-Lipschitz.

For partial transposition map, M(θ) = |φ(θ)〉〈φ(θ)|TB , it is normalized by itself,

‖M(θ)‖ =
∥∥∥|φ(θ)〉〈φ(θ)|TB

∥∥∥
F

= ‖|φ(θ)〉〈φ(θ)|‖F = 1 (B21)

and

‖M(θ)−M(θ′)‖ =
∥∥∥|φ(θ)〉〈φ(θ)|TB − |φ(θ)〉〈φ(θ)|TB

∥∥∥
F

= ‖|φ(θ)〉〈φ(θ)| − |φ(θ)〉〈φ(θ)|‖F
≤
√

2‖θ − θ′‖2.

(B22)

Therefore partial transposition map is
√

2-Lipschitz. Corollary 3 shows that for k = Ω(d ln d), the PPT criterion can
hardly detect any entanglement, which meets the former results [12, 27, 28].

For faithful EW, the parameterized EW can be defined as

M(θ) =

(√
2− 2√

d

)−1(
I√
d
− |φ(θ)〉〈φ(θ)|

)
(B23)

where
(√

2− 2√
d

)−1

≤ 1 is a factor to ensure M(θ) is normalized, then

‖M(θ)−M(θ′)‖F =

(√
2− 2√

d

)−1

‖|φ(θ)〉〈φ(θ)| − |φ(θ′)〉〈φ(θ′)|‖F

≤
√

2‖θ − θ′‖2.

(B24)

So faithful map is also
√

2-Lipschitz with 2d real parameters. Combined with the fact that αmin =

√
d−
√
d

2 , we have

Corollary 4 (Ratio of Faithful Entanglement States). The set of faithful entangled states has an exponentially small
ratio in the state space:

Pr
ρ∼πd,k

[ρ ∈ FE] = Cpk(Mfaithful) < 2eC1−C2k (B25)

where FE is the set of all faithful entangled states and C1 = 3d ln 4d, C2 =

(√
0.5 +

√
d−
√
d

2 − 1

)2

≈
√

d
2 .
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Appendix C: Detection Capability Upper Bound of Single-copy Criteria

1. Proof of Theorem 4

Theorem 4 (Detection Capability of Single-Copy Criteria). Any single-copy entanglement criterion O with M − 1
observables has detection capability:

Csk(O) ≤ 2eC1−C2k (C1)

Where C1 = M ln 2
√
Md
ε , C2 = (

√
2− ε − 1)2. 0 < ε < 1 is an arbitrary number. By choosing ε = 0.5, we have the

original theorem in the main text.

Proof. Without loss of generality, we add OM = I√
d

to the set, so O has M observables now. We further assume O
is mutually orthonormal in the operator space tr(OiOj) = δij . If this condition is not satisfied, we can normalize and
orthogonalize the operator set without changing the feasible region. Given the observable set O with M observables
and the measurement result

rρ,i = tr(Oiρ), i = 1 · · ·M, (C2)

the quantum state is restricted in the feasible region defined as

FO(ρ) = {σ ∈ D(Hd)| tr(Oiσ) = rρ,i, i = 1 · · ·M}. (C3)

If the feasible region is disjoint with SEP, then the entanglement is successfully detected by O. Therefore, the detection
capability of O is defined as

Csk(O) = Pr
ρ∼πd,k

[FO(ρ) ∩ SEP = ∅]. (C4)

To benefit our proof, we extend the definition of FO(ρ) from density states to Hermitian matrices, define

F ′O(ρ) =
{
σ| tr(Oiσ) = rρ,i, σ

† = σ
}
. (C5)

It is easy to prove that FO(ρ) ∩ SEP = ∅ if and only if F ′O(ρ) ∩ SEP = ∅ as SEP is only in the density matrices
set. By definition, SEP and FO(ρ) are all convex sets. Hence, from the hyperplane separation theorem, we can find
Hermitian operators W that separate SEP and F ′O

∃W : tr(Wσ) < 0,∀σ ∈ F ′O(ρ) and tr(Wσ′) ≥ 0,∀σ′ ∈ SEP, (C6)

which is also an EW separate SEP and FO(ρ). It can be proved that W must have the form

W =

M∑
i=1

θiOi. (C7)

If not, suppose W =
∑
i θiOi+Õ, where Õ 6= 0 is orthogonal to each Oi ∈ O, Then for any σ ∈ F ′O(ρ), σ+CÕ ∈ F ′O(ρ)

where C is an arbitrary real number. In this scenario, tr
(

(σ + CÕ)W
)

= C tr
(
Õ2
)

can be arbitrary large, which

contradicts the requirement (C6).
Accordingly, the entangled states that can be detected by O can also be detected by the following parameterized

EW

M(θ) =

M∑
i=1

θiOi (C8)

where θ ∈ Θ and Θ is constituted by all θ such that
∑
i θ

2
i = 1 and makesM(θ) a valid EW. Therefore, the detection

capability of the single-copy criteria O is bounded by the detection capability of the parameterized EW M
Csk(O) ≤ Cpk(M). (C9)

Such parameterized EW with M parameters is normalized, and 1-Lipschitz

‖W (θ)−W (θ)′‖2F =
∑
i

(θi − θ′i)2 tr
(
O2
i

)
= ‖θ − θ′‖22. (C10)

By directly applying Theorem 3, we have

Csk(O) < 2eM ln 2
√
Md
ε −(

√
2−ε−1)2 (C11)

Where 0 < ε < 1 is an arbitrary number.
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2. Adaptive Single-Copy Measurement

The most general method to detect entanglement may take advantage of adaptive measurements. After the previous
j − 1 measurement, One can determine Oj as a function of previous measurement results. Here we consider a case
where each measurement or query gives 1 bit of information.

Definition 4 (Measurement with 1 Bit Information). The measurement can be viewed as a quantum oracle, given an
observable O, the oracle will output sign(tr(Oρ)), more specifically, +1 if tr(Oρ) ≥ 0 and −1 if tr(Oρ) < 0.

To determine whether tr(Oρ) ≥ c, one may simply replace O by O − cI. To determine any observable up to ε
precision, one may use a binary search method with O(ln 1

ε ) queries. Next, we define the most general adaptive
single-copy measurement where observables may depend on previous results. Formally, we define:

Definition 5 (Adaptive Single-Copy Protocols). An adaptive single-copy entanglement detection protocol with finite
precision contains a program P that can generate an observable based on the previous results. More specifically, after
the previous j − 1 measurement, one get the measurement results (k1...kj−1) ∈ {−1,+1}j−1. Based on these result,
the program can generate Oj = fj(ki...kj−1). After M iterations, one gets the following equations:

sign(tr(Oiρ)) = ki ∈ {−1,+1},∀i = 1, · · · ,M (C12)

We can still define the feasible set

FP(ρ) = FK(k1, · · · , kM ) = {σ ∈ D(Hd)|sign(tr(Oiσ)) = ki, i = 1, · · · ,M} (C13)

And the detection capability is similarly defined as

Csk(P) = Pr
ρ∼πd,k

[FP(ρ) ∩ SEP = ∅] (C14)

Use the measurement outcome k = (k1, · · · , kM ) ∈ {−1, 1}M to rewrite the previous definition:

FP(ρ) ∩ SEP = ∅⇐⇒ ∃k : ρ ∈ FK(k) and FK(k) ∩ SEP = ∅ (C15)

So that

Csk(P) = Pr
ρ∼πd,k

[∃k : ρ ∈ FK(k) and FK(k) ∩ SEP = ∅]

=
∑
k

Pr
ρ∼πd,k

[ρ ∈ FK(k) and FK(k) ∩ SEP = ∅]
(C16)

Notice that for any k, FK(k) is a convex set. So if FK(k) ∩ SEP = ∅, then by the hyperplane separation theorem,
there exists an EW W s.t.

tr(Wσ) < 0,∀σ ∈ FK(k) and tr(Wσ′) ≥ 0,∀σ′ ∈ SEP (C17)

According to Theorem 2, each term in the summation is bounded by 2e−(3−2
√

2)k. And there are a total of 2M

different terms in the summation,

Csk(P) ≤ 2M+1e−(3−2
√

2)k = 2eM ln 2−(3−2
√

2)k. (C18)

So the detection capability of any adaptive single-copy method also suffers from exponential decay.

3. Details of Figure 3

In Fig. 3 of the main text, we use four entanglement criteria to demonstrate our conclusion of the single-copy
criteria. We explicitly list them here. Suppose the state ρAB we consider is bipartite with subsystems A and B.

1. Purity [15]:

∀ρAB ∈ SEP : tr
(
ρ2
AB

)
≤ tr

(
ρ2
A

)
. (C19)
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2. Fisher Information [46]:

∀ρAB ∈ SEP : F (ρ,A⊗ I + I ⊗B) ≤ ∆(A⊗ I − I ⊗B)2
ρ, (C20)

where

F (ρ,A) =
∑
k,l

(λk − λl)2

2 (λk + λl)
| 〈k|A|l〉|2, (C21)

ρ =
∑
k

λk |k〉〈k| , (C22)

and

∆(A)2
ρ =

〈
A2
〉
ρ
− 〈A〉2ρ . (C23)

Since this criterion holds for any observable A and B, we randomly choose 10 different As and Bs to build a
series of criteria. If any of them is violated, the state is classified as entangled.

3. M4 [21]:

∀ρAB ∈ SEP : E4(ρAB − ρA ⊗ ρB) ≤
√

(1− tr(ρ2
A))(1− tr(ρ2

B)). (C24)

where E4(ρ) =
√

q(qM2+U)
q+1 +

√
M2−U
q+1 , q = bM

2
2

M4
c, U =

√
q(q + 1)M4 − qM2

2 , M2 = tr
(
ρ2
AB

)
, M4 =

tr
[
(S(1,2)
A ⊗ S(3,4)

A ⊗ S(2,3)
B ⊗ S(4,1)

B )ρ⊗4
AB

]
, and S(i,j)

A is the SWAP operator acting on the i-th and j-th copies

of subsystem A.

4. D3,opt [19, 20]:

∀ρAB ∈ SEP : βx3 + (1− βx)3 ≤ tr
(

(ρTBAB)3
)
, (C25)

where β = b 1

tr(ρ2AB)
c and x =

β+
√
β((β+1) tr(ρ2AB)−1)

β(β+1) .

4. More Numerical Experiments

a. Relationship between the threshold kth and d

In Fig. 6, we show the detection capability of purity, M4, and D3,opt criteria. All the curves have two regimes:
constant and exponential decay with k. Denote the turning point between these two regimes to be kth, beyond which
the criterion becomes ineffective. For different dimensions d, it is interesting to study the threshold kth for different
criteria. From the figure, the thresholds kth for Purity, M4, and D3,opt are approximately

√
d, 0.6d, and d, respectively.

These polynomial relations show that an exponential number of observables are needed to verify these criteria with
only single-copy observables. In fact, all three criteria require the number of observables larger than Ω(kth/ ln kth)
with the best-known randomized measurements. This is consistent with Theorem 4.

b. Numerical experiments on random thermal states

In the proof of the theorems, we assume distribution πd,k. Obviously, the results cannot hold for all distributions.
For example, if the states only distribute around a particular maximally entangled state, we can easily design an
effective EW to witness these states. In this case, we already assume lots of prior information about the states.
Without such strong prior information, the states are more evenly distributed over the state space. Then, if the state
distribution is approximately symmetric around the maximally mixed state, the theorems should also hold. Here, we
present another typical state distribution as an example and leave detailed studies for future work.

Here, we numerically examine the detection capability of the three criteria with random thermal states in Fig. 7.
The detection capability also suffers from exponential decay after a constant period. As T increases, the purity of
states decreases, just like the case when k increases in the πd,k distribution. This is compatible with the theorems.
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FIG. 6. The three figures represents the detection capability of purity, M4 and D3,opt from (a) to (c) respectively. In the
exponential decaying period, each line represents d = 4, 5, 6, 7, 8 from right to left. The y axes are the detection capability, and
x axes are k divided by factors depending on d. The factors are chosen so that the relation between kth and d can be easily
observed. Each point is generated through 108 independent experiments.
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FIG. 7. This figure represents the detection capability of purity, M4 and D3,opt criteria respectively with regard to the
temperature. We first generate a random Hamiltonian according to the Gaussian orthogonal ensemble, then calculate ρ =

e−βH

tr(e−βH)
as the random density matrix, where β = 1

T
. Each point is generated through 106 independent experiments.
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