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Quantum Coherence and Intrinsic Randomness
Xiao Yuan, Qi Zhao, Davide Girolami, and Xiongfeng Ma*
reviews. As it is immediately clear from the
example above, intrinsic randomness is a
consequence of breaking coherent superpositions of quantum states, a phenomenon
nowadays routinely observed in the laboratory. Recently, several works have studied the properties of coherent states as an
information-theoretic resource.[4,5] It turns
out that the key notion to identify a resource, the deﬁnition of free operations, is
not unique in the case of coherence. As a result, several measures have been proposed
to quantify coherent superposition.
The most intuitive way to quantify coherence is via the distance to the set of
incoherent states  for a reference basis
{|i⟩}, given by an appropriate yet arbitrary
(pseudo-)metric function,

The peculiar uncertainty or randomness of quantum measurements stems
from quantum coherence, whose information-theoretic characterization is
currently under investigation. The resource theory of coherence investigates
interpretations of coherence measures and the interplay with other quantum
properties, such as quantum correlations and intrinsic randomness.
Coherence can be viewed as a resource for generating intrinsic randomness
by measuring a state in the computational basis. It is observed in a previous
work that the coherence of formation, which measures the asymptotic
coherence dilution rate, indeed quantiﬁes the uncertainty of a correlated party
(classical system) about the system measurement outcome. In this work, the
result is re-derived from a quantum point of view, and then the intrinsic
randomness is connected to the relative entropy of coherence, another
important coherence measure that quantiﬁes the asymptotic distillable
coherence. Even though there do not exist bound coherent states, these two
coherence measures—intrinsic randomness quantiﬁed by coherence of
formation and by relative entropy of coherence—are diﬀerent. Interestingly, it
is shown that this gap is equal to the quantum discord, a general form of
quantum correlations, in the state of the system of interest and the correlated
party, after a local measurement on the former system.

According to the Born rule,[1] the outcome of a quantum measurement is intrinsically random. Given a quantum state |𝛼⟩ =
∑
i ci |i⟩, where {ci } are complex coeﬃcients, the result of a projection measurement {|i⟩⟨i|} is not deterministic, having the output i with a probability pi = |ci |2 . Such randomness diﬀers from
the classical uncertainty due to uncharacterized measurements.
This intrinsic randomness promises to be a potential resource
for information processing tasks. There are many proposals for
quantum random number generation, we refer to refs. [2,3] for
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𝜎∈

(1)

where d(𝜌, 𝜎) is a function to measure the
distance of two states and  is the incoherent state set which contains all statistical mixtures of the basis states {i}. We label this notion of coherence as the BCP
coherence.[6,7] A widely employed solution is to adopt the relative
entropy of coherence as a measure,

1. Introduction
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Cd (𝜌) = min d(𝜌, 𝜎)

CR (𝜌) = min S(𝜌||𝜎)
𝜎∈

(2)

where the relative entropy of two states are given by S(𝜌||𝜎) =
Tr(𝜌 log(𝜌) − 𝜌 log(𝜎)), mainly because of its computability and
importance in information theory.[8] Another option is to quantify
coherence via a convex-roof construction, called the coherence of
formation, via
∑
( )
pj CR 𝜓j
(3)
Cf (𝜌) ≡ min
{pj ,|𝜓j ⟩} j
where the minimization is over all possible decomposition of
∑
𝜌 = j pj |𝜓j ⟩⟨𝜓j |. In the resource theory of coherence, the relative entropy of coherence and the coherence of formation measures the asymptotic coherence distillation and dilution rates,
respectively.[9] The coherence distillation and dilution problems
are then extended into the non-asymptotical scenario using other
coherence measures.[10–13] We refer to refs. [14,15] for reviews
of the resource theory of coherence. While the parent notion of
asymmetry has a clear-cut interpretation in a number of physical
settings[4] and other signiﬁcant advances have been reported,[16]
the operational power oﬀered by the BCP coherence still needs
to be fully understood.
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Given an input quantum state and a measurement owned by
Alice, the intrinsic randomness of outcome, against a potential
adversary Eve, is a topic of interest in the quantum information theory. From Alice’s point of view, in the asymptotic limit,
∑
the Shannon entropy H(pi )𝜌 = − i pi log pi is the quantiﬁer of
the total uncertainty of a measurement with probability distribution {pi } in the measurement outcome of a state 𝜌, named
nominal randomness. The nominal randomness consists of two
parts, intrinsic randomness and extrinsic randomness. The intrinsic randomness is quantum randomness which should be unpredictable, while the extrinsic randomness can be predicated by a
quantum correlated party Eve in principle. For example, for pure
states, since Eve’s system is decoupled from Alice’s one, the only
kind of uncertainty is the truly quantum one (intrinsic randomness), there is no extrinsic randomness in the measurement outputs. Thus, the Shannon entropy (nominal randomness) is itself
a measure of intrinsic randomness. For the case of incoherent
states, the measurement uncertainty is purely classical (extrinsic
randomness) and there is no intrinsic randomness as it entirely
depends on Alice’s incomplete knowledge of her system. Our
goal is to quantify the quantum intrinsic randomness concerning the existence of a potential adversary by coherence measures
and explore the quantum contribution to the total uncertainty. We
consider a scenario which is consistent with the aforementioned
two situations and allows to give an operational interpretation
to the quantum coherence in the more complex case of mixed
coherent states. From an operational perspective, the extractable
randomness is measured by the conditional min-entropy.[17] We
therefore also show how to obtain our results by considering the
asymptotic limit with the conditional min-entropy.
In this work, we focus on the interplay between quantum coherence and intrinsic randomness. In particular, we study operational interpretations of the relative entropy of coherence and
the coherence of formation in characterizing intrinsic randomness. The result for the coherence of formation has been previously considered.[18] This work re-derives this result by focusing
on a more rigorous scenario with the conditional min-entropy.
We further consider a more general scenario and relate the relative entropy of coherence with intrinsic randomness. We also
found that while there are no bound coherent states, which have
non vanishing coherence of formation but zero coherence of distillation, the two quantities are diﬀerent.
The strategy we adopt is presented as follows. In Section 2.1,
we consider a projection measurement of the quantum state in
the reference basis. We pick the smooth conditional min-entropy
as the quantiﬁer of the total uncertainty of the measurement outcomes conditioned on all possible environment systems. To do
so, we consider a bipartite extension of a system manipulated
by Alice, say accessible to a pair Alice–Eve in the state 𝜌AE , and
address the question of how much information Eve can access
about Alice’s measurement outcome with the probability distribution {pi } and outputs being the elements of a reference basis {|i⟩A }. We show that in the asymptotic scenario, Eve’s ignorance is quantiﬁed by the relative entropy of coherence of Alice’s state with respect to the reference basis, which is a good
quantiﬁer of the quantum uncertainty on Alice’s measurement:
min𝜌E H({pi }|E)𝜌AE = CR (𝜌A ).
We then compare the results with the scenario where Eve gains
information about Alice’s measurement “classically” by perform-
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ing a measurement on her part (Section 2.2). A previous work
proved that, as in the former setting, Eve’s uncertainty on Alice’s
outcome is a full-ﬂedged measure of the BCP coherence, namely,
the coherence of formation.[18,19] Such a measure is obtained by
a convex roof construction, which is diﬀerent from the relative
entropy of coherence. In this work, we re-derive the same result
with the smooth conditional entropy. Furthermore, we show that
the gap between the two quantities, which characterizes the irreversibility of coherence resource theory,[9] corresponds to the
quantum discord of the Alice–Eve’s system after Alice’s measurement (Section 3.1). This is an interesting result as the state is separable (precisely, it is a classical-quantum state) so no entanglement appears and the quantum advantage of Eve is indisputably
due to quantum discord. In Section 4, we draw our conclusions.

2. Coherence and Intrinsic Randomness
In this section, we introduce the intrinsic randomness or uncertainty that one has conditioned on a correlated party. We show
that the intrinsic randomness is quantiﬁed by the coherence of
the state in the measurement basis.

2.1. Relative Entropy of Coherence as Uncertainty of Correlated
Party
Let us consider a d-dimensional Hilbert space and a reference basis I := {|i⟩} = {|1⟩, |2⟩, … , |d⟩}. Suppose a projective measurement {|i⟩⟨i|} is performed on a given quantum state 𝜌A accessed
by Alice. The measurement outcome has a probability distribu∑d
tion {pi }, with i=1 pi = 1 and pi = Tr[𝜌|i⟩⟨i|] ≥ 0. We aim to assess the intrinsic or unpredictable randomness of the measurement outcome. To do so, we consider another adversarial party
Eve where the joint state shared by Alice and Eve is 𝜌AE , satisfying
TrE [𝜌AE ] = 𝜌A with partial trace over system E. Note that the state
𝜌AE is not assumed to be pure in our analysis, though we show
shortly that considering pure states 𝜌AE is suﬃcient for characterizing intrinsic randomness. The measurement can be represented as a dephasing channel
ΔA (𝜌) =

∑

⟨i|𝜌|i⟩|i⟩⟨i|

(4)

i

and the joint state after Alice’s measurement becomes 𝜌′AE =
ΔA (𝜌AE ). The state 𝜌′AE is a classical-quantum state and the randomness of the measurement outcome conditioned on Eve’s system is characterized by the smooth conditional min-entropy,[17]
𝜀
Hmin
(A|E)𝜌′ = sup‖𝜎AE −𝜌′
AE

AE

‖≤𝜀 Hmin (A|E)𝜎AE

(5)

where 𝜀 is the smooth parameter, and the supremum takes over
all states 𝜎AE that are 𝜀 close to 𝜌′AE with ‖𝜎AE − 𝜌′AE ‖ = 1 −
( [√√ √ ])2
𝜌𝜎 𝜌 . Here the
F(𝜎AE , 𝜌′AE ) and ﬁdelity F(𝜌, 𝜎) = Tr
conditional min-entropy Hmin (A|E)𝜌AE is
Hmin (A|E)𝜌AE = −inf𝜎E Dmax (𝜌AE ‖idA ⊗ 𝜎E )
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where the inﬁmum is over all normalized density operators on
system E, idA is the identity matrix on system A, and the maxrelative entropy Dmax (𝜌‖𝜎) is deﬁned by
Dmax (𝜌‖𝜎) = inf{𝜆 ∈ ℝ, 𝜌 ≤ 2𝜆 𝜎}

(7)

We choose the smooth conditional min-entropy which measures
the maximum amount of private and uniformly random bits
that can be extracted.[17] Speciﬁcally, given a general classicalquantum state 𝜌AE , one can apply an extractor on system A so
that it is 𝜀′ -close to the perfectly uniform bits that are independent of any side information of system E. Therefore, the length
𝜀′
(A|E) of the extracted bits is given by
𝓁extr
′

𝜀
𝜀
(A|E) = Hmin
(A|E)𝜌AE + O(log 1∕𝜀′ )
𝓁extr

(8)

with 𝜀 ∈ [ 21 𝜀′ , 2𝜀′ ]. One can also consider other entropic quantiﬁers which may characterize other operational tasks. We leave
the discussion of generalising our results to other entropic quantiﬁers to a future work.
After Alice’s measurement on 𝜌AE , the randomness of the measurement can be characterized by

Figure 1. Intrinsic randomness of measurements conditioned on quantum and classical information. a) In a bipartite Alice–Eve system described
by a pure state 𝜓AE , the quantum uncertainty of a measurement performed
by Alice on the system in the mixed state 𝜌A is given by the amount of
uncertainty Eve has on the measurement outcome. Such quantum uncerQ
tainty is quantiﬁed by the relative entropy of coherence RI (𝜌A ). b) Alternative deﬁnition of quantum coherence as uncertainty. In a bipartite Alice–
Eve system described by a pure state 𝜓AE , the quantum uncertainty of a
measurement performed by Alice on the system in the mixed state 𝜌A is
given by the minimum amount of uncertainty Eve has on the measurement outcome after performing a measurement on her own systems. Such
quantum uncertainty is quantiﬁed by the convex roof measure RCI (𝜌A ).

ness of each measurement outcome with the limit n → ∞ and
𝜀 → 0+ is then characterized by
Q

Q,𝜀
RI (𝜌)

=

𝜀
min
Hmin
(A|E)ΔA (𝜌AE )
𝜌AE :TrE [𝜌AE ]=𝜌A

(9)

where the minimization is over all states 𝜌AE satisfying TrE [𝜌AE ] =
𝜌A . For each 𝜌AE , we can further consider its puriﬁcation by introducing an additional system E ′ so that the whole system is
|𝜓⟩AEE′ , satisfying TrE′ [|𝜓⟩⟨𝜓|AEE′ ] = 𝜌AE . Then the intrinsic randomness becomes

RI = lim+ lim

𝜀→0 n→∞

= lim+ lim

𝜀→0 n→∞

1 Q,𝜀 ⊗n
R (𝜌 )
n I
1 𝜀
H (An |E n )Δ⊗n (|𝜓⟩⊗n )
A
AE
n min

(13)

Theorem 1. The intrinsic randomness of Alice’s measurement outQ
come conditioned on any (quantum) adversary Eve, RI is quantified
by the relative entropy of coherence,
Q

Q,𝜀

RI (𝜌) =
≥

min

|𝜓⟩AEE ′ :TrEE ′ [|𝜓⟩⟨𝜓|AEE ′ ]=𝜌A

RI (𝜌A ) = CR (𝜌A )

𝜀
Hmin
(A|E)ΔA ◦TrE′ (|𝜓⟩AEE′ )

𝜀
min
Hmin
(A|E)ΔA (|𝜓⟩AE )
|𝜓⟩AE :TrE [|𝜓⟩⟨𝜓|AE ]=𝜌A

Q,𝜀

min

|𝜓⟩AE :TrE [|𝜓⟩⟨𝜓|AE ]=𝜌A

𝜀
Hmin
(A|E)ΔA (|𝜓⟩AE )

(14)

diag

= S(𝜌A ||𝜌A )

where the second inequality is because of the data-processing inequality of the smooth conditional min-entropy deﬁned in Equation (5). As the minimisation of the second line is only a special
Q
case of the minimization in the deﬁnition of RI in Equation (16),
we have
RI (𝜌) =

diag

= S(𝜌A ) − S(𝜌A )

(10)

(11)

Proof. According to the asymptotic equipartition property of
the smooth entropies,[20] we have
{
lim lim

𝜀→0+ n→∞

1 𝜀
H (An |Bn )𝜌⊗n
n min

}

= H(A|B)𝜌

Therefore, we have
Q

As all puriﬁcation states |𝜓⟩AE are equivalent under isometry on
system E, which nevertheless does not aﬀect the smooth conditional min-entropy, we therefore have
𝜀
(A|E)ΔA (|𝜓⟩AE )
RI (𝜌) = Hmin
Q,𝜀

(12)

where |𝜓⟩AE is any puriﬁcation of 𝜌A as shown in Figure 1a.
Suppose Alice prepares n ≫ 1 copies of 𝜌A and performs the
projective measurement for all the copies, the average random-
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(15)

RI = H(A|E)ΔA (|𝜓⟩AE )

(16)

where H(A|B)𝜌AB = S(𝜌AB ) − S(𝜌B ) is the von Neumann conditional entropy, S(𝜌) = −Tr[𝜌 log 𝜌] is the von Neumann entropy
and 𝜌B = TrA [𝜌AB ]. The right hand side of Equation (16) can be
explicitly evaluated, for example, with the analysis in Ref. [21].
We also brieﬂy summarize the proof here for self-consistence.
After the measurement, the state is changed to
𝜌′AE = ΔA (|𝜓⟩AE ) =

1900053 (3 of 7)

∑

pi |i⟩A ⟨i| ⊗ 𝜌Ei

(17)

i
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∑
where 𝜌E = i pi 𝜌Ei and each 𝜌Ei = ⟨i|A (|𝜓⟩⟨𝜓|AE )|i⟩A ∕pi is a pure
∑
∑
state. Using the equality S( i pi |i⟩⟨i| ⊗ 𝜌i ) = H(pi ) + i pi S(𝜌i ),
the conditional entropy of the post-measurement state is then
S(A|E)𝜌′ = H(pi ) +
AE

∑

the asymptotic equipartition property of the smooth entropies[20]
shown in Equation (15), we have
RCI = min H(A|E)ΔA ⊗(|𝜓⟩AE )


pi S(𝜌Ei )

− S(𝜌E )

(18)

i

(23)

According to our recent work,[13] we can conclude as follows.

∑
diag
diag
Since H(pi ) = S(𝜌A ) with 𝜌A := i pi |i⟩⟨i|, S(𝜌E ) = S(𝜌A ), and
□
S(𝜌Ei ) = 0, ∀i, we obtain our result in the theorem.

Theorem 2. The intrinsic randomness of Alice’s measurement outcome conditioned on any (classical) adversary Eve with independent
measurements is quantified by the coherence of formation,

Therefore, as a measure of BCP coherence,[6] the relative entropy of coherence CR (𝜌A ) satisﬁes all the requirements for a consistent measure of intrinsic randomness.

RCI = Cf (𝜌) ≡ min

∑

{pj ,|𝜓j ⟩}

( (
))
pj S Δ |𝜓j ⟩⟨𝜓j |

(24)

j

where Cf (𝜌) is the coherence of formation and the minimization is
∑
over all decomposition of 𝜌 = j pj |𝜓j ⟩⟨𝜓j |.
2.2. Coherence of Formation as Uncertainty of Correlated Party
We observed that the quantum uncertainty of a local measurement corresponds to the best case uncertainty of a correlated
party Eve, as quantiﬁed by means of the quantum conditional
entropy. We compare the result with an alternative measure of
quantum coherence— coherence of formation.[18] The setting is
for the sake of clarity depicted in Figure 1b. The diﬀerence is that
Eve performs a measurement whose outcomes follow a probability distribution {qEi }, qEi = Tr[𝜌E |e′i ⟩E ⟨e′i |], on her own system to
classically predict Alice’s measurement outcome. Suppose Eve’s
measurement is represented by a quantum channel as
(𝜌) =

∑

Tr[𝜌Oi ]|i⟩⟨i|

(19)

i

∑
where Oi ≥ 0, i Oi = idE , and idE is the identity matrix of system
E. For one copy of 𝜌AE , the randomness of Alice’s measurement
outcome conditioned on Eve’s measurement outcome is then
(𝜌) = min
RC,𝜀
I

min

 𝜌AE :TrE [𝜌AE ]=𝜌A

𝜀
Hmin
(A|E)ΔA ⊗(𝜌AE )

(20)

where the minimization is also over all Eve’s possible measurements and all possible 𝜌AE satisfying TrE [𝜌AE ] = 𝜌A . With a similar
argument of the proof in the last section, we only need to focus on
any one speciﬁc puriﬁcation |𝜓⟩AE of 𝜌A . Therefore, the intrinsic
randomness is
𝜀
(𝜌) = min Hmin
(A|E)ΔA ⊗(|𝜓⟩AE )
RC,𝜀
I


(21)

When Alice prepares n ≫ 1 copies of 𝜌A and performs the projective measurement for all the copies, the average randomness
of each measurement outcome is
RCI = lim+ lim

𝜀→0 n→∞

1 C,𝜀 ⊗n
R (𝜌 )
n I

(22)

In general, Eve’s measurement can be a joint measurement on
Q
all her local systems. In this case, we have RCI = RI . Here instead,
we restrict to the scenario that Eve also performs identical measurement for each copy of her local system.[22] Therefore the joint
⊗ ⊗n (|𝜓⟩⊗n
). According to
state after the measurements is Δ⊗n
AE
A
Adv. Quantum Technol. 2019, 2, 1900053

Q

2.3. Qubit Calculation for RI and RIC
The quantum uncertainty measure obtained by convex roof extension is a measure of BCP coherence as well.[18] Let us comQ
pare the two quantities RCI (𝜌A ) and RI (𝜌A ) in a simple example about a qubit system. In the Bloch sphere representation,
𝜌A = (I + n⃗ ⋅ 𝜎⃗ )∕2, where n⃗ = (nx , ny , nz ) and 𝜎⃗ = (𝜎x , 𝜎y , 𝜎z ) are
the Pauli matrices. Supposing that the measurement basis is the
𝜎z eigenbasis, which is denoted by {|0⟩, |1⟩}, then we obtain
√
⎛ 1 + 1 − n 2 − n2 ⎞
x
y⎟
⎜
RCz (𝜌A ) = H ⎜
⎟
2
⎜
⎟
⎝
⎠
(
)
(
)
nz + 1
|n| + 1
Q
−H
Rz (𝜌A ) = H
2
2
where |n| =

(25)

√
n2x + n2y + n2z and H is the binary entropy. Specif-

I, where |+⟩ = (|0⟩ +
ically, for the state 𝜌A (v) = v|+⟩⟨+| + 1−v
2
|1⟩)∕2, v ∈ [0, 1], n⃗ (v) = (v, 0, 0), we have
(
RCz (𝜌A )

Q

=H

1+

Rz (𝜌A ) = 1 − H

(

)
√
1 − v2
2
v+1
2

(26)

)
(27)

In Figure 2, we plot the two measures versus the mixing parameter v. By deﬁnition, the randomness quantiﬁer RCz is against a
classical adversary, who can only perform independent measurements on her local systems. On the contrary, the randomness
Q
quantiﬁer Rz assumes a powerful quantum adversary, who can
perform general measurements. As a classical adversary is a special case of a general quantum adversary, the quantum coherence
Q
measure Rz is generally smaller than RCz . As they both measure
randomness, it is not hard to see that they both vanish when the
state is incoherent and they converge to the Shannon entropy in
the pure state case. All those intuitions are veriﬁed in the numerical example shown in Figure 2.
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Table 1. Comparison between coherence and entanglement measures.
COF: Coherence of formation; REC: Relative entropy of coherence.

1
RC
:
z
RQ
:
z

0.8

classical adversary
quantum adversary

0.6
0.4

Coherence/Uncertainty

Entanglement

Cost

Entanglement of formation

Distillation

COF RCI , Equation (23)
Q
REC RI , Equation (16)

Gap

Discord, Equation (28)

Bound Entanglement[24]

Distillable Entanglement

show that min{qE } S(A|{qEi })𝜌′ = min{qE } H({pi }|{qEi })𝜓AE . Hence,
AE
i
i
we obtain the following result for the meaning of the gap of the
two coherence measures.

0.2
0

Properties

0

0.2

0.4

0.6

0.8

1

Theorem 3. The gap between the relative entropy of coherence and
the coherence of formation is given by the discord of the joint state after
Alice’s measurement, that is, the least possible state change induced by
an Eve’s measurement,

Q

Figure 2. Comparison of the measures of quantum uncertainty Rz (red
dotted line) and RCz (blue dot-dashed line) in the qubit state 𝜌A (v) =
Q
1−v
I versus the mixing parameter v. Rz
2

v|+⟩⟨+| +
is the intrinsic randomness of Alice’s measurement outcome conditioned on a quantum adversary; RCz is the intrinsic randomness conditioned on a classical adversary.

3. Quantum Coherence Gap and Quantum Discord
3.1. Quantum Discord as Diﬀerence between Coherence
Measures
Q

Note that the quantum coherence measure RI (𝜌A ) is obtained
when considering an adversary that utilizes quantum information to predict Alice’s measurement outcome. In comparison,
the measure RCI (𝜌A ) is obtained when the adversary performs independent and identical measurements on her local systems to
have a classical prediction. Obviously, the latter adversary strategy
Q
is a special case of the former one, and hence RCI (𝜌A ) ≥ RI (𝜌A ). In
general, there is a non-zero gap between the two quantum coherence measures, while they both vanish for incoherent states. As
the diﬀerence between the two frameworks in Figure 1 is brought
about by making a measurement on Eve’s party, it is intuitive to
think that the gap is related to how much the local measurement
changes the state. Indeed, we show that such a gap is associated to
∑
the quantum discord of the bipartite state 𝜌′AE = i pi |i⟩⟨i| ⊗ 𝜌iE
of the system after Alice carried out her measurement. Discord
(we omit the quantum label from now on) is a kind of quantum
correlation which equals entanglement for pure states but also
shows up in all but a null measure set of separable states. It can
be interpreted as the minimum disturbance induced on a bipartite system by a local measurement,[23] but here it quantiﬁes the
advantage of a quantum correlated system Eve in accessing information about Alice’s measurement. Its peculiarity is its asymmetry, as a measurement on one party has in general a diﬀerent
eﬀect than performed on a diﬀerent subsystem. For a state 𝜌AE ,
the discord deﬁned as
DE (𝜌AE ) = min S(A|{qEi })𝜌AE − S(A, E)𝜌AE + S(E)𝜌AE

RCI (𝜌A ) − RI (𝜌A ) = DE (𝜌′AE )
Q

We observe that, in the resource theory of quantum coherence,
the coherence of formation and the relative entropy of coherence
measure the coherence cost and the distillable coherence in the
asymptotic limit, respectively.[9] Thus, the coherence cost and the
distillable coherence equal the quantum uncertainty conditioned
on Eve’s classical[18] and quantum strategies here discussed. The
scenario is similar to what happens in the entanglement resource
theory,[25] where there is a nonzero gap between the entanglement cost and the distillable entanglement (Table 1). In particular, some entangled states have zero distillable entanglement,
a phenomenon called bound entanglement. However, a key difference is that there is no coherent states with zero coherence of
distillation.[9] Hence, it emerges that zero relative entropy of coherence on a local Alice’s measurement implies zero coherence
Q
cost, RI (𝜌A ) = 0 ⇒ RCI (𝜌A ) = 0 and then zero quantum discord,
that is, there exists at least a measurement on Eve’s side which
does not change the state. We also observe that the state 𝜌′AE is always separable. Thus, the quantum advantage in accessing nonlocal information about a correlated party measurement is here
genuinely due to quantum discord, rather than entanglement.
3.2. An Example
To clarify the result, we consider the following example inspired
by the cryptographic scenario of the BB84 protocol.[26] Alice processes two bits information representing eigenbasis and polarization of a quantum state 𝜌A . If the basis bit is 0 (1), she prepares the state in the X (Z) basis, while if the polarization bit is
0 (1), the state has polarization up (down) in the chosen eigenbasis. To set the notation, if the two bits are 00, 01, 10, 11, Alice
prepares |0⟩, |1⟩, |+⟩, |−⟩, respectively. Let us suppose the probability of choosing each state is equal, and that Alice sends the
quantum state to Eve, who tries to guess the state. Then, the state
shared by Alice and Eve is given by

{qE }
i

measures the least possible disturbance of a measurement with
probability distribution {qEi } on the E party. Simple algebra steps
Adv. Quantum Technol. 2019, 2, 1900053

(28)

𝜌′AE =

1900053 (5 of 7)

1
(|00⟩⟨00| ⊗ |0⟩⟨0| + |01⟩⟨01| ⊗ |1⟩⟨1|
4

(29)

+ |10⟩⟨10| ⊗ |+⟩⟨+| + |11⟩⟨11| ⊗ |−⟩⟨−|)
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Equivalently, we can consider that Alice and Eve initially share a
pure state
|𝜓⟩AE

1
= (|00⟩|0⟩ + |01⟩|1⟩ + |10⟩|+⟩ + |11⟩|−⟩)
2

and the prepared state 𝜌′AE can be obtained by measuring
Alice’s subsystem of |𝜓⟩AE in the computational basis, I =
{|00⟩, |01⟩, |10⟩, |11⟩}. Note that, as we consider the case where
Alice has two qubits in her system, the randomness against Eve
should be 0 ≤ RI ≤ 2. Therefore, Eve’s information about Alice’s
measurement outcome is equivalent to considering the coherence of
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Q

The two quantum coherence measures are RI (𝜌A ) = 1 and
RCI (𝜌A ) = 3∕2, the latter obtained being via numerical optimization. Hence, the quantum discord of the post-measurement state
is DE (|𝜓⟩AE ) = 1∕2, measuring how much extra information Eve
can obtain by performing coherent measurements than independent measurements of multiple copies of 𝜌′AE .

4. Conclusion
Given the twofold uncertainty of a quantum measurement, we
provided an operational interpretation to the genuinely intrinsic randomness about a measurement performed by an observer
Alice, which we quantify with the relative entropy of coherence,
as the minimum uncertainty about the outcome by a quantum
correlated party Eve. We then compared the result to an alternative strategy to quantify quantum coherence by a convex roof
extension of the Shannon entropy. The gap between the two
strategies is equal to the discord of the bipartite state shared by
Alice and Eve. The result provides a new link between single
system quantumness and quantum correlations even in separable states, which was inspired by previous studies on the tradeoﬀ between local and global quantum properties.[27–34] Following
this line of thinking, other interesting scenarios where the interplay between coherence and correlations should be investigated
is in the context of physical limits to privacy and to communication, for example, data hiding protocols.[35–39] Another potential avenue of further research is the extension of the result to
the multipartite setting, that is, to determine a link between local
coherence and genuine multipartite quantum correlations. Note
that in this paper, we only consider the uncertainty of a projective measurement (computational basis measurement), it is also
interesting to explore the uncertainty of a general quantum measurement instead of projective measurement.[40] Quantum coherence is also connected to the generated randomness with the extraction process.[12,41]
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