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Abstract We construct a family of error-correcting pooling designs with the inci-
dence matrix of two types of subspaces of symplectic spaces over finite fields. We
show that the new construction gives better ratio of efficiency compared with previ-
ously known three constructions associated with subsets of a set, its analogue over a
vector space, and the dual spaces of a symplectic space.
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1 Introduction

Given a set of n items with some defectives, the group testing problem is asking
to identify all defectives with the minimum number of tests each of which is on
a subset of items, called a pool, and the test-outcome is negative if the pool does
not contain any defective and positive if the pool contains a defective. A pooling
design is a grouping testing algorithm of special type, also called nonadaptive group
testing, in which all pools are given at the beginning of the algorithm so that no
test-outcome of one pool can effect the determination of another pool. The pooling
design has many applications in molecular biology, such as DNA library screening,
nonunique probe selection, gene detection, etc. (Du and Hwang 2006; Du et al. 2006;
D’yachkov et al. 2005).

A pooling design can be represented by a binary matrix whose columns are in-
dexed with items and rows are indexed with pools; an entry at cell (i, j) is 1 if the
ith pool contains the jth item, and 0, otherwise. Consider a sample with defectives
Jis j2, .., ja. If we look each column j as the set of all pools that contain item j,
then the test-outcome is the union of columns ji, ja, ..., jg. A pooling design that
can identify up to d defectives must have different test-outcomes for all possible sets
of at most d defectives, that is, for all subsets of at most d columns, their unions are
different. Such a binary matrix is said to be d-separable. For a d-separable matrix,
decoding from a test-outcome to determine all defectives is not efficient. The best
known algorithm runs in time O (%) where n is the total number of items and if
N P # P, there does not exist a decoding algorithm with running time polynomially
with respect to d.

To have an efficient decoding method, one usually construct pooling designs with
a little stronger property that each column cannot be contained by the union of other
d columns. Such a binary matrix is said ton be d-disjunct. With d-disjunct pooling
design, decoding is very simple. Remove all items in negative pools. The remaining
items are all defectives.

In practice, test-outcomes may contain errors. To make pooling design error toler-
ant, one introduced the concept of d°-disjunct matrix (Macula 1996). A binary matrix
M is said to be d®-disjunct if given any d + 1 columns of M with one designated,
there are e + 1 rows with a 1 in the designated column and O in each of the other d
columns. The d%-disjunctness is actually the d-disjunctness. D’yachkov et al. (2007)
proposed the concept of fully d°-disjunct matrices. An d®-disjunct matrix is fully
d-disjunct if it is not c?-disjunct whenever ¢ > d or b > e.

There are several constructions of d°-disjunct matrices in the literature (Balding
and Torney 1996; Erdos et al. 1985; Guo 2009; Huang and Weng 2004; Li et al. 2009;
Macula 1997; Nan and Guo 2009; Ngo and Du 2002; Zhang et al. 2008, 2009). In
this paper we present a new construction associated with subspaces in IP’,(IZV) . We
show that the ratio between the number of pools and the number of items for our
new construction is better than those in D’yachkov et al. (2005), Macula (1996) and
Zhang et al. (2008). We find it smaller under some conditions.
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2 The symplectic space

In this section we will first introduce the concepts of symplectic space, and then
introduce some counting formulas in the symplectic space.

Let IF, be a finite field with g elements, where g is a prime power, let F ;2”) be the
2v-dimensional row vector space over I, and let

0o IV

The symplectic group of degree 2v over IF,, denoted by Sp»,(IF,), consists of all
2v x 2v nonsingular matrices T over I, satisfying T K TT = K. There is an action

of Sp2, (IFy) on IF((IZU) defined as follows:

(2V) (2v)

x Spay(Fy) —> IF

((xl,x2, e ,x2v)y T) > (XI,XZ, e ’XZV)T'

The vector space IE‘((IZV) together with the above group action of the symplectic group
Sp2v(IF,), is called 2v-dimensional symplectic space over F.

Let P be an m-dimensional subspace of ]F;zv), denote also by P an m x 2v matrix
of rank m whose rows span the subspace P. An m-dimensional subspace P is said
to be of type (m,s) if PK P’ is of rank 2s. In particular, subspaces of type (m, 0)
are called m-dimensional totally isotropic subspaces, and subspaces of type (2s,s)
are called 2s-dimensional non-isotropic subspaces. By (Wan 2002, Theorem 3.22)
we know that subspaces of type (m, s) exist if and only if 2s <m < v 4 s. Denote by
M(m, s; 2v) the set of all subspaces of Ffizu) of type (m, s). Then we have

Proposition 2.1 (Wan 2002, Theorem 3.18) Let2s <m <v +s. Then

21
H}) V4§ — m+1(q -1

|M(m, s 2l))| — qzs(\)-‘rS—m) —-
[T-1¢* = DI @' =1

Denote by M(m1, s1; m, s; 2v) the set of all subspaces of type (m1, s;) contained
in a given subspace of type (m, s), and denote by M’ (m1, s1; m, s; 2v) the set of all
subspaces of type (m, s) containing a given subspace of type (m1, s1). Then we have

Proposition 2.2 (Wan 2002, Theorems 3.26 and 3.37) M(my,s1;m,s; 2v) (resp.
M'(m1, s1;m, s;2v)) is non-empty if and only if

2s <m <v—+sand max{0,m; —s —s1} <min{m — 2s, m| — 2s1}. (1)

To deal with the disjunct property in Sect. 3, the following counting results are
included for later reference.
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Proposition 2.3 (Wan 2002, Theorem 3.27) Suppose that (1) holds. Then

min{m—2s,m1—2s1}
|M(m1, spim,s:20)] = Z q231(s+sl—m1+k)+(m1—k)(m—2x—k)
k=max{0,m;—s—s1}
2 1
1_[1 =545 m1+k+l(q _I)H;nmSZY 1@ —1
—2 k
n (@ = DT g = DTz @ =D

Proposition 2.4 (Wan 2002, Theorem 3.38) Suppose that (1) holds. Then

min{m—2s,m—2s1}
. . 2 s— s+s1— k 2v—m—k —2s1—k
IM (my,s1;m, s;2v)| = Z q (vts—m)(s+s1—m|+k)+Q2v—m—k)(m—2s1—k)
k=max{0,m;—s—s1}
vtsp—m] 21 m1—2s] 1
[12 Sts1— m.+k+1(‘1 _1)H1 m|—2s1—k+l(q -1

5" @ = DI @' = DTz @ =D

Theorem 2.5 For 1 <m < v, the sequence | M(2m, m; 2v)| is unimodal and gets its
peak atm = | 5| or L”THJ.

Proof By Proposition 2.1 we have

|M@ma, m2; 2v)] — ,2(may—m)(v—ma—my) (q2(v—m2+l) 1) (q2(u—m1) - 1)

IM@2my, my;2v)| (@2m+D 7). (g2m2 — 1)

If |2 ] <my <moy < v, then IM(2ma, ma; 2v)| < [MQ2my,my; 20)|. If 1 <my <
my < | 5], then [M(2ma, ma; 2v)| > |[MQ2my, my;2v)|. O

3 The construction

In this section, we construct a family of inclusion matrices associated with subspaces
of IF,(Izv), and exhibit its disjunct property.

Definition 3.1 Given integers 1 <r <m < v. Let M (r, 2m; 2v) be the binary matrix
whose rows (resp. columns) are indexed by M(r, 0; 2v) (resp. M(2m, m; 2v)). We
also order elements of these sets lexicographically. M (r, 2m; 2v) has a 1 in row i and
column j if and only if the i-th subspace of M(r,0;2v) is a subspace of the j-th
subspace of M(2m, m; 2v).

By Propositions 2.1, 2.3 and 2.4, M(r, 2m; 2v) is a |[M(r, 0; 2v)| x |IM@2m, m;
2v)| matrix, whose constant row (resp. column) weight is | M’ (r, 0; 2m, m; 2v)| (resp.
|IM(r, 0; 2m, m; 2v)|). Theorem 2.5 tells us how to choose m so that the test to item
is minimized.
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Theorem 3.2 Let 1 <r <m < v, and let § = |M(r,0; 2m, m;2v)|, y = |M(r,0;
2m—1,m—1;2v), 8§ = |M(r,0;2m —2,m — 1;2v)|, & = [IM(r,0;2m —2,m — 2;
2v)| and o = max{y — 8, y — &}. Then the following (i)—(iii) hold:

() For m=2and m >r + 1, if 1 <d < [EZX=L) 41, then M(r,2m;2v)
is d®-disjunct, where e = 8 — y — (d — 1)a — 1. In particular, if 1 <d <
min{| £ 41, g + 1), then M (r, 2m; 2v) is fully d°-disjunct.

(i) Form >2andm =r,if1 <d < L%J, then M (r,2m; 2v) is d®-disjunct, where
e=pB—dy — 1. Inparticular, if 1 <d < min{L%J, q + 1}, then M (r, 2m; 2v)

is fully d°-disjunct.
(iii) Form=1,if1 <d <gq, then M(1, 2; 2v) is fully d®-disjunct, where e = q — d.

Proof (i) Let C, Cy, Ca, ..., C4 be d + 1 distinct columns of M (r, 2m; 2v). To ob-
tain the maximum numbers of subspaces of M(r, 0; 2v) in

d d
CﬂUCi =U(cmc,-),
i=1

i=1

we may assume that dim(CNC;) =2m — 1 and dim(CNC; NC;) =dim((CNC;)N
(CNCj)) =2m — 2 for any two distinct 7 and j, where 1 <i, j <d. Since C is
a 2m-dimensional non-isotropic subspace of ]Fffu), CNC;(resp. CNC;NCj)isa
subspace of type (2m — 1, m — 1) (resp. type 2m —2,m — 1) or type 2m —2,m —2))
of ]ngv) by Proposition 2.2. By Proposition 2.2, § > 0 and & > 0. By Proposition 2.3,
the number of subspaces of C not covered by Cy, C», ..., Cy is at least

B—dy+(d—1)xmin{8,§} =B -y — (d - Da.

Hence, we may take e = 8 — y — (d — 1) — 1 under the assumption that d. Since

e > (0, we obtain
—y -1
d< V}#J Y
o

Now we show that the maximal dimension of C N U?:l C; is achieved by an
explicit construction. For C N Cy, by Proposition 2.3, |IMQ2m —2,m — 1;2m — 1,
m—1;2v)| > 1 and |IMQ2m —2,m — 2;2m — 1,m — 1; 2v)| > 1. Hence there ex-
ists a (2m — 2)-dimensional subspace contained in C N Cy, denoted by P, such that
the number of r-dimensional totally isotropic subspaces contained in P is equal to
min{é, £}. By (Wan 2002, Corollary 1.9), the number of (2m — 1)-dimensional sub-
spaces containing P and contained in C is equal to g + 1, and each of these sub-
spaces is a subspace of type 2m —1,m —1). For 1 <d < min{Lﬁ_Z_lj +1,qg+1},
we choose d distinct (2m — 1)-dimensional subspaces between P and Cy, say P;
(1 <i <d). Since |IM'2m — 1,m — 1,2m,m;2v)| > 2 by Proposition 2.4, for
each P;, we can choose a 2m-dimensional non-isotropic subspace C; such that
C N C; = P;. Hence, each pair of C; and C; overlap at the same subspace P. There-
fore, (i) is proved.

For (ii), 6 = 0 by Proposition 2.2, and then « = y. For (iii), if m = 1, then r = 1.
Both cases can be proved similar to that of case (i), and will be omitted. Il
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4 Comparison of test efficiency

Erdos et al. (1985) give a formula that 7(d, n) > d(1 4+ o(1)) Inn, where ¢(d, n) de-
notes the minimum number of rows for a d-disjunct matrix with n columns. To take
t/Inn as a measure of the construction of d°-disjunct matrix is meaningful.

From ¢(d,n) > d(1 + o(1)) Inn, we know that the smaller the value of ¢/1Inn is,
the better the pooling design is. Since 7/Inn can be converted to t/n under some
conditions, we can take 7/n as a measure of the construction is, where ¢ denotes the
number of tests, i.e., the number of rows of inclusion matrix, n denotes the number
of detected items, i.e., the number of columns of inclusion matrix.

In this paper, assume that the test efficiency is 7/n, then

t M 0;20)] H:" 1(qz" - 1)

no |MQm,m;2v)| gm=m T2 m+l(q ~ DT, ¢ — D

D’yachkov et al. (2005) constructed with subspaces of F,, where ¢ is a prime
power. Each of the columns (resp. rows) is labeled by an k (resp. d)-dimensional
subspace of Ff;), where d < k < s, m;j =1 if and only if the label of row i is con-
tained in the label of column j. In order to compare with ¢/n, let s = 2v, d = r and
k =2m. Assume that the test efficiency is #; /n, then

h szmr+1(qi -1

2
n l_[ v21f 2m+l(q - 1)

Macula (1996) proposed a way of constructing d-disjunct matrix which uses the
containment relation in a structure. More specifically, let S = {1, 2, ..., s} be the base
set, then each of the columns (resp. rows) is labeled by a k (resp. d) subset of S, where
d <k <s,m;; =1if and only if the label of row i is contained in the label of column
j . In the same way, let s = 2v, d =r and k = 2m. Assume that the test efficiency is
t2/ny, then

no @m)---(r+1)

n Qu—r)---Qu=2m+1)

Zhang et al. (2008) constructed a d*-disjunct matrix with subspaces in a dual space
of the symplectic space F((IZ‘Y), where ¢ is a prime power. Each of the columns (resp.
rows) is labeled by subspaces of type (k, 0) (resp. subspaces of type (d, 0)) which
are contained in POJ- and containing Py, where mo <d < k < s and Py is a given
subspace of type (mg, 0), m;; = 1 if and only if i is contained in j. In the same way,
lets —mog=v,d —mg =r and k —m = 2m. Assume that the test efficiency is #3/ns,
then

5 _ %G =D
n3 Hi=u72m+1(q -1

Theorem 4.1 If2v —3m <0 and r*> +r —4m > 0, then ;;:I ﬁ.lfﬁ)—
qr r—am
t/n 1
3m>0andr +r—6m20,thentl/nl<m.

@ Springer



J Comb Optim (2010) 20: 413-421 419

Proof If 2v —3m <0 and r*> + r — 4m > 0, then we have

t/n _ 1_[[ l(q +1)]_[ 21) 2m+1(q _1)
n/n q2m(v ™) Hz =v— m+1(q2’ _1)1_[1 m+l(q - D
2 2
_ [Tz (q" + Dg" "2 T 5,06 = DI i@ =D
q2m(v m)+m(3m—2v) Hl o m+1(612' _1) Hi:r+1(q _1)
H L+ DT m+1(‘11_1)
qu 1_[1 =v— m+1(q _1)
2
- [Tsiq" ' T m+1‘1
C[ 1_[1 v— m+lqzl !

1
- g Hr=am2

If 2v — 3m > 0 and r2 + r — 6m > 0, then we have

+1
t/n - [T T o @
tl/nl q2m(v m) 1_[1 1 q2l lni:m+lqi_l

1
= q(r2+r—6m)/2' O

Example 4.2 Letm =r =4,v==6and g =2. Then t%’; %,

Theorem 4.3 Let 0 =m(4v —2m —2) — 2rv+rQ@Br 4+ 1)/2. If 2v — r < 2m and

0 >0, then tz’j—gz L If2v—r>2m, 60 >0and q > (R220EL2n=n/0 then
l;;zz (2\) 2m+1)2m r/q

Proof If 2v —r <2m and 6 > 0, then we have

t/n _n?zl(q"+1)1‘['.’1_,+l(q"—1)><(2u-r)-~(2v—2m+1)

n/ny g*m = 21 (g% = D x 2@m) - (r + 1)
[TZ 1‘1l+11_['_r+1‘11

ol | Y L

1

q%

If2v—r>2m,0 >0and g > (%)(2’"”)/9, then we have

t/n :]—[:"zl(q"—i-l)]_[m_rﬂ(qi—l)x(2v—r)~~-(2v—2m+1)
n/ny g2mv=m [0 (g% — 1) x 2m)---(r + 1)
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| AR § q" <2v —2m + 1>2’""
X

q2m(v m) l_[l—v m—+1 q r+1

2v=2m+1\2m—

(%) m—r

qa O

Example 4.4 Letm=r=3,v=6andg=2.Then2v —r=9>6=2m, 0 =9,
Qv—2m+1)/(r +1)=7/4and 2 > (7/4)3/°. Now - < T

njng <215

Theorem 4.5 If m > 2, then ;5 <~

Proof If m > 2, then we have
t/n TI@" + DT 2mi1 @ =D
t3/n3 qu(v—m) H?;”m+l(qi D)

1
- | | Y
q2m(v m) Hzm i—1

+194

1
= gm@m=3)" O

Example 4.6 Let m =3 and g = 2. Then 13?% %,
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