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Abstract. Quantum coherence characterizes the non-classical feature of a single party
system with respect to a local basis. Based on a recently introduced resource framework,
coherence can be regarded as a resource and be systematically manipulated and quantified.
Operationally, considering the projective measurement of the state in the computational basis,
coherence quantifies the intrinsic randomness of the measurement outcome conditioned on
all the other quantum systems. However, such a relation is only proven when randomness
is characterized by the Von-Neumann entropy. In this work, we consider several recently
proposed coherence measures and relate them to the general uncertainties of the projective
measurement outcome conditioned on all the other systems. Our work thus provides a
unified framework for redefining several coherence measures via general conditional entropies.
Based on the relation, we numerically calculate the coherence measures via semi-definite
programming. Furthermore, we discuss the operational meaning of the unified definition.
Our result highlights the close relation between single partite coherence and bipartite quantum
correlation.
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1. Introduction

Quantum coherence is one of the most fundamental non-classical features of quantum
systems [}, 2, 13]. Considering a d—dimensional Hilbert space H in a computational basis
I = {|i) }izo,... a—1. coherence characterizes the superposition property between different basis
states. Given a pure state p = [¢) (¢, where |¢0) = >". a; |i) and Y, |a;|* = 1, the amount of
coherence C'(p) can be defined by the Shannon entropy of the probability distribution {|a;|*},
or alternatively S(A(p)) with A(p) = >, |9) (i| p|4) (i| being the dephased state of p and
S(p) = — Tr[plog, p] being the Von Neumann entropy. From the perspective of quantum
random number generation, quantum superposition in a local basis allows us to extract true
randomness (i.e. secure random bits) from a quantum state by performing measurement in
that basis. It is shown that the randomness of a pure state |¢)) with respect to the I basis is
also given by S(A(|¢) (])) [4}5]. Thus, coherence not only characterizes the superposition
in the computational basis but also quantifies the randomness or uncertainty if we measure
the state in the same basis. This definition cannot be directly generalized to mixed states as
C(p) = S(A(p)) by naively considering the whole randomness of measurement outcome.
Such a definition will lead to a contradiction that the maximally mixed state even has the
maximal amount of coherence S (13", [i) (i) = log,d. In general, if a state is only a
mixture of the basis states, such as § = >, d; |¢) (4], it can be prepared in a classical way
without involving any coherence or superposition, and hence produces no true randomness by
measuring it in the I basis. Therefore, the coherence of ¢ should be zero in the I basis and we
need a more sophisticated definition of coherence for general mixed states.

On the one hand, coherence frameworks [6, [/] are proposed by considering coherence
as a resource of superposition. Focusing on the I basis, we define incoherent state as
d = ), 6;|t) (i| and consider it as zero resource state, i.e. state with zero coherence. The
incoherent state set is denoted by Z = {d|0 = ). 0, |i) (i|}. Furthermore, the incoherent
operation is defined as a physically realizable operation that only transforms incoherent states
to incoherent states. Based on the definitions of incoherent state and incoherent operation, a
general resource theory of coherence is completed by defining coherence measures as a real-
valued function C'(p) that satisfies several requirements. The advantage of this framework
is that coherence can be studied in an abstract and systematical way. Coherence measures
can be mathematically proposed and proven, such as the relative entropy of coherence [7],
the coherence of formation [6, 8], and the robustness of coherence [9)]. Furthermore, the
resource theory of coherence supplies a basic framework for studying its relationship with
general quantum correlations [10, (11} [12, [13} 114} [15} [16, [1'/] and probing general coherence
properties [[18} 19} 20, 21}, 22, 23 24, 25, 26]]. We refer to Ref. [27, 28] for reviews of recent
developments of the resource theory of coherence.

On the other hand, coherence can be understood as the intrinsic randomness by
measuring the state in the computational basis [8, 29, 30, 31, 32, 33]. Denote the
system we study as A, then the coherence of p4 quantifies the intrinsic randomness of the
measurement outcome in the computational basis. More rigorously, the intrinsic randomness
is defined as the unpredictable randomness which is secure from the attack by any other
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systems. Specifically, considering a system F that holds the maximal information of A,
i.e., a purification of state p4, the intrinsic randomness is given by the uncertainty of the
measurement outcome conditioned on the information of system E.

In previous works, the uncertainty is characterized by the conditional Von-Neumann
entropy. Here, we generalize the results to general conditional entropies. We consider
coherence measures including the relative entropy of coherence [7]], coherence of formation
[8], geometric coherence [11], two recently proposed coherence measures [34, 35], and a
new coherence measure—the min-entropy of coherence. Then, we redefine them in a unified
picture by relating to general conditional entropies. In the following, we will first review the
coherence framework and coherence measures in Sec. Then, we rephrase the coherence
measures via the corresponding conditional entropy in Sec. 3] In Sec. §] we propose a
numerical method to calculate the coherence measures via semi-definite programming. We
discuss the operational meaning of the new definitions in Sec. [5|and summarize in Sec. [6]

2. Coherence measures

In this work, we mainly focus on the resource framework of coherence proposed in Ref. [7].

2.1. Coherence framework

Considering a d—dimensional Hilbert space # with a computational basis {|i) }i—o,... 4—1, the
set of incoherent states is defined by

T {515 = Y2810 b} M)

Meanwhile, the maximally coherent state is defined as

1 d—1 ;
= — Wi g 2
|¢d> \/C_l Zz; € |Z> ) ( )

where ¢; is an arbitrary phase on basis |i). Incoherent states can be understood as free states;
while incoherent operations is similarly defined as free operations. In general, there are several
different definitions of incoherent operations [36]. In this work, we focus on the Incoherent
Operation (10) proposed in Ref. [7]], which is defined as a CPTP map A(p) = > K,pK}
such that K,,0 K|/ Tr[K,0K]] € T for all n and § € Z. Meanwhile, we also consider the
Maximal Incoherent Operation (MIO) [6] that is defined as a CPTP map A(p) such that
A(d) € Z forall § € Z. 1t follows from the definition that IO C MIO.

In general, the amount of quantum coherence of a state p is characterized by a
nonnegative real-valued function C'(p) which satisfies the following properties:

(Cl) C(p) > 0,Vpand C(§) = 0iff § € Z;

(C2) Monotonicity: coherence cannot increase under MIO or IO map A, i.e., C(A(p)) <
C(p);
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(C3) Strong monotonicity (with post-selection): for any A € 10 with Kraus operators { K, },
coherence cannot increase on average under post-selection, i.e., >, p,C(p,) < C(p),
where p, = K,pK /Tr [K,pK]];

(C4) Convexity: coherence cannot increase by mixing quantum states, i.e., C' (>, pnpn) <

Zn pnc(pn)-

Note that the strong monotonicity requirement (C3) is defined only for IO as the the Kraus
operators of MIO are not explicitly specified by definition. In general, when C'(p) satisfies
(C1) and either (C2) or (C3) but not (C4), we still consider it as a coherence monotone as it
may still play useful role in a practical task.
A general way of constructing coherence measures is by minimizing a distance function
over all incoherent states, that is
C(p) = min D(p,9), 3)

o€l

where D(p,¢) is a distance function satisfying D(p,d) = 0 if and only if p = 0 |{} For
instance, considering the relative entropy as the distance function D(p,0) = S(p||lo) =
Tr[plog, p] — Tr[plog, o], we can define the relative entropy of coherence [[7],

Cr(p) = min 5(p[|d) = S(A(p)) = S(p)- )

The relative entropy of coherence measures the asymptotic rate of coherence distillation
under IO [37]. We refer to Appendix A for more information about asymptotic and one-shot
coherence conversion. Suppose the distance function is defined by D(p,0) = 1 — F(p,0)
where F'(p,0) = (Tr [ \/ﬁa\/ﬁ} )2 is the fidelity between p and o, we obtain the geometric
coherence [38]],

Cylp) = min (1 - F(p,d)). (5)
Furthermore, considering the distance function as the max and min quantum Renyi divergence
D(p,0) = Duax(pllo) = logymin{A € R|p < Ao} and Duin(pllo) = —logy Fi(p,0),

respectively, we can define the max and min-entropy of coherence Cy.x(p) and Cpin(p) as
max = 1mi Dmax d )
Cinax(p) = min Dinax (p|19)

Clui = min D, ) ©)
mm(ﬁ) —%161%1 mm(pH )

Here the max-entropy of coherence is used in Ref. [35] to characterize the one-shot coherence
dilution under MIO and the min-entropy of coherence is a new coherence measure that
characterizes one-shot coherence distillation under 10 [§]

Alternatively, another way of defining coherence measure is via the convex-roof
construction. For instance, the coherence of formation C f( p) [6,18] can be defined by

C = mln ij W)g |)) (7

{p]>

1 Note that we do not require the triangle inequality for the distance function by following the convention from
Ref. [[7]].
§ This work is under preparation.
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Here, the minimization is over all possible decomposition of the state p as p =
>~ Pj [¥;) (;]. Coherence of formation measures the asymptotic rate of coherence dilution

under 10 [37]. Suppose [1;) = Zf;ol a;j |) and denote T} to be the number of nonzero

elements in {ag;, - - - , aq—1}, we can also define another coherence monotone Cy(p) as
Co(p) = min maxlog, T;. (8)
tpjsldi)y

The coherence monotone Cy(p) measures the one-shot coherence dilution rate under 10 [35]].

2.2. Properties of coherence measures

In this work, we focus on the six coherence measures C,, C,;, Crax, Cmin, Cf, and Cj.
The proofs that they satisfy the properties (C1) — (C4) can be found in the corresponding
references. Here, we only prove that the new coherence measure C\,;, satisfies the properties
(C1), (C2) and (C4).

Theorem 1. The function Cy,;,(p) is a coherence monotone satisfying (Cl1), (C2) and (C4).

The proof of the theorem is left in Appendix B. In addition, we show that there exists an
relationship among the six coherence measures or monotones.

Theorem 2. For any quantum state p, we have Cy(p) < Cuin(p) < Cr(p) < Chax(p) <
Co(p) and C(p) < Cy(p) < Co(p)-

Proof. First note that Cy(p) = 1 — 2~ Cmin(P) from the definitions of Cy and Cyi,. Since
1—27% < g forall z > 0, we have Cg(,o) < Chin(p). Next, we use the monotonicity of the
generalized o-Renyi divergence

Dalpller) = —— oy (Tx [ (' 0 ') ]) )

which is non-decreasing with respect to « [39]. Since Dyin(pl|o), D(p||o) and Dyax(pl|o)

correspond to av — %, 1, 0o, respectively, we know that Vp, o,

Duin(pllo) < D(pllo) < Dmax(pl|o). (10)

Taking the minimization over § € Z on each side, we obtain Ciin(p) < Cr(p) < Chax(p).
Furthermore, since I0 C MIO and Cy,.x(p) and Cy(p) correspond to the one-shot dilution
rate under MIO and IO, respectively [35], we know that Ci,.x(p) < Co(p).

For the second inequality, according to Ref. [37], C,(p) and C¢(p) correspond to the
asymptotic coherence distillation and dilution rate under 10, which indicates that C..(p)
Cr(p). As Cy(p) corresponds to the one-shot dilution rate under IO, we thus have C(p)
Co(p)-

We also note that, at the moment, the relationship between Cy(p) and Chax(p) is

<
<

unknown. O]
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3. Coherence measures via conditional entropies

In this section, we rephrase all the six coherence measures in an unified framework via
conditional entropies.

3.1. Conditioned on quantum information

Denote the system we study as A which acts on a d4 dimensional Hilbert space H 4, and
the quantum state as p,4 that is from the state set D(7{4). We also consider another system
E and a larger state |¢)) ,, that purifies py, that is, ps = Trg[|Y) 4 (Y] 4] With partial
trace Trg over system E. As system £ purifies system A, it already holds the maximal
information about system A and hence state p4. As the coherence of p, is defined on
the local basis I4 = {|ia)}i =0 4,—1, We consider a measurement on system A on the
basis 4. Equivalently, we can consider a dephasing channel and describe the state after the
measurement on [[4 as

pxa8 = Dal|¥) 45 (Vlap)
=D (i) (il @ I2) 1) ap (14 (i) $ia] © Tis). o

Here I is the identity matrix on system E, px , g is a classical-quantum state, and X 4 denotes
the system of classical outcomes for the measurement. In the following, we will relate the six
coherence measures to a general conditional entropy of the state px , 5.

First, we consider the relative entropy of coherence C.(p4) and the Von-Neumann
conditional entropy H(A|B),,, = S(pas) — S(pp). According to Ref. [40, 29], we can
re-express C,(p4) as a conditional entropy H (X 4|E)

PXAE?

Cr(pa) = H(Xa|E) (12)

PXLE"

The operational meaning of the above definition is that H(X4|FE) measures the

PX AE
randomness of the measurement outcome X 4 conditioned on system £. As system E holds
the purification of system A before the measurement, C,.(p4) thus describes the unpredictable
randomness conditioned on all other quantum systems.
Now, we focus on Ci, (p) and Chax (p) and the conditional min and max entropy defined
as
Huin(A|B),,, = max{\ € R|3op € D(Hp) : pap < 27 M 4 ®op},

13
Hpax(A|B),,, = maxlog, F(I4a ® op, pag). (13)
oB

We show that Cin(p), Cmax(p) and Cy(p) can be defined by the conditional min and max
entropy of px, g.

Theorem 3. Let py be a quantum state in D(H ) and let px , g be defined in Eq. (L1)), then

we have
CmaX(pA) = HmaX(XA|E)PXAE7

Cmin(pA) = Hmin(XA|E)pXAE7 (14)
Cylpa) =1 — 27 TminlXalBhex s
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To prove the result, we first introduce the isometry

V=2 lia)x, ® lia) (ia] ® Ip, (15)

which maps systems AFE to X 4AFE. Under this map, one can equivalently understand X 4 as
the measurement outcome and A as the state after measurement. Then, the dephasing operator
can be equivalently expressed as

Aa([) ap Wlag) = Tra [V V) 4 (Yl ag VT} . (16)

With this new definition, we first prove the following lemma.

Lemma 1.
Dinax(p]|0) = Danax(VpVT||[VaVT) (17)

for any isometry V that satisfies VIV = I.

Proof. First of all, we prove that p > 0 if and only if VpVT > 0. The only if part is
obvious. For the if part, ¥ |¢), since VpVT > 0 we have (¢| VI(VpV 1)V |¢) > 0, therefore
(¢l p|#) > 0 and we have p > 0.

Since
Mo—p>0eV(heo—pVI>0 (s)
S A\VeVT—VpVT >0,
we conclude that Dy (p||0) = Dpax(V pV ||V VT). O
Notice that the fidelity is also invariant under isometric channel, i.e.
F(p,0) = F(VpV!,VaVT) (19)

where VIV = . Now, we prove Theorem

Proof. Suppose |1)) 4, is a pure state such that py = Trg[|Y) 45 (Y| 4p), then px,ap =
V |¥) 1 (¥] 4 V1 is also a pure state. From the duality between the conditional min and max

entropy [41], we have
Hmin(XA’E) = _HmaX<XA’A)7

Hmax(XAlE) = _Hmin(XA|A)~

We omit the subscript state since all systems are taken from the state px,4p. Let M =

(20)
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>0 19) x, ® 11 where IT; = |7) (j] 4, then px 4 = MpaM' and we have

Hmin(XA’E) = _HmaX<XA|A)

= log, F I
(2B OB s L ©)

= — max log, F(MpsM'" MM'Ix, ® c MM?)
c€ED(HA)

= — log, F(pa, MTT M
nax log, (pa, M'Ix, ® o M)

(21)
_ log, I 1011,
e log, <pA,zj: o J)

= —maxlog, F(pa,9)
= i Dyyin(p4|9)

- C(min (PA) .

The third line uses the fact that F'(p,0) = F(p,1I,01l,) and the fourth line uses Eq. (19).
Note that, a similar result of Eq. (2T)) can also be found in [40].
Similarly, we also prove the relation between C\,,,x and conditional max entropy.

Hmax(XA|E) - _HmIH(XA|A)

— min Dy I
,opin | Dima (Pxaalllx, ® o)

= min  Dyax(MpaMT||MM'Ix, @ cMMT)
c€D(Ha)

— ' Dmax MTI M
o | (pal|[M'Ix, ® o M)

(22)

= i Dy (p419)
= Cmax(pA)-

Here, the third line is because px, 4 is diagonal and the fourth line follows from Lemma
Finally, the proof for C; follows directly from its relation with Cypi. O

3.2. Conditioned on classical information

Now, we consider the coherence measures C'¢(p4) and Cy(pa). In the above analysis, the
conditional entropy is conditioned on the quantum information of system F£. Alternatively,
we can also consider the case where system £ performs a measurement Mg and obtain an
outcome Xp. Suppose My is a projective measurement on basis Jg = {|jg)}ip=0. ds—1,
then we can similarly define the measurement or the dephasing operator on system FE as
Ap(par) =2_;(Ia® |jr) (Jrl)par(1a ® |jE) (jr|). The state after the measurements on I 4
and J g becomes

PXaXp = Ay (AE(|¢>AE <77Z)|AE))
= 3" (lia) (ial ® i) Gl) [0) ap (] (lia) (ial ® i) Gsl), 2D

i,
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where the system Xy denotes the outcomes of measurement Mpy. Then, we can use the
conditional entropy of the classical-classical state px,x, to determine the coherence of
pa. Since px,x, depends on the measurement Mg of system £, we thus also consider
a minimization over all measurements Mpg. Especially, when using the conditional Von-
Neumann entropy, the coherence of formation can be given by [8],

Cy(pa) = min H(X4| Xp) (24)

PX A Xp?

where X4 and X denote the classical outcome of Alice and Eve’s measurement on joint
purification state |¢) ,,, respectively, and the minimization is over all measurements on
system FE. Here, we restate the proof of Eq. (24) in a more straightforward way than Ref. [8].

Theorem 4.

PXpAXp"

Cylpa) = min H(X4|Xp)

Proof. Suppose the initial state shared by A and E is |¢) .. After performing measurement
Mp, on system E, which is a projective measurement onto the basis Jz = {|jg)}, the state
becomes

PAXp = ij |3) (Wil 4 ® |iE) (el (25)

where {p;, |¢;)} is an ensemble of state p4. Let [¢);) = > .aj;|ia). Then we perform
measurement on the computational basis [4 = {|i4)} which results in the state

pxaxe = Y _pilajil®lia) (ial @ |je) (je| - (26)

J %

By definition,
H<XA|XE)pXAXE - S(pXAXE> - S(pXE)
= ij|aﬂ| logy ————
J| aji|

= ij A(lv5) (Ws1))-

Since a different measurement on system FE corresponds to different convex roof

1
Zp] Og2 ] (27)

decomposition of state p4, we conclude that

O( = min ij W’J |))

{pJ v J

= min H(X (28)
{pg7|¢g>} ( A’ >pXAXE

= %ZDH(XAXE%XAXE'



Quantum coherence via conditional entropy 10

For the coherence measure C,, we also have a similar result with the conditional O-

entropy
Hy(A|B),,, = max log, Tr [I1,,,, , (14 ® 0B)] . (29)

Here 11, denotes projection onto the support of p.

Theorem 5.
C(](p) = H]\}[i]EHHO<XA|XE)pXAXE. (30)

Proof. Similar to the proof of Theorem[d] we perform a measurement A/ on system £ which
leads to a state

PAXp = ij |15) (W51, ® i) (Bl (31)

where {p;, |¢;)} is an ensemble of state p4. Let [¢);) = > .aj;|ia). Then we perform
measurement on the computational basis I, = {|i4)} which results in the classical-classical
state

PXaXp = Z ij|aﬂ|2 |24) (il @ [iE) (B| - (32)
i
According to the definition of conditional 0-entropy,

%1;1 Ho(AlE)px, x, = In max{—Do(px ,xp|[1a ® op)}

e (33)
= min max logy Tr[Il,y (14 ® 0F))]

where 11 .. 1s the projection onto the support of px , x,, which can be written as

PX 4 X

Moo vy = > Laji # 0]]ia) (ial ® |jr) (jel (34)

Jst

where 1[X| = 1if X is true, and O otherwise. Any state o € D(Hp) can be expressed in
the basis {|jg)} as

Op = Z bijr e} (ikl - (35)
43’
Thus

Tr[HPXAXE ([A ® UE)]

=Tr Z bjjrLlag; # 0] [ia) (ial ® |jE) (jkl (36)

j
= byT;,
j

where 7; = > .1[aj; # 0]. Then we know that max,, log, Tr(Il,,,(I4 ® og)) =
max; log, Tj. Also, since the measurement chosen by system E corresponds to an ensemble



Quantum coherence via conditional entropy 11

of state p4, we have
Co(p) =  min maxlog, T}

{pildidy g
= r]r\141En mja,x log, T; 37

= HA}IZDHO(A]E)

PXAXp"

4. Computing the coherence measure via SDP

By definition, we can see that the relative entropy of coherence C..(p) can be easily computed.
However, none of the other five coherence measures C,, Crax, Cmin. Cy, and Cy can be
directly computed from the definition as they all involve a minimization procedure. In
literature, an upper and lower bound of the geometric coherence measure is proposed in
Ref. [42]. In this work, we focus on numerical calculations of C, Ciyax, Cinin based on the
unified definition in the last section. As C; and Cj are defined by conditioning on classical
information, whether they can be efficiently computed is still left as an open problem.

The main reason that we can efficiently compute Cy, Cpax, Cmin is based on the fact
that the conditional max/min entropy Hyin(A|B),,, and Hy.«(A|B),,, can be efficiently
computed via semi-definite programming (SDP) [43], that is,

Hin(A|B),,, = —log, OPT
where OPT = min Tr[og|

st. 4 ®op > pan
op ZO

PAB

(38)

Hyox(A|B),,, = log, OPT
where OPT = min p

PAB

s.t. plp > Traloas) (39)
oaB ® lc 2 pasc

oap > 0
w>0
In Eq. (39), papc is an arbitrary purification of pp.
Our result, Theorem 3, bridges the coherence measures and the conditional max/min
entropies. The numerical method to compute Cyin(p) and Chax(p) by SDP is described as
follows.

Cmin(p) - Hmin(XA|E)

where p4r = Purification(p)

PXAE

px.e=TralVpapV'] (40)

V=> lia)x, ®lia) (ial © I
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. L |

C(p)

N -.-i

0.21

Figure 1. Coherence of the state p = v |+) (+] + (1 — 1/)% From above to below, the lines
correspond to Crax(p), Cr(p), Cmin(p), Cq(p), respectively.

Figure 2. Coherence of the state p = v/(|+) (+])®3 + (1 — l/)léﬁ. From above to below, the
lines correspond to Crnax(p), Cr(p), Cmin(p), Cq4(p), respectively.

Cmax(p) = Hmax(XA|E)pXAE

where p4p = Purification(p)

pxae = TralVpapV'] (41)

V=2 lia)x, ®ia) (ia] @ I

Note that the geometric coherence is related to the min-entropy of coherence as Cy(p) =
1 — 27 Cmin(P) 50 it can be computed via Eq. (#0) as well.

Here we show several examples of the calculation of different coherence measures.
First, we consider a type of symmetric mixed state in qubit case and high dimension case,
p=v|+) (+|+ (1 —v)Land p = v(|+) (+])® + (1 — v) L, respectively. The comparisons
of different coherence measures, Cryax(p), Cr(p), Cinin(p), Cy(p), are shown in Fig. (I and
Fig.[2] The order of the coherence measures as proven in Theorem [2]is also clearly shown.

Next we plot the coherence measures for all qubit states. A qubit p = ”TM is specified
by its coordinate 7 = (n,,n,,n,) on the Bloch sphere where ¢ = (X,Y,Z) are Pauli
matrices. We can also describe the coordinate by longitude ¢, latitude ¢, and distance to the

z-axis r. However, since coherence is defined on z-basis, the x and y basis are symmetric,
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(c) (d)

Figure 3. Coherence measures (a) Ciax(p), (b) Cr(p), (¢) Crin(p), and (d) Cy(p) for all
qubit states.

meaning that two states have the same amount of coherence if only their longitude are
different. So we can use two parameters [3, v to represent a state where § = [ is the latitude
is the normalized distance to the z-axis. Here both parameters (3, are in the

T

and 7= sin 0
range [0, 1]. We let the longitude ¢ = 0, then a qubit is specified by /3, vy as

1 = (ysin(Bm),0, cos(f)) . (42)

The results are presented in Fig. [3] where we can also see and compare the four coherence
measures.

5. Operational meaning

In this section, we study the operational meaning of the coherence measures that are defined in
the unified way via general conditional entropies. The quantum coherence of p4 characterizes
the unpredictable randomness of the state. That is, considering any adversary that is entangled
with p4, she has certain uncertainty, quantified by coherence measures, about the internal
property of p 4 in the coherence basis. This interpretation can be understood from the quantum
conditional entropies, where the conditional entropy of A conditioned on FE characterizes
some kind of uncertainty of F with respective to the information of the system A. Here
we show that beyond the conventional conditional Von-Neumann entropy, some of the
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generalized conditional entropies on a classical-quantum state defined in Eq. (T1)) also have
strong operational meanings.
Rewrite Eq. (T1) as follows,

pxae =Y _(lia) (ial ® In) [} op (¥ o (Jia) (ia] ® )

L | (43)
= " pilia) (ial ® pls.

where p; = Tr[|y) o (V] 4p (|ia) (4]l ® Ip)] and plp = ((ia] ® 1) ) 4p (V]4p (lia) @
Ig)/pi.  On the one hand, as described in Ref. [41], the conditional min-entropy
Hypin(X4lE),x , » Of a classical-quantum state px, z corresponds to the guessing probability
Dguess(Xal|E),

Hmin(XA|E)PXAE = —lognguess(XA|E). (44)

Here poyess(X 4| E) is the maximum probability that Eve could guess X 4 correctly according
to her system with an optimal measurement My = {E;},

Pauess(Xal E) = max > pi Tr(E,pl. (45)

AS Crin(p) = Huin(Xa|E)py , » With px, 5 being the dephased state defined in Eq. (L), we
thus derive an operational meaning of the coherence measure C,;,(p). Note that a similar
argument is also discovered in [40]].

On the other hand, the conditional max-entropy Hax(Xa|F) of a classical-quantum

PXAE
state px , g corresponds to the security of X4 when used as a secret key in the presence of

adversary F,
Hmax(XA’E)pXAE = 10g2psecr<XA|E>- (46)

Here the security of the secret key can be quantified by the maximum fidelity between px , g
and Ix, /| X4| ® pr where Ix, /| X 4| is the maximally mixed state which corresponds to the
uniform distribution and | X 4| is the alphabet size of X 4,

Pseer (Xl E) = | Xa|max F(px, g, Ix,/|Xa| ® o). 47)
OF

Here the state Ix,/|X4| ® og means that the key is uniformly distributed and independent
of Eve’s system. AS Hyax(Xa|E) is related to Ciax(p), we thus give an operational
meaning to Chax(p).

The operational meaning of the coherence measures Cy,in(p) and Chax(p) are both built

PX 4E

on that the adversary Eve is a quantum adversary which possess a quantum system that shares
entanglement with Alice’s state. In general, coherence measures that belong to this framework
can be expressed as

Calpa) = Ho(X4|E) (48)

PX 4 E

where H, denotes general conditional entropy and C|, denotes the corresponding coherence
measure. We expect similar results can be found for other «.
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Instead, we can also consider Eve to be a classical adversary and build the corresponding
framework of conditional entropy with Eve’s system being a classical random variable. In this
case, we require that Eve performs a measurement My on her local basis {|jz)} and infers
Alice’s information from her own measurement result. Following Eq. (23), after both party’s
measurement, the resulting state is a classical-classical state

pxaxe = 2 Y pilagil® lia) (ial @ i) (el (49)
7 [

where p; = Tr [[6) s (] 4 (I ® |ji) (Gel)] and a0 = ({ia] © (i) [0) 4 / /5. In the
classical adversary framework, coherence measures are expressed as

Oa(pA) = I]I‘IJIEH Ha(XA‘XE)PXAXE' (50)

Here the minimization over Mg denotes the optimal strategy of Eve’s measurement which also
corresponds to the decomposition of Alice’s state. This is why coherence measures studied
in this work that belong to the classical adversary framework all have the convex roof form,
including C'(p) and Cy(p). The measure C/;(p) is regarded as the intrinsic randomness of the
state against classical adversary [8]]. Meanwhile Ho(X4|Xp),y , y, is related to Cy(p) which
is a classical version of hypothesis testing [44]]. We also note that, since classical adversary
i1s weaker than quantum adversary, the uncertainty of a classical adversary should be larger,
meaning that coherence measures with the convex roof form are often larger than the ones
with distance form. This is also suggested in Theorem [2] Besides the coherence measures
studied in this work, whether other coherence measures possess operational meanings in the
conditional entropy framework is a remained and interesting open question.

6. Discussion

In this work we show the connections between coherence measures and generalized quantum
conditional entropies. Our result highlights the close relation between single partite coherence
and bipartite quantum correlation in a classical-quantum state. When represented in the
conditional entropy form, some of the coherence measures can be efficiently calculated
by semi-definite programming. Meanwhile, besides the operational meanings given by
expressing as conditional entropies, some of the coherence measures based on the a-Renyi
divergence also have strong operational meanings from the perspective of quantum resource
theory of coherence, such as coherence dilution and distillation, in both the asymptotic and
one-shot cases [37, 135 45]. For a general quantum state, the gap between the coherence
dilution and distillation ratios can be also calculated by our method. The result will
pave the way for studying the reversible properties of coherence resource under different
incoherent operations, such as the maximally incoherent operation [6], the dephasing-
covariant incoherent operations [46, 47], the incoherent operation [/] and the strictly
incoherent operation [37].

Besides the examples shown in this work, the relationship between other a-Renyi
divergence coherence monotones and quantum conditional entropies is still an open question.
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Moreover, through the connection of generalized quantum conditional entropies, our work can
provide links from the resource theory of coherence to other quantum information processing
tasks, such as entanglement cost and distillation [48, 49], randomness extraction 33, 30], and
security analysis of quantum key distribution [50, 51]]. These are directions for future work.
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Appendix A. Coherence distillation and dilution

The asymptotic distillation rate under general incoherent operation is defined as

> illation (2) = sup R, s.t., p®" 25 |w2>®”R asn — 00, — 0. (A.1)

distillation

The asymptotic dilution rate under general incoherent operation is defined as
. ®@nR O €
Stion(0) = Inf R s.t., [1he) """ =~ p®" asn — 0o, — 0. (A.2)

The one-shot distillation rate with ¢ error under general incoherent operation is defined

as
€

0 ¢
Gistilation () = suplogy d, s.t., p == [g) . (A.3)

The one-shot dilution rate with ¢ error under general incoherent operation is defined as

Giution () = inflog, d, s.t., |1g) %% ). (A4)

dilution

Here, p ~ o means that F(p,0) < 1 — ¢, [tbg) = \%Zf:—ol i) is the (canonical)
d dimensional maximally coherent state, and O can be an arbitrary class of incoherent
operation, such as 10 and MIO. For simplicity, we only give the results for exact one-

shot coherence transformation, that is, we define CSRht (o) = lim. o+ CSiggaion(P) and
cgneshot( ) = lim. 0+ Ciuion(2)- Under 10, we have
aitaion (7)) = Cr(p),
aiution (P) = C(p), (A5)
Cataton (2) = Crin(p),
Caitwion (P) = Co(p).
Under MIO, we have
distiltation (P) = Cr(p),
auion(P) = Cr(p), (A.6)
Cataton () 2~ Cinax (-

We refer to Ref. [37,135]] for more information.
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Appendix B. Proof of Theorem 1

Here is the proof of Theorem 1.

Proof. (C1) Let Ciin(p) = Dumin(p||0*). Using the property of fidelity, that is, F'(p,0) = 1
iff p = o, we know that
C’min(p)20<:>5|561', p:5

(B.1)
S pel.

(C2) To prove the monotonicity property, we notice that D, (p||o) is non-increasing
under quantum channel. Thus, we have
Crnin(p) = Diin(p]]07)
Z Dmin (Z K Kl)
(B.2)
> mln D i (Z K >
= Chin (Z Knng> .
(C4) To prove the convexity property, we make use of the joint concavity of the square
root of the fidelity,
(z bt zpnan> > YVl ©3)

Let Cin(pn) = —logy F(pn, 6%), then we have

Y 2Coin(pn) = =2 an logy V'F (pa. ;)
> —2log, (an (P& >
> —2log, (\/F (anpm Zm&l))
= Duin (anpn an@’i)
> min Dy, (anpn )
= Clnin (me) -

(B.4)
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