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abstract
We study a problem on splitting intervals. Let I be a set of n intervals on a line L, with non-negative
weights. Given any integer k ≥ 1, we want to find k points on L to partition L into k + 1 segments, such
that the maximum cost of these segments is minimized, where the cost of each segment s is the sum of
the weights of the intervals in I intersecting s. We present an O(n log n) time algorithm for this problem.
© 2015 Elsevier B.V. All rights reserved.
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1. Introduction
We consider the problem of splitting weighted intervals in a
balanced way. Let I be a set of n intervals on a line L, where each
interval has a non-negative weight. Given an integer k ≥ 1, we
want to find k points on L to partition L into k + 1 segments, such
that the maximum cost of these segments is minimized, where the
cost of each segment s is the sum of the weights of the intervals
in I that ‘‘properly’’ intersect s (i.e., the intersection contains more
than one point). The formal definition is given below.
Let I = {I1 , I2 , . . . , In } be a set of n intervals on a line L, and
each interval Ii has a weight wi ≥ 0. For simplicity, we assume L is
the x-axis, and depending on the context, any real value x ∈ R is
also considered as the point on L with coordinate x, and vice versa.
Each interval Ii is represented as [li , ri ] with li < ri , where li is its
left endpoint and ri is its right endpoint. Note that we consider each
Ii as a closed interval including both endpoints.
For an integer k ≥ 1, consider any k points x1 , x2 , . . . , xk on L
with x1 < x2 < · · · < xk , and we refer to these k points as splitters.
For simplicity of discussion, let x0 = −∞ and xk+1 = +∞. The
above k splitters partition the line L into k + 1 open segments:
si = (xi−1 , xi ) for i = 1, 2, . . . , k + 1. For each segment si , we
define its cost C (si ) as the sum of the weights of the intervals
of I that intersect si (e.g., see Fig. 1). Note that since each si is
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an open segment (i.e., it does not contain its two endpoints) and
each interval of I is closed, if an interval Ii intersects si , then their
intersection contains more than one point.
The interval splitting problem is to find k points/splitters x1 , x2 ,
. . . , xk to partition L into k + 1 open segments (as defined above)
such that the maximum cost of all segments (i.e., maxki=+11 C (si )) is
minimized (e.g., see Fig. 1).
Previously, Le et al. [9] gave an O(n log n) time algorithm for
a special case of this problem where wi = 1 for each 1 ≤ i ≤
n. Their algorithm, which is based on the observation that the
maximum cost in any optimal solution must be an integer in [1, n],
does not work for our more general problem (see Section 4 for
more discussions). In this paper, by developing new algorithmic
techniques, we solve the general case in O(n log n) time.
1.1. Applications and related work
As discussed in [9], the interval splitting problem has applications in load balancing for storing and processing data in temporal and multi-version databases. If we consider the x-axis L as the
time, each interval represents a time period during which an object in databases is associated with the same value. Since an object
may be associated with different values during different time periods, the task is to store and process a large number of intervals
in a distributed store. To this end, one can split the intervals into
‘‘buckets’’ (corresponding to the segments of L in our problem) such
that intervals from the same buckets can be stored in one node and
processed by one core from a cluster of machines. One challenging

W. Cao et al. / Operations Research Letters 43 (2015) 396–400

397

Fig. 1. Illustrating an example of the interval splitting problem for k = 3: Finding three points x1 < x2 < x3 such that the maximum value of {C (s1 ), C (s2 ), C (s3 ), C (s4 )} is
minimized.

problem is to achieve load-balancing in this process, i.e., no single
node and core should store and process too many intervals. This is
exactly (the special case of) our interval splitting problem. If each
object has a weight, which may represent the difficulty or importance for storing and processing the object (and its corresponding
intervals), then the problem becomes the general case of the interval splitting problem. Refer to [9] and the references therein for
more discussions on temporal and multi-version databases.
The interval splitting problem is related to the classical interval
scheduling problems. In the interval scheduling, each interval
represents the time period during which a task needs to be
executed. A subset of intervals is compatible if no two intervals
overlap. One basic problem is to find a largest compatible set,
and the problem can be solved by a simple greedy algorithm as
shown in [8]. There are many other variations of problem; e.g., see
[2,6,8,11,13].
Since problems related to intervals are normally very fundamental, there are many powerful tools dealing with these problems, such as interval graphs [5], interval trees [3], segment
trees [4], etc. Unfortunately, none of these techniques seems useful
for solving our interval splitting problem.
As discussed in [9], the interval splitting problem is also related
to many other problems, e.g., finding optimal splitters for a set
of one dimensional points [12], the array partitioning problems
[7,10], etc.
1.2. Our approaches
We observe that there must exist an optimal solution in which
every splitter is at the endpoint of an interval in I. This observation
implies that the objective value (i.e., the maximum cost of all
segments si ) of the optimal solution must be determined by two
interval endpoints along with −∞ and +∞. This immediately
gives Θ (n2 ) candidate values for the optimal objective value since
there are 2n interval endpoints. We can easily find the optimal
objective value from these candidate values if we can solve the
decision version of the problem: Given any value c, determine
whether we can find k splitters such that the maximum cost of all
segments si is no more than c.
Assume the 2n interval endpoints have already been sorted.
We first present a greedy algorithm that can solve the decision
version in O(n) time. Then we use this algorithm to find the optimal
objective value from the above candidate values. One difficulty
is that since there are Θ (n2 ) candidate values, computing them
needs Ω (n2 ) time. To reduce the running time, we manage to
implicitly organize all the candidate values in O(n) arrays and
each array contains O(n) elements in sorted order, and further,
we give a data structure that can compute any candidate value in
O(1) time after O(n) time preprocessing. Using this data structure
and our decision algorithm, we apply a technique, called binary
search on sorted arrays [1], to compute the optimal objective
value in the above O(n) sorted arrays. These efforts together lead
to an O(n log n) time algorithm for solving the interval splitting
problem.
The rest of the paper is organized as follows. We introduce some
notations, definitions, and observations in Section 2. The algorithm

for the decision problem is given in Section 3. In Section 4, we
solve the interval splitting problem, which is referred to as the
optimization problem.
2. Preliminaries
For ease of discussion, we make a general position assumption
that no two intervals of I share the same endpoint, and our
techniques can be easily adapted to the degenerate case.
We use an open segment to refer to a segment on L that does not
include its endpoints. For any open segment s, let I(s) denote the
set of intervals of I intersecting s, and let C (s) denote the sum of
the weights of the intervals in I(s) and we also call C (s) the cost of
s. For any point x on L, we let I(x) denote the set of intervals of I
each of which contains x in its interior, and let C (x) denote the sum
of the weights of the intervals in I(x).
Let X = {x1 , x2 , . . . , xt } be a set of points/splitters on L with
x1 < x2 < · · · < xt , where t may or may not be equal to k.
These splitters partition L into t + 1 open segments, and we denote
by C (X ) the maximum cost of these open segments and C (X ) is
referred to as the cost of X . We use Copt to denote the cost of the set
of splitters in any optimal solution of the interval splitter problem
(for k splitters), and Copt is also referred to as the optimal objective
value.
Let E denote the set of all 2n endpoints of the intervals of I.
Due to our general position assumption, no two points of E have
the same position. Let e1 , e2 , . . . , e2n be the list of the points of E
sorted on L from left to right.
We first prove Lemma 1. A similar observation has been made
by Le et al. [9] for the special case where the weights of all intervals
of I are 1, and here we extend their result to the general case.
Lemma 1. For the interval splitting problem, there must exist an
optimal solution in which every splitter is at the endpoint of an interval
in I (i.e., every splitter is in E).
Proof. Consider any optimal solution and assume X = {x1 , x2 ,
. . . , xk } are the set of splitters sorted on L from left to right.
We assume no two splitters in X have the same position since
otherwise we could consider splitters at the same position as a
single splitter.
If X ⊆ E, then we are done with the proof. Otherwise, consider
any splitter x in X but not in E (i.e., x ∈ X \E). For ease of discussions,
we assume x ∈ (e1 , e2n ). Hence, there is some i with 1 ≤ i ≤ k − 1
such that x ∈ (ei , ei+1 ). If the open interval (ei , ei+1 ) contains some
other splitters in X , then among such splitters, we let x represent
the one closest to ei . Hence, there is no splitter in the interval (ei , x)
(e.g., see Fig. 2).
An easy observation is that if we move x to ei , the value C (X )
does not increase. Since X is an optimal solution, we further
conclude C (X ) does not change and we have obtained another
optimal solution after x moves to ei . Notice that in the new optimal
solution, the size |X \ E | become one less than before. If in the
new optimal solution the size |X \ E | is zero, then we are done
with the proof (i.e., we have found an optimal solution in which
all splitters are in E); otherwise, we repeatedly apply the above
‘‘moving technique’’ until |X \ E | becomes zero. The lemma thus
follows. 
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Fig. 2. Illustrating an example for the proof of Lemma 1: There are four splitters shown with the (red) dashed vertical segments, and the splitter x is in (ei , ei+1 ). sl and sr
are the two open segments bounded by x. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

For any two points p and q on L, let pq be the open line
segment whose endpoints are p and q (but pq does not include
its endpoints). Recall that I(pq) is the set of intervals of I that
intersect pq, and C (pq) is the sum of the weights of the intervals
in I(pq).
From now on, we let E also include the two infinite points −∞
and +∞ on L. Let SE consists of all values C (pq) for any two points
p and q in E. Lemma 1 implies the following corollary.
Corollary 1. Copt ∈ SE .
Proof. By Lemma 1, there is an optimal solution in which the set
X of splitters is a subset of E. Hence, Copt = C (X ). The splitters of
X partition L into open segments and there must be a segment si
such that C (X ) = C (si ). Clearly, both endpoints of si are in E. By
the definition of SE , C (si ) = Copt must be in SE . 
For any value c, if there exists a set X of at most k splitters
such that C (X ) ≤ c, then we call c a feasible value and call X a
feasible splitter set with respect to c. For any given value c, the
decision version of our interval splitting problem is to determine
whether c is a feasible value, and if yes, find a feasible splitter
set. For differentiation, we refer to our original interval splitting
problem as the optimization version.
In the sequel, we will first present our algorithm for the decision
problem in Section 3 and then solve the optimization problem in
Section 4.
3. The decision problem
In this section, we solve the decision version of the problem. Our
algorithm runs in O(n) time after the points in E are sorted. Note
that Le et al. [9] also gave a linear time algorithm (after the points
in E are sorted), but their algorithm only works for the special case.
Our algorithm solves the general case. In the following, we assume
the points of E have been sorted.
Our algorithm uses the greedy approach. Let c be any given
value. If c is a feasible value, the algorithm will find from left to
right at most k splitters x1 , x2 , . . . , that are feasible for c; otherwise
it will report that c is not feasible.
Recall that for any point x ∈ L, I(x) is the set of intervals of
I each of which contains x in its interior, and C (x) is the sum of
the weights of the intervals in I(x). We first give the following
lemma, which will be useful later for proving the correctness of
our algorithm.
Lemma 2. If there is a point q on L with C (q) > c, then c is not a
feasible value.
Proof. Assume to the contrary that c is a feasible value. Let X =
{x1 , x2 , . . . , xk } be a feasible splitter set. Thus we have C (X ) ≤ c.
Let x0 = −∞ and xk+1 = +∞. Assume q is in [xi−1 , xi ) for some
index i. Let si be the open interval (xi−1 , xi ). Depending on whether
q = xi−1 , there are two cases.
1. If q ̸= xi−1 , then q ∈ si . Based on their definitions, we have
I(q) ⊆ I(si ), and thus C (q) ≤ C (si ). Note that C (X ) ≥ C (si ).
Since C (q) > c, we obtain C (X ) ≥ C (si ) ≥ C (q) > c, which
contradicts with that C (X ) ≤ c.

2. If q = xi−1 , then q is not in si . Let q′ be a point to the right
of q and infinitesimally close to q. Clearly, q′ ∈ si . Further,
it always holds that C (q′ ) ≥ C (q). Consequently, we obtain
C (X ) ≥ C (si ) ≥ C (q′ ) ≥ C (q) > c, which again contradicts
with C (X ) ≤ c.
The lemma is thus proved.



We first describe the main idea of our algorithm and then flesh
out the details. The algorithm starts with setting x0 to −∞ (note
that x0 is not a splitter). Assume xi−1 has already been computed for
any 1 ≤ i ≤ k. Our algorithm sweeps a point x from xi−1 to the right
as far as possible to find xi . For any x > xi−1 , recall that C (xi−1 x) is
the sum of the weights of the intervals in I that intersect the open
segment xi−1 x = (xi−1 , x). During the rightward sweeping of x,
as long as C (xi−1 x) ≤ c, we continue to move x rightwards. But
if moving x rightwards will make the value C (xi−1 x) larger than c,
then we stop and put the next splitter xi at the current position of
x; if the above situation happens when x = xi−1 , then we terminate
the algorithm and conclude that c is not a feasible solution. If x
has moved to the right of all intervals of I, then we terminate
the algorithm and conclude that c is feasible value. In addition, if
the algorithm has already put k splitters (i.e., k = i − 1) but still
need to put the next splitter xk+1 , then we conclude that c is not a
feasible solution and terminate the algorithm. The details on how
to implement the algorithm are given below.
Our algorithm will maintain an invariant that each splitter (i.e.,
xi for 1 ≤ i ≤ k) computed by the algorithm is at the left endpoint
of an interval of I. Assume xi−1 has just been computed and x is at
xi−1 . In order to compute the value C (xi−1 x) during the rightward
sweeping of x, we need to know the value C (xi−1 ). We assume
C (xi−1 ) is already known when x is at xi−1 . Initially when i = 1, we
set xi−1 = −∞ and C (−∞) = 0. Further, during the sweeping of
x, we will maintain the value C (x), which will be used to compute
C (xi ) once the next splitter xi is determined. We will show that
after xi is determined, xi is at the left endpoint of an interval and
C (xi ) is computed correctly.
During the sweeping of x, an event happens when x encounters a
point of E. Suppose we have just computed xi−1 . For the case where
i ≥ 2, before we sweep x rightwards, we first process this beginning
event for x = xi−1 as follows.
For any interval I ∈ I, we use w(I ) to denote its weight.
Since i ≥ 2, by our algorithm invariant, xi−1 is the left endpoint
of an interval, denoted by I. Also recall that C (xi−1 ) is known. If
C (xi−1 ) + w(I ) > c, then we conclude that c is not a feasible
solution and terminate the algorithm. The correctness is proved in
the following lemma.
Lemma 3. If C (xi−1 ) + w(I ) > c, then c is not a feasible value.
Proof. Consider any point q to the right of xi−1 and infinitesimally
close to xi−1 . Since xi−1 is the left endpoint of I, it holds that I(q) =
I(xi+1 ) ∪ {I }, and thus, C (q) = C (xi−1 ) + w(I ). It follows that
C (q) > c. By Lemma 2, c is not a feasible value. 
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If C (xi−1 ) + w(I ) ≤ c, then we are ‘‘safe’’ to move x rightwards.
We also set C (xi−1 x) = C (x) = C (xi−1 ) + w(I ). One can verify
that the above values are correct when x is moving rightwards
before the next event happens. This finishes our processing on the
beginning event for x = xi−1 .
Below, we discuss the general events after the beginning event.
Suppose the next event is at a point e in E (with xi−1 < e < +∞)
and assume that C (x) and C (xi−1 x) have been correctly maintained
for x right before x arrives at e. We process the event e as follows. Let
I be the interval for which e is its endpoint. Depending on whether
e is the right or left endpoint of I, there are two cases.
1. If e is the right endpoint of I, then we update C (x) by setting
C (x) = C (x) − w(I ) and continue to move x rightwards and
proceed on the next event after e. Note that we do not need to
change the value C (xi−1 x).
If e is the rightmost point of E, then we terminate the
algorithm and conclude that c is a feasible value, and the set
of i − 1 splitters x1 , x2 , . . . , xi−1 that have been computed so far
is a feasible splitter set.
2. If e is the left endpoint of I, then we first check whether
C (xi−1 x) + w(I ) ≤ c. If yes, we set C (x) = C (x) + w(I ) and
C (xi−1 x) = C (xi−1 x) + w(I ), and continue to move x rightward
and proceed on the next event after e.
If C (xi−1 x)+w(I ) > c, we need to put the next splitter xi at e.
But if i = k + 1, then we terminate the algorithm and conclude
that c is not a feasible value because we are only allowed to
have k splitters. If i < k + 1, then we let xi = e and proceed on
finding the next splitter xi+1 . Note that xi is at the left endpoint
of I, which maintains the algorithm invariant. Also, it is easy to
see that C (xi ) = C (x).
This finishes the description of our algorithm. For the running
time, since the points of E have already been sorted, after
processing each event, we can find the next event point in constant
time. Also, processing each event takes only constant time. Hence,
the total time of the algorithm is O(n). The correctness of the
algorithm can be seen from Lemma 3 as well as the fact that our
algorithm always tries to push the splitters rightward on L as far as
possible.
As a summary, we have the following result.
Theorem 1. Suppose the endpoints of all intervals in I have been
sorted. The decision version of the interval splitting problem can be
solved in O(n) time.
4. The optimization problem
In this section, we solve the optimization version of the interval
splitting problem, with the help of Corollary 1 and Theorem 1. In
the following, we refer to our algorithm for the decision problem
in Theorem 1 as the decision algorithm.
Recall that Copt is the optimal objective value. If we know the
value Copt , then we can compute an optimal solution by using our
decision algorithm. Specifically, we apply our decision algorithm
on c = Copt , and the algorithm will find a feasible splitter set, which
is an optimal solution. Hence, to solve the optimization problem,
the key is to compute Copt , which is our focus below.
Note that in the special case where the weight of each interval
of I is 1, an easy observation is that Copt must be an integer in [1, n].
Thus, using the decision algorithm, we can easily compute Copt in
O(n log n) time by doing binary search on the integer sequence
from 1 to n. This is exactly the approach used in [9] (by using their
own decision algorithm, which works only for the special case).
In our general problem, however, this approach does not work
because Copt may not be an integer. We propose a new approach,
as follows.
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4.1. Computing the optimal objective value Copt
Recall that the set SE consists of all values C (pq) for any two
points p and q in E. By Corollary 1, we have Copt ∈ SE . One
straightforward way to compute Copt is to first compute all values
in the set SE and sort them. Then, using our decision algorithm in
Theorem 1, we can compute Copt by doing binary search on the
sorted list of the values in SE . However, since |SE | = Θ (n2 ), this
approach takes Ω (n2 ) time. In the following, we give an O(n log n)
time algorithm.
Recall that E also includes −∞ and +∞. We first organize
the values in SE into O(n) sorted arrays and each array has O(n)
elements. Note that our algorithm does not do this organization
explicitly.
Let e0 , e1 , . . . , e2n+1 be the list of the values of E sorted on L
from left to right, with e0 = −∞ and e2n+1 = +∞. For any i
and j with 0 ≤ i < j ≤ 2n + 1, define w(i, j) = C (ei ej ). Clearly,
SE = {w(i, j) | 0 ≤ i < j ≤ 2n + 1}. Below is a self-evident
observation that shows a monotonicity property of w(i, j).
Observation 1. For any i, if i < j1 ≤ j2 , then w(i, j1 ) ≤ w(i, j2 ).
For each i = 0, 1, . . . , 2n + 1, we define an array Ai [0 · · · 2n + 1]
of 2n + 2 elements as follows. For each j with 0 ≤ j ≤ 2n + 1,
define Ai [j] to be w(i, j) if i < j and 0 otherwise. By Observation 1,
elements in each array Ai are sorted in ascending order. It is not
difficult to see that SE is the union of all elements in the arrays Ai ,
2n+1
0 ≤ i ≤ 2n + 1, i.e., SE = i=0 Ai .

2n+1

Since Copt ∈ SE , our goal is to find Copt in i=0 Ai . To this
end, although we cannot afford to explicitly compute all elements
of these arrays, based on the following Lemma 4, with linear
time preprocessing, we can obtain any element of these arrays in
constant time whenever we need it.
Lemma 4. With O(n) time preprocessing, for any query (i, j) with
i < j, we can compute the value w(i, j) = Ai [j] in constant time.
Before proving Lemma 4, we show how to compute Copt with
the help of Lemma 4. We use a technique, called binary search on
sorted arrays, which was developed in [1]. We first briefly discuss
this technique.
Assume there is a ‘‘black-box’’ decision procedure σ available
such that given any value α , σ can report whether α is a feasible
value in O(T ) time, and further, if α is a feasible value, then any
value larger than α is also a feasible value. Given a set of M arrays
Bi , 1 ≤ i ≤ M, each containing N elements in sorted order, the goal
M
is to find the smallest feasible value δ in i=1 Bi . Suppose given its
indices, any element of these arrays can be obtained in constant
time. An algorithm is presented in [1] with the following result.
Lemma 5 ([1]). The smallest feasible value δ in
in O((M + T ) log(MN )) time.

M

i=1

Bi can be found

For solving our problem, we can use the above result to find Copt
in

2n+1
i =0

Ai as follows. The following observation is self-evident.

Observation 2. If a value c is a feasible value for the decision
problem, then any value larger than c is also a feasible value.

2n+1

Hence, Copt is the smallest feasible value in i=0 Ai . Our linear
time decision algorithm in Theorem 1 can play the role of the
black-box σ with T = O(n). Further, we have already shown that
given any i and j, we can compute the element Ai [j] in constant
time. Therefore, we can apply the technique in Lemma 5 (with
M = N = 2n + 2 and T = O(n)) to compute Copt in O(n log n)
time.
In summary, we have the following result.
Theorem 2. The optimization version of the interval splitting problem can be solved in O(n log n) time.
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4.2. Proving Lemma 4
It remains to prove Lemma 4. Consider any query (i, j) with
i < j. Our goal is to compute w(i, j) = C (ei ej ). We begin with
some observations.
Recall that e0 , e1 , . . . , e2n+1 are the sorted list of points of E. For
each t with 0 ≤ t ≤ 2n + 1, define It to be the set of intervals of I
whose left endpoints are strictly to the left of et . Recall that for any
point x on L, I(x) is the set of intervals of I each of which contains x
in its interior. Also recall that I(ei ej ) is the set of intervals of I that
intersect the open segment ei ej . We have the following lemma.
Lemma 6. I(ei ej ) = I(ei ) ∪ (Ij \ Ii ) and I(ei ) ∩ (Ij \ Ii ) = ∅.
Proof. We first prove I(ei ej ) = I(ei ) ∪ (Ij \ Ii ). To this end, we
show below that any interval in I(ei ej ) must be in I(ei ) ∪ (Ij \ Ii ),
and vice versa.
1. Consider any interval I ∈ I(ei ej ). We prove that I must be in
I(ei ) ∪ Ij \ Ii .
Let l and r be the left and right endpoints of I, respectively.
By definition, I intersects the open segment ei ej . Hence, l <
ej , implying that I ∈ Ij . If I ̸∈ Ii , it is vacuously true that
I ∈ I(ei ) ∪ (Ij \ Ii ). Otherwise, it must be that l < ei . Since
I intersects the open segment ei ej , we can also get r > ei .
Therefore, it holds that l < ei < r, implying that ei is contained
in the interior of I, and thus I ∈ I(ei ).
Therefore, in any case, we obtain I ∈ I(ei ) ∪ (Ij \ Ii ).
2. Consider any interval I ∈ I(ei ) ∪ (Ij \ Ii ). We prove that I
must be in I(ei ej ). Let l and r be the left and right endpoints
of I, respectively.
If I ∈ Ij \ Ii , then due to I ∈ Ij , we obtain l < ej , and due to
I ̸∈ Ii , we obtain ei ≤ l. Hence, we have ei ≤ l < ej . Since l < r,
I must intersect the open segment ei ej , and thus I ∈ I(ei ej ).
If I ̸∈ Ij \ Ii , then I must be in I(ei ), implying that ei ∈
(l, r ). Therefore, I must intersect the open segment ei ej , and
I ∈ I(ei ej ).
The above proves that I(ei ej ) = I(ei ) ∪ (Ij \ Ii ).
Next, we show that I(ei ) ∩ (Ij \ Ii ) = ∅. Indeed, for any interval
I = [l, r ] ∈ Ij \ Ii , as discussed above, it holds that ei ≤ l < ej ,
implying that ei cannot be in the interior of I, and thus, I ̸∈ I(ei ).
On the other hand, for any interval I = [l, r ] ∈ I(ei ), since ei is in
the interior of I, we have l < ei ; thus, I must be in Ii , implying that
I cannot be in Ij \ Ii .
The lemma thus follows. 
The preceding lemma implies the following approach for
computing the value C (ei ej ). For each t with 0 ≤ t ≤ 2n + 1, let
Ct be the sum of the weights of the intervals in It . By Lemma 6, we
can obtain C (ei ej ) = C (ei ) + (Cj − Ci ). Hence, if the values C (ei ), Cj ,
and Ci are already known, we can compute C (ei ej ) in constant time.
In the sequel, we present an algorithm that can compute C (et ) and
Ct for all t = 0, 1, . . . , 2n + 1 in O(n) time. The algorithm is similar
to our decision algorithm in Section 3 (the decision algorithm can
compute C (et ), but here we also need to compute Ct ).
The algorithm sweeps a point x from −∞ to +∞. An event
happens when x encounters a point, say, et , in E, and for processing
the event, we will compute C (et ) and Ct . During the sweeping of x,
we will maintain two values for x: C (x), i.e., the sum of the weights
of the intervals of I that contain x in their interior, and C ′ (x), which
is the sum of the weights of the intervals whose left endpoints are
strictly to the left of x.

Initially, when x = −∞, we have C (x) = C ′ (x) = 0. Consider
a general step that the next event is at et . We assume that the
values C (x) and C ′ (x) have been correctly maintained right before
x arrives at et . Note that et is an endpoint of an interval of I, and let
I denote the interval (and let w(I ) be the weight of I). Depending
on whether et is the left or the right endpoint of et , there are two
cases.
If et is the right endpoint of I, we first set C (et ) = C (x) − w(I )
and Ct = C ′ (x). Then we update C (x) = C (x) − w(I ), and we do
not need to change C ′ (x). One can verify that all these values have
been correctly computed. We then proceed on the next event after
et .
If et is the left endpoint of I, then we set C (et ) = C (x) and Ct =
C ′ (x). We also update C (x) = C (x)+w(I ) and C ′ (x) = C ′ (x)+w(I )
because once x crosses et , et is strictly to the left of x. We proceed
on the next event after et .
The algorithm is done once x passes the rightmost point of E.
Since the points of E have already been sorted, the algorithm runs
in O(n) time.
As a summary, in O(n) time we can compute C (et ) and Ct for
all t = 0, 1, . . . , 2n + 1, after which, given any query (i, j) with
i < j, we can compute w(i, j) in constant time. Lemma 4 is thus
proved.
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