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Two-dimensional topologically distinct insulators are separated by topological gapless points,
which exist as Weyl points in three-dimensional momentum space. Slowly varying parameters
in the two-dimensional Hamiltonian across two distinct phases therefore necessarily experiences
the gap closing process, which prevents the intrinsic physical observable, the Hall response, from
equilibrating. To equilibrate the Hall response, engineered laser noises were introduced at the price of
destroying the quantum coherence. Here we demonstrate a new scheme to equilibrate the quantized
Hall response from pure coherent dynamics as the Hamiltonian is slowly tuned from the topologically
trivial to nontrivial regimes. We show the elements that affect the process of equilibration including
the sequence when the electric field is switched on, its strength and the band dispersion of the final
Hamiltonian. We further apply our method to Weyl semimetals in three dimensions and find the
equilibrated Hall response despite the underlying gapless band structure. Our finding not only lays
the theoretical foundation for observing the two-dimensional topological phase transition but also
for observing and controlling Weyl semimetals in ultracold atomic gases.

Recent realizations of the topological Haldane
model [1, 2] and the Chern insulator in the hyperfine spin
space [3, 4] with ultracold atomic gases provide an ideal
platform to study the topological phase transition from
non-equilibrium dynamics induced by either slow or rapid
variation of Hamiltonian parameters [5–24]. In this con-
text, one important and fundamental question is whether
slowly ramping the Hamiltonian through the topologi-
cal phase transition, where the energy gap necessarily
closes, leads to an equilibrated Hall response that signals
the phase transition. Previous research shows that the
Hall response indeed changes from non-equilibrium co-
herent dynamics but cannot reach equilibrium showing
strong and long-lasting oscillations even for a slow param-
eter ramp, due to the inevitable non-adiabatic transitions
through the gap closing point [25–27]. To equilibrate the
Hall response, engineered laser noises inducing pure de-
phasing in cold atom setups were introduced at the price
of destroying quantum coherence in Ref. [25]. Instead,
we will show a new scheme to equilibrate an asymptoti-
cally quantized Hall response of a Chern insulator from
pure coherent dynamics as shown in Fig. 1.

The above issue also arises in the context of three-
dimensional (3D) Weyl semimetals [28], which have seen
a rapid development in a variety of fields [29–51]. Weyl
semimetals feature gapless band structures characterized
by the existence of pairs of Weyl points, which can be
regarded as the topological phase transition points be-
tween the topologically trivial and nontrivial insulators
in momentum space. As a consequence, Weyl semimet-
als in their ground state are known to exhibit topolog-
ical Hall response [31, 32], which is not quantized, but
rather determined by the location and number of Weyl
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FIG. 1. (Color online) Coherent dynamics of the Hall re-
sponse for various strength of electric field in two different
protocols (see main text). Panels in the upper (lower) row
correspond to the first (second) protocol. Here mi = −2.5,
v = 0.02 and τe = 10. For visuality, we have shifted the Hall
response downward for different E0 from an asymptotically
quantized value. All curves are computed by the exact nu-
merical method except for the pink curve in panel (a), which
is calculated based on the perturbation approach.

points. In cold atom setups, creation and manipulation
of Weyl points can be readily achieved through the time-
modulation of Hamiltonian parameters [38, 47, 48]. How-
ever, whether the dynamical tuning of Hamiltonian pa-
rameters can give rise to the corresponding equilibrated
Hall response has never been explored and is highly de-
sired, which is nontrivial because of the gapless character
of Weyl semimetals.

In this work, we demonstrate that an equilibrated Hall
response manifesting the topological property of the in-
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stantaneous Hamiltonian can build up in non-equilibrium
coherent dynamics, despite topologically trivial time-
evolved state. We show this by slowly tuning a param-
eter of the experimentally realized Chern band from the
topologically trivial to nontrivial regimes, thus driving
the Hamiltonian through a phase transition at the gap
closing point. We find that the realization of an equili-
brated topological Hall response relies on three elements:
(i) whether the electric field is turned on before or after
the gap closing point, (ii) the strength of electric field as
compared to the ramp velocity, and (iii) the dispersion of
the band structure of the final Hamiltonian. We further
show this equilibrated Hall response for a Weyl semimetal
as pairs of Weyl points are created and their separation
is continuously tuned by means of slow modifications of
Hamiltonian parameters. Our findings thus provide the
theoretical foundation for experimentally observing and
controlling Weyl points in ultracold atomic gases.

Equilibrated Hall response of a Chern insulator— We
start by considering a Chern insulator in the x−y plane,
motivated by its recent realization with ultracold atoms
using Raman laser beams [4]. The relevant time de-

pendent Hamiltonian is H[mz(t)] =
∑

k c
†
kH[k,mz(t)]ck

where

H[k,mz(t)] = dk(t) · σ (1)

with dx = sin(kx), dy = sin(ky), dz = mz(t) + cos(kx) +
cos(ky) at lattice momentum k = (kx, ky), and σ =
(σx, σy, σz) are the Pauli matrices. Here the energy is
measured in units of hopping amplitude. In the cold-
atom experiment, the mass parameter mz arises from the
two-photon detuning and can be controlled. For static
mz, the ground state of Hamiltonian is in the topological
nontrivial phase with Chern number C = −sgn(mz) for
−2 < mz < 2, otherwise, it is in the topological trivial
phase with C = 0.

We will be interested in the coherent dynamics of Hall
response in an experimental relevant scenario, where the
system is initially prepared in the topologically trivial
ground state of Hamiltonian H(mi) with mi < −2.
We tune mz slowly from mi to −2 < mf < 0 ac-
cording to mz(t) = mi + (mf − mi)(1 − e−vt) with
velocity v. This way, Hamiltonian H[mz(t)] changes
its topology from trivial to topologically nontrivial, un-
dergoing a transition at an energy gap closing point
at critical time tc. To probe Hall response, at time
te, we ramp on an electric field in the x direction as
Ex(t) = E0(1−e−t/τe) [52], which can be generated via a
homogeneous time-dependent synthetic gauge field, i.e.,
Ex(t) = ∂tA(t). The Hall current in the y direction is
computed by

Jy(t) =
1

2π

∫
BZ

dk〈ψk(t)|∂kyH[k′(t),mz(t)]|ψk(t)〉, (2)

where |ψk(t)〉 denotes the instantaneous wavefunction at
momentum k, and the integration is over the first Bril-

louin zone (BZ). Note that the presence of electric field
induces a shift in momentum via k′(t) = [kx + A(t), ky].
The Hall response is thus given by σxy(t) = Jy(t)/Ex(t),
measured in unit of e2/h.

We will analyze and compare the coherent dynamics
of Hall response in two different protocols for controlling
the electric field: (1) We first vary the mass parameter
without electric field Ex(t). Then, some time after the
transition of system through the critical point at time tc,
the Ex(t) is turned on, i.e., te � tc. (2) The Ex(t) is
turned on before the modulations of mz, i.e., te � tc.
The numerical results for the coherent dynamics of Hall
response in both protocols are shown in Fig. 1.

We find that, while a Hall response dynamically builds
up after the Hamiltonian is ramped into a topologi-
cal nontrivial regime, its equilibration to a topologically
quantized value under coherent evolution crucially de-
pends on two elements for both protocols: (i) dispersion
of the energy band of the final Hamiltonian H(mf ) and
(ii) the magnitude of E0. In more details, for mf = −1
[Fig. 1 (a) and (c)], where the corresponding energy band
is flat along kx for ky = 0, we see that the Hall response
cannot reach equilibrium but rather exhibits strong and
persistent oscillations for E0 � v in both protocols [see
red curves for E0 = 0.001], as also found earlier [25–27].
Remarkably, when E0 is increased to be comparable to
the ramp velocity [e.g., see green curves for E0 = 0.02],
such irregularities disappear after a few oscillations in
protocol (2), as opposed to its counterpart in protocol (1)
where the oscillations are only moderately suppressed.
When the underlying energy band becomes increasingly
dispersive, such as for mf = −1.7 [Figs. 1 (b), (d)], we
see that the oscillations of the Hall response generically
damps out at long times even for weak E0 in both proto-
cols, and increasing E0 can significantly reduce the time
for equilibration. These findings show that an equili-
brated asymptotically quantized Hall response can build
up from coherent dynamics, despite the non-adiabatic
passage through the gap closing.

To gain insight into above dynamical behavior of
Hall response, we first analyze protocol (1) using the
perturbation approach. In this case, the energy gap
closes at momentum kc = (0, 0) at time tc. Then at time
te when Ex(t) is turned on, for simplicity and to capture
the essential physics, we assume that H(mf ) has been
reached and the state can be described by |ψk(te)〉 =√

1− p(k)eiD1(k)|u−(k)〉 + eiθ(k)e−iD1(k)
√
p(k)|u+(k)〉

for k 6= 0, where |u+(−)(k)〉 denotes the excited (ground)
state of H(k,mf ), θ(k) is the relative phase, and

D1(k) =
∫ te

0
ε+(k,mz(t

′))dt′ is the dynamical phase
with ε+(−)(k,mz(t)) the eigenenergy of Hamiltonian
H(k,mz(t)). Moreover, p(k) denotes the number of
excitations created during the non-adiabatic passage
through the gap closing. At times t > te, where the gap
has been reopened, using time-dependent perturbation
theory [53], the evolution of |uλ(k)〉 can be approxi-
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FIG. 2. (Color online) Profiles of θ(k) near the gap closing
point kc (for k 6= kc) in the kx − ky plane for (a) protocol
(1) with kc = 0 and (b) protocol (2) with kc = −A(tc) and
E0 = 0.02. At lattice momenta depicted by the dashed blue
line, the corresponding population in the excited state is 0.1.

mated by (~ ≡ 1) |Φλ(k′, t)〉 = e−i
∫ t
te
ελ(k′)dt′eiγλ(t) ×[

|uλ(k′)〉 − iE0
〈uλ̄(k′)|∂kx |uλ(k′)〉

2λε+(k′) |uλ̄(k′)〉
]
. Here

λ̄ 6= λ and γλ(t) is associated with the Berry
phase in the λ band. Therefore, after ramping on
the electric field, the state evolves from |ψk(te)〉
into: |ψk(t > te)〉 =

√
1− p(k)eiD1(k)|Φ−(k′, t)〉 +

eiθ(k)e−iD1(k)
√
p(k)|Φ+(k′, t)〉. Substitution of this

ansatz into Eq. (2) then gives the Hall current, which
well captures the dynamical behavior of Hall response at
times t > te, as evidenced by the pink curve in Fig. 1(a).

The Hall current contains three contributions, i.e.,

Jy(t) = JHall(t) + JDis(t) + JOsc(t). (3)

Here, JHall(t) = (E0/2π)
∫

BZ
dk[p(k)Ω+(k′) + (1 −

p(k)Ω−(k′)] describes the weighted anomalous Hall cur-
rent which has topological origin, with Ω± labeling the
instantaneous Berry curvature for the upper (lower) band
of H(k′,mf ). In the limit of vanishing ramp veloc-
ity, JHall(t)/E0 approaches the Chern number of H(mf ).
The current JDis = (1/2π)

∫
BZ

dk[p(k)∂kyε+(k′) + (1 −
p(k))∂kyε−(k′)] arises from the weighted band velocity,
which exactly vanishes because of the underlying sym-
metry in our system, i.e., ελ(kx, ky) = ελ(kx,−ky). The
current JOsc(t) comes from the coherent superpositions
between the upper and lower bands, i.e.,

JOsc(t) = Re

∫
BZ

dk
√
pk(1− pk)ei[θ(k)−D2(k′)]Γ(t), (4)

where D2(k′) = 2
∫ t
te
dt′ε+(k′) and Γ(t) =

1
π e
−2iD1(k)ei(γ+−γ−)

[
g12 − 2iE0h12

∂ky ε+(k′,mf )

2ε+(k′,mf )

]
with g12(k′) = 〈u−(k′)|∂kyH(k′,mf )|u+(k′)〉, and
h12 = 〈∂kxu−(k′)|u+(k′)〉. Obviously, JOsc(t) is
responsible for the oscillation as we detail below.

Equation (4) allows us to understand the effect of elec-
tric field on the oscillations and their damping in the co-
herent dynamics of Hall response as shown in Figs. 1(a)
and (b). In our analysis we will focus on the term involv-
ing g12 while ignoring that involves h12, which is small

due to gapped energy as is numerically verified. For a
slow ramp, the excitations occur in a very narrow region
near the gap-closing point at kc = (0, 0), which can be
described in the context of Landau-Zener (LZ) physics

that gives p(k) ≈ e−πk
2/vLZ , with vLZ = (mf + 2)v.

Hence the dominant contribution to JOsc(t) comes from
the momenta |k| <

√
vLZ/π. In this regime, in the limit

of weak electric field E0 → 0, one can expand g12 in
terms of A on the time scale t� (

√
vLZ/π)/E0, and the

main contribution to JOsc(t) comes from the first term,
i.e., g12 ∝ A = E0(t − te). Therefore, for sufficiently
weak electric field such as in E0 = 0.001, the amplitude
of oscillating Hall response will always undergo an initial
increase with time, as shown in Figs. 1(a) and (b).

In the long time limit when
√
vLZ/π � A(t) < 2π/E0,

which is quickly fulfilled as in the case when E0 = 0.02,
we find that the oscillations persist for mf = −1 while
can be damped out for mf 6= −1 as shown in Figs. 1(a)
and (b). The damping is caused by the significant dif-
ference for the energy spectrum ε+(k′) along the kx di-
rection, which is strongly modified by the presence of
large A(t). To gain some intuitive understanding, let us
keep only the dominant term responsible for the strong
damping, D2(k′), and approximate JOsc(t) by JOsc(t) ∼
2Re

∫
dk
√
p(k)(1− p(k))e2iε−(k+ke,mf )t′ with t′ = t−te,

where we have taken the leading term g12 ≈ 1 and ig-
nored the time independent phase contribution and the
Berry phase, which is irrelevant due to its small variation
in momentum space. To see the effect of spectrum differ-
ence, let us fix ke (which is driven by the electric field by
kex = E0t

′), e.g., kex = π/2, where dispersion exhibits
the largest derivative along kx for ky = 0 and |mf | 6= 1.
We find that the oscillations decays exponentially for
mf = −1.5 and v = 0.02. However, when mf = −1,

we find JOsc ∼
√
ct′/(1 − ict′) with c = 2vLZ/π in the

long time limit, which decays very slowly, almost lead-
ing to a persistent oscillation, consistent with Fig. 1(a),
because of flat energy dispersion for ky = 0. Interest-
ingly, we further see that the oscillations of Hall cur-
rents revive as it approaches a period of 2π/E0 because
Bloch oscillation occurs [see blue curve in Fig. 1(b)]. This
also implies that the oscillations of Hall currents cannot
be completely damped out if the relevant time scale for
damping is > π/E0.

Above analysis guides our intuition into the remark-
ably equilibrated Hall response in protocol (2). As Ex(t)
is present initially before mz(t) is varied, the energy gap
closing point is shifted to kc = [−A(tc), 0]. This moti-
vates us to consider the form of Eq. (4) with the replace-
ment p(k) → p(k + kc) and θ(k) → θ(k + kc). When
E0 = 0.02, we find that θ(k + kc) exhibits rapid varia-
tions near kc along the x direction [see Fig. 2(b) calcu-
lated by the exact numerical method], in sharp contrast
to the counterpart of protocol (1) [see Fig. 2(a)], where
θ(k) varies slowly. The rapid variations introduce the
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strong damping when the integration over momentum
space is performed, leading to a rapid equilibration of
Hall response in protocol (2) reflecting the topology of
the instantaneous Hamiltonian, even for mf = −1.
Equilibrated Hall response of Weyl semimetals— We

now extend our analysis to three dimensional (3D) Weyl
semimetals, which can exhibit anomalous Hall effects.
We consider a system of atoms in a 3D lattice described
by the Hamiltonian (see SM for realization scheme)

HC =
p2

2m
−

∑
ν=x,y,z

Vν cos2(kLνrν) +mzσz + VSO. (5)

Here m is the mass of atoms, p is the mo-
mentum operator, VSO = Myσx − Mxσy de-
scribes the nondiagonal optical lattices with
Mx = ΩSO sin(kLxrx) cos(kLyry) cos(kLzrz) and
My = ΩSO sin(kLyry) cos(kLxrx) cos(kLzrz). Fur-
ther, the diagonal lattice potential in direction ν is
characterized by the strength Vν > 0 and the period
aν = π/kLν . Hamiltonian (5) can be recast into the
following tight-binding form (see SM for derivation), i.e.,
HTB =

∑
x[−

∑
ν(Jν ĉ

†
xĉx+aνeν + H.c.) + mz ĉ

†
xσz ĉx +

(−1)jx+jy+jzJSO(ĉ†xσy ĉx+axex − ĉ†xσxĉx+ayey + H.c.)],.

Here ĉ†x =
(
ĉ†x↑ ĉ†x↓

)
with ĉxσ ( ĉ†xσ) annihilating

(creating) an atom with spin σ at x =
∑
ν jνaνeν . The

corresponding Bloch Hamiltonian at lattice momentum
k = (kx, ky, kz) can be written as

H3D(k) = mzσz − htτx + τy(dyσx − dxσy), (6)

where τν denotes the Pauli matrix describing the
sublattices, ht = −2

∑
ν=x,y,z Jν cos(kνaν), dx =

2JSO sin(kxax) and dy = 2JSO sin(kyay). The eigenen-
ergy corresponding to Hamiltonian (6) is E±(λ) =

±
√
d2
x + d2

y + (ht − λmz)2 with λ = ±1. Below we will

assume Jν = J for convenience.
The semimetal (6) exhibits a very rich phase diagram.

When |mz| > 6J , the Weyl semimetal is in the trivial in-
sulating phase. When 2J < |mz| < 6J , the system is in
the topological phase featuring one pair of Weyl points,
whereas for |mz| < 2J and mz 6= 0, the semimetal has
two pairs of Weyl points. For mz = 0, the system is
the Dirac semimetal with two Dirac points [54]. The lo-
cations of Weyl points and Dirac points in momentum
space are displayed in Fig. 3(a). If we choose a closed
surface enclosing a Weyl point as shown in Fig. 3(b), we
find that the Chern number of states on the surface re-
mains unchanged over time even if the Weyl point moves
out of the surface, implying the Chern number of states
does not reflect the Chern number of the Hamiltonian.

In Figs. 3(c) and (d), we show the coherent dynamics
of Hall response in the y direction for the considered Weyl
semimetal [55], when an electric field Ex(t) is switched
on before mz(t) is slowly tuned. Importantly, we see that
the Hall response at E0 = 0.012 is finally equilibrated to
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FIG. 3. (Color online) (a) The first Brillouin zone with a pair
of Dirac points, one and two pairs of Weyl points, denoted
by the solid red circles, green and blue squares, respectively.
(b) Schematics illustrating that the Chern number of states
remains unchanged on a closed surface when a Weyl point
moves out of the surface. Evolution of the Hall response over
time as mz varies slowly (c) from −7J to −5J and (d) from
−3J to −J . Here the unit of time is ~/J .

the value of its equilibrium counterpart dictated by the
instantaneous Hamiltonian as we slowly tune the system
from a topological trivial insulator to a Weyl semimetal
phase with two Weyl points (see Fig. 3(c)) and from a
phase with two Weyl points to another phase with four
points (see Fig. 3(d)); this is in sharp contrast to the
case for Ex = 0.001 where the Hall response cannot be
equilibrated but rather exhibits strong oscillations, as we
have discussed earlier.

In summary, we have demonstrated a new scheme to
equilibrate the quantized Hall response from pure coher-
ent dynamics when a 2D insulator is ramped from a topo-
logically trivial into nontrivial regime. We further apply
our strategy to a 3D Weyl semimetal and find the equili-
brated Hall response as the number and location of Weyl
points are slowly tuned. Our findings not only pave the
way for observing the 2D topological phase transition but
also for observing and controlling Weyl semimetals in ul-
tracold atomic gases.
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SUPPLEMENTAL MATERIAL

In the supplemental material, we will provide the details for calculation of the phases θ(k + kc) induced by the
electric field and propose an experimental scheme for realization of a Weyl semimetal described by the continuous
model in Eq. (5) in the main text and derive its tight-binding Hamiltonian.

First, to calculate the phase θ(k+kc) induced by the electric field, we expand the state in the basis of instantaneous
eigenstates |uλ(k′,mz(t))〉 as

|ψk(t)〉 =
∑
λ=±

αλ(k, t)Aλ(k, t)|uλ(k′,mz(t))〉, (S1)

where |uλ(k′,mz(t))〉 satisfies H(k′,mz(t))|uλ(k′,mz(t))〉 = ελ(k′,mz(t))|uλ(k′,mz(t))〉 with ελ(k′,mz(t)) =

λ
√∑

ν=x,y,z d
2
ν(k′,mz(t)) and λ = ±1, Aλ(k, t) = e−i

∫ t
0
ελ(k′,mz(t′))dt′eiγλ(t) corresponding to the dynamical and

Berry phases γλ(t) = i
∫ t

0
dt′〈uλ(k′,mz(t

′))|∂t′uλ(k′,mz(t
′))〉, respectively. Plugging Eq. (S1) into the Schrödinger

equation yields

∂tα− = −f(t)α+A+/A−, (S2)

∂tα+ = f(t)∗α−A−/A+, (S3)

where f(t) = 〈u−(k′,mz(t))|∂tu+(k′,mz(t))〉. Supposing that all atoms are initialized to the lower band, we can
calculate the time evolution of αλ(k, t), obtaining θ(k) = angle(α+(k, t > tc)/α−(k, t > tc)).

Second, to implement the continuous model in Eq. (5) in the main text, we only need to slightly modify our
previous scheme for realization of a dynamical 4D Weyl nodal ring [S1]. We refer the reader to Figs. (3)(c-d) for
a laser configuration setup, where two sets of Raman laser beams are utilized to generate the off-diagonal spin-
dependent optical lattices. Each set includes two pairs of Raman laser beams. In the first set, for one pair, the
Rabi frequencies are: [Ω̄1 = −Ω̄10 cos(kLyry)e−ikLzrz/2, Ω̄2 = iΩ̄20 sin(kLxrx)eikLzrz/2], and for the other pair, they
are [Ω̄′1 = −Ω̄10 cos(kLyry)eikLzrz/2, Ω̄′2 = iΩ̄20 sin(kLxrx)e−ikLzrz/2]. In the second set, for one pair, the Rabi

frequencies are: [Ω̃1 = Ω̃10 sin(kLyry)e−ikLzrz/2, Ω̃2 = Ω̄10 cos(kLxrx)eikLzrz/2], and for the other pair, they are

[Ω̃′1 = Ω̃10 sin(kLyry)eikLzrz/2, Ω̃′2 = Ω̄10 cos(kLxrx)e−ikLzrz/2]. We also require another laser beam to create an
optical lattice along z. Using this scheme, we can achieve the Hamiltonian in Eq. (7).

To obtain the continuous model’s tight-binding Hamiltonian, let us write down the many-body Hamiltonian using
the field operator

HII =

∫
drψ̂†(r)HC ψ̂(r), (S4)

where ψ̂(r) = [ ψ̂↑(r) ψ̂↓(r) ]T with ψ̂σ(r) [ψ̂†σ(r)] being a field operator destroying (creating) a particle located at r

with spin σ (σ =↑, ↓). The anti-commutation or commutation relation [ψ̂σ(r), ψ̂†σ′(r
′)]± = δσσ′δ(r − r′) are required

to be respected for fermionic (+) or bosonic operators (−), respectively.
We approximately expand the field operator as

ψ̂σ(r) ≈
∑
x,σ

Wx(r)ĉx,σ, (S5)

where ĉx,σ is the annihilation operator for a particle with spin σ located at the site x, which satisfies the anti-

commutation or commutation relation [ĉx,σ, ĉ
†
x′,σ′ ]± = δx,x′δσ,σ′ for fermionic (+) or bosonic (−) atoms, respectively,

and Wx(r) is the Wannier function for the lowest band of the Hamiltonian with hz = VSO = 0, which is located at
the site x =

∑
ν jνaνeν with ν = x, y, z.

With the aid of Eq. (S5), we can obtain the following tight-binding Hamiltonian by keeping only the nearest-neighbor
hopping terms (see Ref. [S2, S3] for the detailed derivation and verification for its validity),

HTB =
∑
x

[
−
∑
ν

(Jν ĉ
†
xĉx+aνeν +H.c.) +mz ĉ

†
xσz ĉx

]
+
∑
x

(−1)jx+jy+jzJSO
(
ĉ†xσy ĉx+axex − ĉ†xσxĉx+ayey +H.c.

)
, (S6)
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where ĉ†x = (ĉ†x,↑, ĉ
†
x,↓). In the basis of Ψ(k)† = ( e−ikxaxÂ†k↑ e−ikxaxÂ†k↓ B̂†k↑ B̂†k↓ ) where A and B correspond to

two sublattices, the Hamiltonian can be written as in the momentum space HTB =
∑

k Ψ(k)†H3D(k)Ψ(k), where
H3D(k) is the Hamiltonian (5) in the main text. Applying the transformation âx↑ = (−1)jx+jy+jz ĉx↑ and âx↓ = ĉx↓
reduces the model to the form

H ′TB =
∑

x

[∑
ν(Jν â

†
xσzâx+aνeν +H.c.) +mzâ

†
xσzâx − JSO

(
iâ†xσyâx+ayey + iâ†xσxâx+axex +H.c.

)]
, (S7)

where â†x = (â†x,↑, â
†
x,↓). The lattice structure becomes simple orthorhombic from a rocksalt lattice structure. Using

the Fourier transformation, we can write this Hamiltonian in the momentum space as H ′TB =
∑

k â
†
kH
′
3D(k)âk, where

â†k = (â†k,↑, â
†
k,↓) and H ′3D(k) is given in the footnote of the main text.
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