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1. Introduction

Online Convex Optimization (OCO) with long-term constraints has become one of the most popular online learning
frameworks in recent years due to its powerful modeling capability for various problems such as network routing [1],
online display advertising [2], and resources management [3]. In the formulation of OCO with long-term constraints, the
agent wants to minimize the accumulated loss while satisfying the constraints as much as possible in the long-term. Most
existing works consider the scenarios where the constraints are time-invariant [4,5]. However, time-varying constraints
arise in many practical applications in which the underlying time-varying system is dynamic and uncertain, e.g., smart grid
with uncertain renewable energy supply [6] and data centers with dynamic user demands [7]. Thus, this paper considers
recently proposed OCO framework with long-term and time-varying constraints [8-10], which is more general and practical
than the one with time-variant constraints setting.
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gglr)rllf)alrison of performance bounds for OCO with long-term and time-varying constraints w.r.t. dynamic benchmark.

Reference Regret (R) Constraint Parameter-  Slater Simultaneous
violations (C) free condition-free® sublinear R&C

[3] O(max({VyT9, VgT% T179) O(T'-9) v X X

[11] O(T#Vy) O(max{T &, T¥V,}) v v x

[9] O(V,T#) o(T#) v x x

[9] O(V,T?) o(T?) v x x

[8] O(VX%T%) O(Vﬁr%) x x v

Thm.1 O(max{+/TVy, Vy}) O(max{+/T, Vg}) v v

Thm.1 O(J/TV) omax{T3,V}) v v

4[8] assumes a slightly stronger Slater condition.

1.1. Prior work

0CO with long-term and time-invariant constraints has been extensively studied in the past few years. This branch of
literature usually focuses on the minimization of the static regret. [ 12] first studied OCO with long-term and time-invariant
constraints and developed an online algorithm with sublinear static regret and accumulated constraint violations. Later,
[13,14] improved the performance bounds in [12]. These bounds are further improved in the recent work [4,5], where
a state-of-the-art static regret and constraint violations upper bounds are shown under the assumption of the Slater
condition. However, the setting of time-invariant constraints means the constraints will be learned by the agent easily,
and hence does not capture the scenarios in which the underlying environment is dynamic and uncertain.

The Time-varying constraints. To overcome the limitations above, recent advances in OCO with long-term constraints
considered the time-varying constraints and usually adopt a more practical but challenging metric, the dynamic regret.
In this setting, a crucial challenge is to achieve sublinear dynamic regret and constraint violation simultaneously. [8]
studied OCO with long-term and time-varying constraints both in full-information setting and bandit setting with two-
point feedback. It is the first work to simultaneously achieve sublinear dynamic regret and constraint violations. But the
performance bounds attained in [8] are only valid when the order of the accumulated variations of the environment is
known to the agent in advance, i.e., parameter-dependent. For parameter-free results, [3] analyzed the performance of a
modified online saddle-point (MOSP) method and showed that sublinear dynamic regret and constraint violation may be
achieved if the accumulated variations of the environment are sublinear. Later [11] improves upon it in terms of fewer
assumptions but incurs a degradation of the performance. [9] proposed a variant of MOSP method for bandit setting
with two-point feedback and established the state-of-the-art performance upper bounds. However, all these parameter-
free methods do not always guarantee the sublinear regret and constraint violations simultaneously, even given the
accumulated variations of the environment is sublinear. Besides, most of them assume the Slater condition holds while
it is not true in many scenarios. We list these works in Table 1.

Most related to our work is [4,5], which developed virtual-queue-based online algorithms and achieved the best
performance bounds on static regret for the time-invariant constraints setting and the time-varying constraints setting,
respectively. These results provide an inspiring insight for OCO with long-term constraints. However, a challenging
question remains if a virtual-queue-based algorithm can improve the state-of-the-art performance on OCO with long-term
and time-varying constraints in terms of dynamic regret, and achieve sublinear regret and constraint violations simultaneously
under only common assumptions. The answer is yes and our main contributions are summarized in the following part.

1.2. Contributions

We summarize our main contributions as follows.

e We develop and analyze a novel parameter-free virtual-queue-based algorithm for OCO with long-term and time-
varying constraints. Specifically, we prove that our algorithm achieves sublinear dynamic regret and constraint
violations simultaneously without the Slater condition. The dynamic regret and constraint violations bounds of our
developed algorithm outperform the state-of-the-art in many aspects. See also Table 1 for details.

e We show that when the variation of consecutive constraints is smooth enough across time, which holds in many
practical applications [3], our algorithm can achieve O(1) constraint violations.

e To the best of our knowledge, we are the first to consider the unknown time horizon case for OCO with long-
term and time-varying constraints. Furthermore, our algorithm with a doubling trick can still preserve the order of
performance bounds when the time horizon is unknown.

o We outline some examples of applications, and fit them in the framework of OCO with long-term and time-varying
constraints.
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2. Problem setup

In this section, we first introduce the formulation of OCO problems with long-term and time-varying constraints. Then,
we present the assumptions in our paper, which are widely-adopted.

2.1. Formulation

In each round ¢, the agent incurs a loss function f; and a constraint requirement g, i.e., the agent wants to make a deci-
sion X, € x to minimize the loss f;(x;) while satisfying g,(x;) < 0, where g,(x) is defined as [g;.1(x), g.2(X), . . ., &x(X)]". In
this paper, we assume that f;(x) and g; ;(x) are defined over a closed convex set x € R". Denote {f;(x)}2°, and {g,(x)};2; as
the sequence of the time-varying loss functions and constraint functions, respectively. Thus, the agent’s goal is to compute
the x; defined as follows:

x; = argmin {f;(x)|g,(x) < 0}.
Xex

However, solving this problem is challenging in the online setting since the information about the loss and constraint
functions is unknown a priori to the agent. In particular, since g, is unknown a priori, the constraint g,(x;) < 0 is hard to
be satisfied in every time slot t. Rather, previous work [3,8,9] allows instantaneous constraints to be violated at each round,
but tries to satisfy the constraints in the long run. In other words, the agent wants to ensure the long-term constraint of
ZL] 8.(x;) < 0 over some given period of length T. This type of long-term constraint is appropriate in many applications
(e.g., smart grid with renewable energy supply [8]). Thus, we aim to solve the following online optimization problem:

T T
min ) fi(x), st ) g(x) <0. (P1)
t=1

T
(L3 P

Solving problem (P1) exactly is still impossible in the online setting, since the information about the f; and g, is unknown
before the action x; is chosen. Instead, our goal is to make the total loss Zle fe(x;) as low as possible compared
to the total loss incurred by the benchmark sequence {x;"}[T:l (x{ is commonly termed the per-slot minimizer since
X{ = argminye, g, (x<0/t(x)) and meanwhile, to ensure that Zlegt(xt) is not too large, i.e., the long-term constraint
is not violated too much. Therefore, for any sequence {xf}fz] yielded by online algorithms, we define the dynamic regret
and the constraint violations, respectively as follow,

T

T
Regret = " filx) = »_fi(x),
t=1 t=1 (1)

T
Vioy = Y galxo), ke (1,2,....K}.
t=1

In this paper, we consider the dynamic regret and constraint violations as the performance metrics. We emphasize
that the definition of dynamic regret and constraint violations in (1) are prevalent and widely adopted in the literature
[3,8,9,11]. Our goal is to choose x; in each round t such that both the dynamic regret and constraint violations grow sub-
linearly with respect to the time horizon T. Note that the regret defined in (1) may be negative but this also makes sense.
This is because we aim to minimize the total cost defined in (P1) as small as possible, while the comparator sequence can
be arbitrarily given. The significance of the regret bound guarantee is to make sure the total cost incurred by the agent does
not exceed that incurred by a comparator sequence too much, and we would like to see the appearance of the negative
regret, i.e, the total cost incurred by the agent is smaller than that incurred by a comparator sequence. Indeed, negative
regret is very common in the standard OCO in terms of universal dynamic regret in which the comparator sequence is
arbitrary given [15-17].

Intuitively, the performance bounds of any online algorithm should depend on how drastically {f;} and {g,} vary across
time, that is, the temporal variations of {f;} and {g,}. Thus we need to quantify the temporal variations of the dynamic
environment. Specifically, we need to quantify the temporal variations of functions sequence. There are mainly two kinds
of regularities used in the literature of constrained OCO [3,8-11,18].

e Path-length: the accumulated variation of per-slot minimizers {x;}

T
Ve= Y lIx; = x4l
t=2

e Function variation: the accumulated variation of consecutive constraints

T
Vg = Ziggllg[m — g1l
t=2



Q. Liu, W. Wu, L. Huang et al. Performance Evaluation 152 (2021) 102240

The reason we define the accumulative variation V, with respect to x; is that it can quantify the temporal vari-
ations of the entire dynamic environment including loss functions {f;} and constraint functions {g,} since x; =
arg minye, {f:(x)|g.(x) < 0}. While other definitions of it like Z[T:z MaXyey fe — ft—1] can only quantify the temporal
variations of the loss functions.

We let || - || be the Euclidean norm throughout this paper. In general, it is challenging to achieve sublinear performance
bounds for any online algorithm unless regularity measures are sublinear; that is, the optimization problem is feasible. For
example, a non-oblivious adversary may choose a new objective function f; and constraint function g; such that the current
per-slot minimizer xj is at least O(1) distance away from the selected action x; at each round t (i.e., the accumulative
variations are the of order T). In such case, any online algorithm cannot track the per-slot minimizers sequence {x;} well
and guarantee the sublinear dynamic regret/constraint violations.

2.2. Assumptions

After specifying the problem, here we introduce some assumptions in this paper, which are also common in the
literature of constraint OCO [4,8,9].

Assumption 1. We make following assumptions with respect to feasible set x, objective functions {ft(x)}'[:] and
constraint functions {g[(x)}le:

e The feasible set x is closed, convex, and compact with diameter R, i.e., Vx,y € yx, it holds that ||x — y|| < R.

e The loss functions and constraint functions are convex, and bounded on y, i.e., there exists a positive constant F
such that max{|f;(x)|, |g.(x)|I} < F,Vx e x,¢t.

o The gradients of gy and f; are upper-bounded by G over y, i.e., max{||Vf(x)|l, | V&k.:(x)I} < G, Vx € x,k, t. This is
equivalent to g, is Lipschitz continuous with parameter 8 (8 = KG), i.e., ||g.(x) — &)l < Bllx —yll,Vx,y € x, t.

Under Assumption 1, we study problem (P1) in the full-information setting; that is, at round t, the agent can observe
the complete loss and constraint functions after the decision x; is submitted. In the following sections, we will propose a
virtual-queue-based parameter-free algorithm and show that it simultaneously achieves sublinear regret and constraint
violations without the Slater condition.

3. Algorithm

In this section, we propose a novel virtual-queue-based algorithm, VQB, which is illustrated in Algorithm 1. It
introduces a sequence of dual variables {A(t)}, which is also called virtual queue. The purpose of introducing the virtual
queues is that we can characterize the regret and constraint violations through the drift-plus-penalty expression and then
analyze the regret and the constraint violations based on it. Similar ideas of updating dual variables based on the virtual
queues are adopted in several very recent works (e.g., [4,5]) for OCO with long-term and time-invariant constraints.

Algorithm 1 VQB

1: Initialize: 1, yp > 0, gy = A(0) =0, and x; € x.

2: forround t = 1...T — 1 do

3:  Update the dual iterate A(t):

4 A(t) = max{A(t — 1)+ yi-181(Xe)s —Ve—18—1(xc)}

5:  Update the primal iterate that satisfies:

61 Xep1 = argMinye, V(X)) (x — x¢) + [A(t) + ye-181(x)]" (148,(X)) + el [x — x;
7

8:

2
Il

Choose the action X1
end for

But there are some differences between our algorithm and theirs. First, in order to ensure both regret and constraint
violations are simultaneously sublinear for the time-varying constraints setting, we design a new way of involving
instantaneous per-slot constraint violation into the virtual queues and decision sequence update. Moreover, the learning
rates of our algorithm, i.e., «; and y; are time-varying, while the learning rates of algorithm in [1,4,5] are unchanged in
the whole time horizon. Therefore, our algorithm needs a new regret and constraint violation analysis due to the new
update rule of virtual queues and the time-varying parameters. We will show more details about it in the theoretical
analysis part of Section 4.

Here we elaborate on the novelty and intuition of the entire algorithmic approach of VQB. Note that if there are no
constraints {g,} (i.e., 8, = 0), then VQB has A; = 0, Vt and becomes the OGD algorithm, which has been commonly used
in classic OCO with learning rate n = ﬁ since

. 1
Xee1 = argmin Vi (x ) (x — X)) + o |x — xe 1> = I (xe — =— Vfi(xe)).
xex 20

(2)

penalty
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We call the term marked by an underbrace in (2) the penalty. Hence, the OGD algorithm is to minimize the penalty term

and is a special case of VQB. In our algorithm VQB, if we define Q(t) = A(t)+y:—18:_1(x:) = max{A(t—1)+2y;_18;_1(x:), 0}
to be the vector of virtual queue backlogs and define Lyapunov drift A(t) = %llQ(t +1)|2 - %llQ(t)llz, then the intuition

behind VQB is to choose X1 to minimize an upper bound of the following expression. (Since x;, 1 has not been determined
at round t, we replace g,(x;,1) with g.(x) in A(t) and omit the constant term.)

A(L) + V(X)) (x — ) + oellx — x||1” .
——

drift penalty

Thus, the intention is to minimize penalty plus the Lyapunov drift, which is a natural method in stochastic network
optimization incorporated with the stability condition (e.g., [19-21]). The drift term A(t) could be used to evaluate
the constraint violations and is closely related to the virtual queues. The penalty term includes the regularization
term ||x; — X;—1||> which could smoothen the difference between the coherent actions and make the whole expression
strongly-convex. The remaining term describes the optimization problem.

Our algorithm also has a close connection with the saddle point methods proposed in the literature of constrained
0CO [3,12], which also incorporates dual variables to the decision-making process. For example, in Algorithm 1, A(t) =
max{A(t — 1) + Yr—18,_1(x¢), —vr—18:—1(X¢)} is a virtual queue vector for the constraint violations. The role of [A(t) +
Ve—18¢_1(x.)]" is similar to a dual variable vector in saddle point-typed OCO algorithms. The main differences between
our algorithm and theirs is the update of dual variables and the way of incorporating constraint functions into the dual
variables (e.g., our algorithm uses a virtual queue to track the constraint violation, and the dual variables in our algorithm
are adaptively adjusted by the per-time slot constraint violation). These differences render our algorithm some advantages
over saddle point methods in terms of performance guarantees.

4. Results

In this section, we first present the analysis and major theoretical results of our algorithm. Next, we extend our results
to the case when the time horizon is unknown and the variation of consecutive constraints is smooth enough across time,
which captures many practical scenarios and has been frequently considered in [3,22,23].

4.1. Main results
Within this subsection, we present the upper bounds on the dynamic regret and constraint violations for VQB.

Theorem 1. Consider OCO problem (P1) under Assumption 1, let {x} le be the per-slot minimizers sequence which satisfies
Xp = argMmingg, o <oft(X).

o (Case 1) Setting ay = | et and y? = =55

S S s —— in VQB, then we have the following performance upper bounds
i=t 1% i—1

1
282 /2R
Regret < O(max{/TVy, Vg}),

(3)
Vio, < O(max{~/T, Vg}), ¥k =1,2,...,K.

o (Case 2) Setting oy = m and y? = ﬁﬁﬁ in VQB, then we have the following performance upper
bounds
Regret < O(y/TVy),

‘ 3 (4)
Viop < O(max{T4,Vg}),Vk=1,2,...,K.

There are several advantages stated as following that makes our results outperform previous studies. First, Theorem 1
implies that VQB can guarantee sublinear regret and constraint violations simultaneously, as long as the accumulated
variations of the environment are sublinear, ie., Vy = o(T) and Vy; = o(T). Previous studies listed in Table 1 do
not always simultaneously guarantee the sublinear performance bounds since they introduce the o(T)Vy or o(T)Vg
term in their performance bounds, which may be at least of the order T even the optimization problem is feasible,
i.e., max{O(Vy), O(Vg)} = o(T).

Second, the dynamic regret upper bound guaranteed by both two cases of Theorem 1 could match the state-of-the-art
dynamic regret bound O(+/TVy) in general OCO [15,17,24], when the path-length of the benchmark sequence is V.

Moreover, our algorithm is parameter-free, that is, the parameters in our algorithm do not require prior information
of the regularities (e.g., Vx or Vg). Meanwhile, Theorem 1 holds whether the Slater condition holds or not. The theoretical
results of most previous study are valid either under the Slater condition, or the order of the regularities are known
prior to the learner. Only [11] is both parameter-free and independent of the assumption of the Slater condition,
however, it introduced degraded performance bounds and cannot guarantee the sublinear regret and constraint violations
simultaneously. Readers could see Table 1 for the detailed comparisons.

5
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We compare the performance bounds of our algorithm with the previous studies listed in Table 1. When V, is not
too large (e.g., Vy = o(+/T)), the regret and constraint violations bounds presented in the first case of Theorem 1 are
all no worse than the state-of-the-art results, i.e., O[+/TVy, ~/T] and O[/TVy, V,/*T3/4], established in [8,9], respectively.
Besides, the dynamic regret bound presented in the second case of Theorem 1 is superior to all existing works, and the
corresponding constraint violations are also strictly sublinear when the optimization problem is feasible.

Proof sketch of Theorem 1. Within this subsection, we give a proof sketch of Theorem 1. All the proof details of listed
lemmas could be found in the Appendix A. Since the drift-plus-penalty expression characterizes the dynamic regret
expression, and we can translate the bounds of virtual queues {A(t)} into bounds of constraint violations. Thus, our proof
starts with the analysis of virtual queues properties and drift-plus-penalty expression, that is, the Lyapunov drift term
Alt) =5 LOIA(E+1)12=|IA(1)]1?] plus the penalty term f;(x; ), which is associated with the loss value after choosing an action.

First, we present the main properties for virtual queues {k(t) _, introduced in Algorithm 1 and Lyapunov drift term.

Lemma 1 (Properties of Virtual Queues). In Algorithm 1, we have the following properties for virtual queues A(t) and Lyapunov
drift term A(t):

1. A)>0

2. M)+ ye-18,—1(%) = 0

3RO = ye-1lIge—1(xe)ll

4 Ye-18,-1(Xe) = Mt) — At — 1), furthermore, |A(t)]| — IA(t = DI = Ve-1118—1(xc)]l

5. A(t) < ye MOV 8 (Ret1) + Vtz g (xe1)l12

The proof of this lemma is motivated by [4,5]. However, due to our new algorithm, different constraints setting

and fewer assumptions, our proof techniques are slightly different from theirs. Then we present the upper bound of
drift-plus-penalty expression in the following lemma.

Lemma 2 (Upper Bound of the Drift-Plus-Penalty Expression). Under Assumption 1, let § > 0 and {at}tT:], {yt}tT:1 be any
positive non-increasing sequences, if 2y; < y;_1 + Vt+1 holds for all t, then VQB ensures that

)
fexe) + A(t) < alIXf — xe[1* — otepallxesn — x4 11 + 4Ree x5 — XN+ (B2 vE + 5~ @Olxer — x|
(5)

1 1 1
+ %Gz‘i‘ 2)’t)’t+1||gt(xt+l)|| _E)/t 1118 1(Xt)|| + Ve—1ve g1 (%) — gt(xt)”z + fe(x{).

This is the key lemma in our theoretical analysis, which is used to yield the eventual bounds of regret and virtual
queues. Next, we bound the dynamic regret as follows based on Lemma 2.

Lemma 3 (Regret Bound). Under Assumption 1, for arbitrary § > 0 which satisfies oy > ,Bzytz_l + % if Ve < Vepr, & < otpqq
and 2y; < -1 + ]/t+] hold for all t, then VQB ensures that

T
TG? 1
Zﬁ(xt Zﬁxt>+onR2+4RZozt||xt+1 K+ S5+ Srrvraligrlara)l?

t=1 t=1
. (6)

1
+ S IADIP+2F D7 g (%) — gxll-

=1
Here we define x7 , ; = x7.
We further bound the eventual length of virtual queues in the following lemma based on Lemma 2.

Lemma 4. Under Assumption 1, setting 8, o; and y; to be the same as Lemma 3, then VQB ensures that

(T — 1)G?
IMTI < 2¢/F(T — 1) 4+ v2a1R2 + s gl

T-1 T-1 (7)

+ 2 [2RY el =X +2 | FY v llge(x) — g xll.
t=1 t=1

This is another critical lemma in our theoretical analysis that could be used to yield the constraint violations’ upper
bounds. We derive the upper bounds of the constraint violations in the following two lemmas.

Lemma 5. For any non-increasing sequence {y;}, VQB ensures that

T

A(
Z ” D + Vg, Vk=1,2,...,K. (8)
— yr
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Recall that Lemma 4 bounds the virtual queue length. Thus combining this lemma with Lemma 5, we can bound the
constraint violations in the following lemma.

Lemma 6 (Constraint Violations’ Bounds). Setting §, a; and y; to be the same as Lemma 3, then VQB ensures that

T
2
Y gulx) = \/2a1R2 + Vg + @ngr )l
T
t=1
2 = 2 | G [T-1 ©
+ — |2R) oaellxf, — X+ — |F 2 lgea(xe) — gexo)ll + —
" Ztt+1 t v 27[1 -1t (Xt ”r 5

t=1 t=1

According to Lemmas 3 and 6, with parameters stated in Theorem 1, we could prove the theoretical results of
Theorem 1. First we consider the Case 1 in Theorem 1, by the setting of «; and according to Lemma 13, we can obtain

Zatnxr =Xl = Z Ity — ¢
i R+ Zz<[ ||X, —Xi—1l *

(10)

Xy — x| d

IZ . <2VT | D Ix, — Xl = 2y/TV,.
= R+ Lice Ixi = xia =
By the setting of y; and according to Lemma 12, we also have
T
Zmqulgm(xt) —8(x)ll = 2,32 Z 18¢—1(x¢) — 8 (%)l

B (11)

1 1
max X)| = ——==V,.
Z g0 20l = 55—V

2,32
Setting 6 = % [ —— R+V , it is easy to verify that oy > ,827/[_1 + % 2y < Y¢—1+ Ye+1, and both {«;} and {y;} are non-increasing
sequences. Thus combining Lemma 2 with (10), (11) and rearranging terms yields

T T
D R =Y R
t=1

T
TG? 1 1
<4R E acllxp g — ;|| + iR + — + —yryr ||!,'T(XT+1)||2 + 2F E Vi]”gr—l(?‘t) — 8(x:)|l + 5||)~(1)||2

28 2 —
TG? 1 1 F Vg
= 8RVIVi 4/ R2+—+——F +77+*||X(1)||2 (12)
4ﬁ2f ﬁzf
/ /R+v F V,
<8R\/ R2 TG? — L 4P
TV, + + 4/32 +ﬁ2f+2” (Ml
1 F V,
= 8R\/TV, + R¥*VT + G*\/T(R+ V,) + F2+——+—||x(1)||
4/32\/21% B% V2R

= O(max{y/TV,. Vg})

where (a) holds since we set § = 1 +v According to Lemma 5 and Assumption 1, we have

2 R+Vy
! 2 T—1
th,k(xt) =< )7 \/ 200R? + 7||gr 1)l +
T
t=1
T-1 T-1

2 2
+ o 2R aullxt — X+ FZymngf 1) — 8 (x| + Vg
t=1

/ ﬁz[w/F(T—l +R,/ +G 2T DVR+ Vs R+VX
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2 F Vg
g@[zmﬂm + Gy 2RI+ T) v

2 F V,
/;[ﬁ /;]({f -

where (a) is due to (10) and (11); (b) is due to V,, < RT. For the Case 2 in Theorem 1, since the settings of «; in both two
cases are the same, we can also derive that

T
Y Xty = %1 < 2y/TV, (14)
t=1

For term 23:1 yf_l llg;—1(x¢) — g:(x¢)|l, according to Lemma 12 and by the setting of y;, we have

3 0l — ol = o= 3 g, 00— g0
L Vei1118e—1(Xe) — 8(Xe —zﬁzmtzl ﬁgrq t) — 8cXt
1 F V2T

7<77_

<Vt B

(15)
1

VR 4

m‘ﬁ.,
HM*I
S

Setting § = > R+V , it is easy to verify that oy > ,32)/[_1 + % 2y,
sequences. Based on Lemma 2, combining (14), (15) and Assumption 1 gives

T T
D hi) =) )
t=1

< ¥Yt—1+ ¥t+1, and both {«;} and {y;} are non-increasing

T T

TG? 1 1
<ARD Sl = Xl + R o oy lgr(era)I” 4+ 2F 3 vl lge(x) — gelx)l + S IM)? - (16)
t=1 t=1

32 ) R+V F2 1 1 2F2@ 1 -
< 8RY/TV, + R2VT + 162, tap gt g T M =0TV,

Furthermore, based on Lemma 5, we obtain the bounds of constraint violations as follows

T
2 1 _ G |T—-1
3 gekx) < —FT — 1)+ —v200R + P gp ()l + — ) ——
P Y Yr vr v s

2 2
o 2RZozf||xt+1 X+ FZy[ (g1 (%) — g (Xl + Ve
t=1

(é) / ﬂz[zw/ (T-1) +R,/ +G/2 _1) R+V"

T+1V4 va | 2 F V2T
+(—T ) F+T TRISZ[,MR,/TVXJFﬂ —\/ﬁ]+vg
(QT‘/“ /N;Tﬁz[z’/F(T — 1)+R,/2,/£ + Gy\/2R\/T(1+T)] (17)
[ 2 F [V2T
QVAF 4 TV4 [ = [\/4R TV + —,| —— ]+ V; = O T34, V,)),
+ + «/2R52[ +ﬂ «/EH s = Otmax{ #)

where (a) follows from (14) and (15); (b) holds by the fact that V, < RT and % < 2. It completes the proof.
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Remark 1. When feasible set x is time-varying, i.e., x(t), our algorithm VQB is valid and we can verify that its
corresponding theoretical results also hold.

4.2. Slater condition

In the previous section, we have shown that as long as the optimization problem is feasible, our algorithm could
simultaneously achieve sublinear dynamic regret and constraint violation with only limited common assumptions in
the literature of constrained OCO. Meanwhile, [3] pointed out that in many practical constrained OCO problems, the
variation of consecutive constraints is smooth across time. Thus, we examine whether the smoothness of the dynamic
environment’s temporal variations can lead to better bounds of constraint violations for VQB. Within this subsection,
we consider a slightly stronger Slater condition that has been considered in [3]. We will show that our variant of VQB,
illustrated in Algorithm 2, could guarantee an O(1) constraint violations under this assumption. The difference between
VQB and Algorithm 2 is the way of incorporating constraints into the virtual queues updates and decision iterations,
i.e., Algorithm 2 uses g.(x;) instead of g,_;(x;) to update the dual iterate A(t) and primal iterate x, compared with VQB.
Technically, the update step in Algorithm 2 can yield much lower constraint violations when the variation of consecutive
constraints is smooth across time, as shown in Theorem 2. First, we give the definition of the Slater condition.

Algorithm 2

1: Initialize: o, y > 0, gy = A(0) =0, and x; € y.

2: forround t = 1...T — 1 do

3:  Update the dual iterate A(t):

4 A1) = max{A(t — 1) + yg(x). —yg(x))

5. Update the primal iterate that satisfies:

6:  Xern = argmin,e, Vfi(x) (X — %) + [ME) + y& (x)T (v, (%) + atl[x — x|
7

8:

Choose the action X1
end for

Assumption 2 (Slater Condition). There exists € > 0 and X € x such that g.(X) < —el, Vt.

Assumption 2 is known as the interior point condition or Slater condition, which is also used widely in the literature
of OCO with time-varying constraints [3,9,10,18]. Based on Assumption 2, we next introduce a slightly stronger Slater
condition assumption, which is valid in many practical scenarios [3,22,23].

Assumption 3. The Slater constant € is larger than the maximum variation of consecutive constraints, i.e., € > \_/g =
mgxglea)(XIIgr+1(X) — g X

Note that this assumption was adopted in [3], which is valid when the region defined by {x|x € x, g,(x) < 0} is large
enough, or the variation of consecutive constraints is smooth enough across time.

With a similar intuition of VQB, if we define Q(t) = A(t) + y:8;(x:) = max{A(t — 1) + 2y,8.(x¢), 0} as the vector of
virtual queue backlogs and let parameters «;, y; be time-invariant, Algorithm 2 also chooses x;,1 to minimize an upper
bound of the following expression:

A(L) + V(X ) (x — ) + oellx — x||1” .
——

drift penalty

The reason we replace g;_;(x;) with g.(x;) in Algorithm 2 is motivated by the observation that g,(x;) could be directly
accumulated into queue A(t) (recall that A(t) = max{A(t — 1)+ yg,(x:), —y8:(x)}) and we intend to have small queue
backlogs when the variation of consecutive constraint functions is smooth across time. This is important for a much tighter
analysis of the constraint violations under the strongly Slater condition. If we use g.(x;) instead of g,_;(x;) in VQB, we
could get g, ,(x:) < Ak(t) — Ak(t — 1). Then, we can characterize the constraint violations only by the bounds of virtual

queues {A(t)} without the term V; (comparing with Lemma 5), i.e,, Zfﬂ grilxe) < @ < ”MV—T)” Vk. In such case, the

length of virtual queues {||A(t)]| }Ll is upper bounded by a constant under the strongly Slater condition (Lemma 11). Then

we could obtain an O(1) bound of constraint violations, shown in the following theorem.

Theorem 2. Under Assumptions 1-3, setting a = T® and y? = ﬁ

violations are upper bounded by
Regret < O(max{T“Vy, T*Vg, T'~}),
Vio, < 0(1), Vk=1,2,...,K.

T? in Algorithm 2, the dynamic regret and constraint

(18)

In particular, the performance upper bounds become O( max (VTVy, ﬁVg}) and O(1) if we set o = 28%y? = JT.

9
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Note that our performance bounds established by Algorithm 2 are strictly better than [3] under the same assumptions.
Besides, the constraint violations for Algorithm 2 can decrease to O(1) when the variations of consecutive constraints are
smooth enough across time.

Proof sketch of Theorem 2. Here we give a proof sketch of Theorem 2. All the proof details of listed lemmas could be
found in Appendix B. Note that both {«;} and {y;} are constant sequences in Algorithm 2, thus here we omit the subscript
t. Similar as Lemma 1, in Algorithm 2, we have the following lemma for the properties of virtual queues and Lyapunov
drift term.

Lemma 7. In Algorithm 2, at each round t, we have

1. AM(t)>0

2. AMt)+yg:(x)=>0

3 MO = v lIge—1(x)ll

4. yg,(x) < Mt) — At — 1), furthermore, [|A(6)I] — [[A(t — DI < v Ige(x)ll
5. At) < J/Dv(f)]Tgt+l(Xt+1) + y2||gt+l(xt+1)”%

The proof of this Lemma is similar as the proof of Lemma 1 and hence we omit the details.

Lemma 8. Under Assumptions 1-3, setting «, y, § such that o > %(ﬂzy2 + 8), then Algorithm 2 ensures that

Je(xe) + A(t)
< fi(x)+ X} — X |? — allxes1 — X{ 1 %+ 4Ra||x},; — XTHZ + y2F||gt+1(xt+1) — g(xe11)ll (19)

1 1
+ %Gz + §V2||gt+1(xt+1)||2 - 5)’2||gt(xt)||2 + Y I8 11 (Xe+1) — 8 (xer)Il-

Take a similar derivation process as the proof of Theorem 1, we also characterize the regret and constraint violations
through the bound of drift-plus-penalty expression stated above. Therefore, we bound the dynamic regret and constraint
violations in the following lemmas, respectively.

Lemma 9. Under Assumptions 1-3, setting «, y, § such that o > %ﬂzyz + %8, then Algorithm 2 ensures that

T T
TG? 1
D filx) < Z () + elixy —xal? + 4RV — + Vg + S IMDI +y max A V. (20)

Lemma 10. [n Algorithm 2, we have

D gulx) < k"J(/T < ”MVT)”, ke (1,2,....K}. (21)

Note that the above two lemmas show that the final bounds of dynamic regret and constraint violations can be obtained
by bounding the A(t). Since we are allowed to introduce the assumption of strongly Slater condition, we will show that
the length of virtual queues is upper bounded by a constant in this case. Hence we adopt different techniques for the
virtual queues analysis compared with the proof of Lemma 4, and bound them by accomplishing the following lemma.

Lemma 11. In Algorithm 2, we have
GR + y%€F + 2y2F% 4 aR?
IMOIl < yF+ T Y V. (22)
y(e — Vg)

Finally, based on the above lemmas, we prove Theorem 2 as follows. Setting § = %T“, and it is easy to verify that
a¢ > 38%y? + 5. Combining Lemma 9 with Lemma 11, we have

T T
D h) =) )
t=1

x 2 LGZ 2 1 2
< allx] — x1|I” + 4RaVy + 55 + y°FVg + ||),(1)|| +ymtaxlll(t)||Vg (23)

GR + y2¢F 4 2y%F? 4 aR?
(€ — V)

T
TG 1
< Z (X)) + aR® + ARaVy + —- 2 FVg + SIADIP + (°F + e

= (max{T" Vi, y2Vg, T'7%)) = O(max{T Vy, VT, T'7%)).
10
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Furthermore, combining Lemma 10 with Lemma 11, we can obtain

T
Il GR + y2€F + 2y%F? + aR?
D gulx) < <Py 2T
o 1 (e — Vg) (24)
= 0(—)=0(T"™%), Yk=1,2,....K.
y

In particular, when setting a = % T and y? = VT, the performance upper bounds become O(max{~/TVy, v'T TVg})

2/32
and O(1). This completes the proof.

4.3. Unknown time horizon T

In this subsection, we extend our algorithm and analyze the case when time horizon T is unknown. Recall that the
parameters of VQB, i.e., y; and «;, and previous methods for OCO with long-term and time-varying constraints all depend
on the time horizon T, while the total rounds T are not known prior to the learner in many practical scenarios. In such
cases, we use the doubling trick strategy to tune the parameters for our algorithm. To the best of our knowledge, we are
the first to consider the unknown time horizon case for OCO with long-term and time-varying constraints. For any online
Algorithm A whose parameters depend on the time horizon T, the doubling trick is described in Algorithm 3.

Algorithm 3 The Doubling Trick for Online Algorithm A
cleti=1.
: while not reach the end of the time horizon do

1

2

3:  Reset A with parameters chosen for T = 2.
4:  Run A for 2! rounds.
5

6

Leti=1i+ 1.
: end while

Theorem 3. Under Assumption 1, for any unknown time horizon T, run VQB until reaching the end of the time horizon. Let
= 2! be the index of the first round of i-th epoch.

e (Case 1) Setting o; = Wm and y? = ﬁ% for t € [t;, tiq — 1], then VQB with doubling trick ensures
regret < O(max{/TVx, Vg}), (25)
Vio, < O(max{v/T, Vg}),Vk = 1,2, ..., K.
o (Case 2) Setting a; = Wm and y? = ﬁﬁ - r, fort € [t;, tiz1 — 1], then VQB with doubling trick
ensures
regret < O(+/TVy),

3 (26)
Vio, < O(max{T3, Vg}),Vk=1,2,....K.

Theorem 3 shows that our algorithm with the doubling trick can still preserve the order of dynamic regret and
constraint violations bounds even though the time horizon T is unknown. Note that our algorithm adapts to the doubling
trick because of the property of parameter-free, while parameter-dependent methods (e.g., [8]) cannot do this.

Proof of Theorem 3. Here we give a proof of Theorem 3. For the Case 1 in Theorem 3, since the i-th epoch consists of

at most 2 rounds, the unknown time horizon T is divided into N = [log,T] epochs. Let Af( = t t' ||xt —x{_4|l and
= Z:g_l sup||gt(x) — 8;,_1()|l. By Theorem 1, in the i-th epoch there exists a constant C such that the dynamic

regret and constralnt violations are at most max{C,/T A, C A' and max{C~/2!, C A' } respectively. The final bound could
be obtained by summing the individual bounds over all “the epochs Therefore, we could upper bound the total dynamic
regret and constraint violations as follows

N N
o - (a)
Regret < max{z Cy/2'AL, ZCA;} % max{C

< max{C\/Vey/2N+1 — 1, C Z AL} = max{Cy/Vyy/2M1o82T1+1 — 1, €V}
< max{C+/Vyv/20082T+2  CV,} = max{2C+/TVy, CVg},

11
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Table 2

Parameters of our algorithm and baselines.

Methods Parameters

Baseline [8] § = 8nC? +11, n= %
Baseline [3] a=pu=T3
Baseline [11] §=1, A =4V2T$
Baseline [9] n= T’%, a=2T"72

VQB(Case 1) w= |y Y= UE
VQB(Case 2) @ = mymn ¥ =

i

where (a) is due to the Cauchy-schwarz inequality. And the total constraint violations are at most

N N
Vio, < max{z cV2i ZCAi} = max{ [fNH 1], CVg}

’ g
i=0 i=0 f_ (28)
2C log, T
< max V277 V) = max VT, DV}, Yk =1,2,... K.
< {[2_1 A {f_ e}

For the Case 2, we conduct similar analysis as Case 1. By Theorem 1, in the i-t3h epoch there exists a constant D such that
the dynamic regret and constraint violations are at most D,/T Al and max{D23', DA;} respectively. According to (27), the
total regret is still at most the order of /TV, without changing. For the total constraint violations, we also have

N N
. 3 i 3Tlog,T]
Vioy, < max{DZZ4 ,ZDAg} < max{z—— (41T — 1), DV}
i=0 i=0 (29)
D 3log,T 2D 3/4
Smax{mz‘l 2 ,DVg}:maX{mT gDVg},Vk: l,z,...,l(

This completes the proof.
5. Numerical experiments

In this section, we conduct numerical experiments to validate the theoretical performance of our algorithm. Specifically,
we consider the online ridge regression (ORR) problem [25] as the numerical example. We compare the time-averaged
regrets and constraint violations of our algorithm with previous work in two different dynamic environments. The problem
formulation of ORR at round t is as follows.

n
Minimize X' p; b—gq.)
Xe€x ;( rpl.[ + Qz,r) (30)
st x|l < ar

Here {pi(, qi(}}_, are the training data at round t, and a; characterizes the t-th round constraint on the I, norm of the

decision variable, i.e., weight vector. We define {x|[|Xlcc < C,x € R¥} as the feasible set. The above ORR formulation
could be applied in accurate and reliable forecasting of traffic in intelligent transportation systems [26]. The training data
{pi¢, Gi¢}_, and constraint a; may not be known prior to the agent at round ¢ due to the delayed arrival training data.

Experimental setting. At round t, we generate the parameters {p;;, i, Vi}, a; and the per-slot minimizer x} in the
following way. Let x; = IT,(x;_; + 1), where each entry of 7; is a uniform random variable, sampled from a time-varying
set B; (we will specialize it later). Then we generate a; and {p;., qi}iL, as follows. (i) p;.+ = pi(—1 + uir, where each entry
of u; is i.i.d, uniformly sampled from set B;. (ii) q;; = p{tx;" =+ b. (iii) a; = [Ix}]].

Next, we introduce the baselines [3,8,9,11] for comparison. The algorithms in [3,11] are based on MOSP method.
Although [9] only considered the bandit setting, their algorithm and theoretical guarantees are also valid in the full-
information setting. Meanwhile, note that the theoretical guarantees in [8] are valid only when the agent has prior
knowledge of V, (or the order of it). For fair comparison, we set the learning rates in their algorithm to be parameter-free,
and obtain the O(V,T1/2) regret and O(max{V,/*T1/2, T3/4}) constraint violations. Finally, we introduce our experimental
details. In our experiment, we let n = k = 5, C = 7. The parameters of our algorithm and other baselines are presented
in Table 2.

Results and analysis. We first consider the case when V, = V, = O(log(T)). To do this, we set B; to be [— zr’ %
From Fig. l(a) and (b), we can see that our algorithm VQB achieves lowest time-averaged regret Regm(t) and constraint

violation V’Ot which validates our theoretical results. Moreover, we can also see that the regrets achleved by VQB under

two parameter settings are very close, which is consistent with the theoretical results in Theorem 1 that the regret upper
bounds between them are identical by noting that V, = O(log(T)).

1
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Fig. 2. (a) Evolutions of Regret(t)/t; (b) Evolutions of Vio(t)/t.

We also consider the case when V, = V; = O(f) To do this, we set B; to be [— \[, 5 ] In this case, the regret
bounds of all baselines are at least the order of T. From Fig. 2, we notice that all metho s can guarantee sublinear
constraint violation in this case, which matches the theoretical results listed in Table 1. Fig. 2 also shows that VQB can
achieve simultaneous sublinear regret and constraint violation, while other baselines [3,9,11] cannot, which matches their
theoretical results. We observe that baseline [8] achieves a near sublinear regret in this setting, yet this may not always
be the case due to its O(T) regret bound, or the performance bounds established by [8] may not be tight. Besides, the
regrets of the VQB are better, which also coincides our theoretical bounds in this case.

6. Applications

In this section, we show several applications of our formulation to diverse problems across resource allocation and job
scheduling. We emphasize that none of these applications would be possible without an algorithm that simultaneously
achieves sublinear regret and constraint violations, which is not attainable with previous approaches.

6.1. Online network resource allocation

Within this subsection, we consider an online resource allocation problem over a cloud network [3,27]. The network
consists of mapping nodes 7 = {1,...,J} and data centers X = {1,...,K}. We use a directed graph ¢ = (Z, ¢) to
represent it, where Z = J UK, |Z| = J + K, and |e| = E. € includes all the links which connect mapping nodes with
data centers, and the “virtual” exogenous edges coming out of the data centers. At each time slot t, each mapping node
j receives a data request b’ from exogenous user, and schedules x’ workload to data center k. Each data center k serves
workload y[ based on its source availability. We assume each node (including data center and mapping node) could buffer
the unserved workloads into its local queue. Next we describe the workflow of the overall system, which is illustrated in
Fig. 3. Specifically, at each time slot t, mapping node j has an exogenous workload b’ plus that stored in its local queue
g}, then it schedules workload x* to data center k. Data center k has a received workload of the amount of ZJ . X plus
that stored in its local queue q’t and serves an amount of workload yt.

We define a resource allocatlon vector x, = [x!1,..., x’[’(,y}, ....¥X1" e R, and load arrival vector b, =
[bl,..., bo,..., 01" € R’Jr to represent the exogenous load arrival rates of all nodes at time slot t. We also define
I x E node-incidence matrix A, where (i, j)-th entry A;j = 1 if link j enters node i, or A, jy = —1 if link j leaves node i,

13
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/q£+k

Data Center k

Mapping node j

Fig. 3. The overview of the system.

otherwise A(;jy = 0. Hence the vector Ax; 4 b; represents the aggregate workloads of all nodes. There is service residual
at node i if (Ax; + b;); > 0, otherwise the current load of node i exceeds its service capacity. At each time slot t, the

queue length vector of all nodes is given by q, = [qtl, cee, qﬁK]T, and its update rule of q, is q,,; = (q, +Ax; + b,)". We
denote Bj, be the maximum bandwidth of link (j, k), and C; be the resource capacity of data center k. Thus the feasible
setis x = {x|0 < x < c}, where ¢ = [B11, ..., Bk, C1, ..., Ckl.

Here we formulate the accumulated cost of the overall system. We divide it into two parts, the one is power cost, the
other is bandwidth cost. The power cost characterizes the energy price and renewable generation, and the bandwidth
cost characterizes the transm15510n delay. The power cost of each data center k at time slot ¢ is f; ;(y* +). The bandwidth
cost of link (j, k) is f; ]k( ). Both of them are unknown before the resource allocation at time slot t. Hence at each time
slot ¢, the instantaneous cost of the overall system is

=Y frW)+ DY ol (31)

keiC JjeJ kekK

Our goal is to minimize the accumulated cost of the overall system while ensuring all workloads are served, shown in
the following optimization problem P;:

¢  min X
Py:  min th )
(32)
s.t. ‘Ir+1 = [q, + Ax; + b]", vt,
4 =qr1 =0,
where the initial queue length is given by q;, and qr_; = 0 implies that all workloads should be served before the end of
scheduling horizon T. However, solving P; is generally challenging using traditional methods since the future workload
arrivals are not known a prior. Therefore, we could relax the first constraint in P as follows:

T T
Gry1 > Gr +AXr+br > - > g+ ) (AX +b)= ) (Ax +b) <gr ., —q; =0. (33)
t=1 t=1
Then we transform P into the following optimization problem P,:
T T
: i .t. <
P,: min ;‘ft(xt) s.t ;‘ (Ax; +b;) <0, (34)

which could be solved by our framework of OCO with long-term and time-varying constraints.
6.2. Online job scheduling

Within this subsection, we consider an online job scheduling problem [28-30], in which the computing cluster consists
of multiple servers with heterogeneous computation resources. Specifically, consider a computing cluster, and it consists of
M servers, which indexed from 1 to M. We assume server i has C; CPU cores and can process multiple jobs simultaneously
unless the total demand of its execution jobs exceeds C;. Time is slotted and job j arrives the cluster at time slot g;. The
total number of jobs is N. Each incoming job joins a global queue managed by a scheduler, waiting to be assigned to an
available server(s) for execution in the subsequent time slots. At the beginning of each time slot, the scheduler has to
decide which job(s) to schedule and which sever(s) assigned to it(them). We assume job j requires d; CPU cores to run

14
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and p; units of time to finish when its demand of d; CPU cores are fully satisfied, where both d; and p; are integers and
will be reported to the scheduler once job j arrives at the cluster. Thus the quantity v; = p;d; is the volume of job j. We
also assume that preemption and migration are allowed, i.e., a running job can be check-pointed, preempted, and then
recovered on the same server or on a different server.

We denote u}(t) be the number of CPU cores allocated to job j on server i at time-slot t. By time-division-multiplexing
of CPU cores, any job could also be processed even if it is allocated fewer than d; CPU cores, but it needs to take more
than p; time-slots to finish. We say job j finishes when its completion time c; satisfies Zt gt Zl 1 J (t) = d;p;, that is, its
volume is fully served, and the flowtime of job j is ¢; —a;. We assume that any job j cannot "benefit from the extra number
of cores (i.e,, it is allocated more than d; cores). To avoid the waste of resources, we have Z::] uj t) < d;. The online
scheduler strikes a balance between fairness and job latency. Hence, like [30], we adopt the [, norm of job ﬂowtime [30]
to represent job’s “cost”. Then our goal is to minimize the sum of [, norm of all jobs’ flowtime while satisfying some
constraints, shown in the following optimization problem Ps:

P3;: min Z(cj —a)

D ujt) < d;, Vit
> u(t) < Guvii,

Jit>aj

uj(t) € N,
where the third constraint means the total number of allocated CPU cores on server i cannot exceed its capacity C; at
any time slot. However, it can be verified that P3 is NP-hard since it is an integer programming problem. Hence, here we

could adopt the approximation algorithm to solve P3. Specifically, we approximate Iy norm of flowtime (¢; — aj)" with its
fractional job flowtime counterpart [31], that is,

M
(G—a)~ D D (t—a)/p+pf u(e)/d;
t:aj+1 i=1

We define y;(t) =, u}(t)/dj(t) be the total CPU cores rates allocated to job j at time slot t. We could transform P35 into
the following optimization problem Py4:

P,: mmz Z (t—a) /pj-l-pjl-‘_l)}’j(f)

| 1 jit=aj+1
st Y y(t) = pp. Vi,
[:aj+l
0 <y(t) < 1,Vj,¢t, (36)
M
> dyi(t) <Y Gt
jit>q; i=1

djyj(t) € N,Vj,t.

We denote by OPT;‘,3 and OPTp . the optimal objective values of optimization problem P3 and P4 respectively, then by
using the same argument as [31], we have OPT,*,4 < 20PT ,*,3. Next we show that we could use the framework of OCO with
long-term and time-varying constraints to solve problem P.

Solve P, using the framework of OCO with long-term and time-varying constraints. We formulate the third
constraint in P4 as the short-term constraint which needs to be satisfied strictly at each time slot. We also notice that
the first constraint could be formulated as the long-term constraint. Thus, we separate the first constraint in P4 into each
time slot constraint:

g:((t) = —y(t) =0, (37)

j
T— aj
where T is the predicted completion time for all jobs, which could be known or estimated ahead of time in many scenarios.
The per time slot constraint (37) could be violated in some time slots but the accumulated constraint violations should
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be controlled. We relax the integer constraint of y;(t) and define the feasible set of it as:

M
O =) dy <> Go<y <1}

Jit>aj i=1

Indeed, we could still make the resultant online algorithm satisfies the integer constraint in the sequel. Therefore, the
optimization problem P, could be transformed into the following optimization problem Ps:

T
n fO)=Y > (t—a)/p+p Wit

Ps : mi
y(t)ex(t) .
t=1 ]:tzaj+l

T
st Y &y(t) < 0.V,
t:aj+1

which could be solved by our framework of OCO with long-term and time-varying constraints. As stated before, although
feasible set x is a time-varying set, our algorithm is valid and the corresponding theoretical results also hold.

7. Conclusion and future work

In this paper, we develop and analyze a novel algorithm for OCO with long term and time-varying constraints. To the
best of our knowledge, our algorithm is the first parameter-free algorithm to simultaneously achieve sublinear dynamic
regret and violation under common assumptions. We then extend our algorithm and analysis to some practical cases. For
future work, It is a good direction to investigate sharper performance bounds for OCO with long-term and time-varying
constraints. Moreover, whether incorporating other properties, like strong convexity and smoothness, can lead to better
performance bounds is also an open question.
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Appendix A. Proofs for Section 4.1

A.1. Preliminary lemmas

Lemma 12. For any t > 1, we have

t
Z* <2Vt - 1. (A1)
Lemma 13 (Proposition A.5 in [32]). Let R > 0 and any real numbers X1, X3, . .., Xy € [0, R], then we have

Xt
O T
t=1 R+ Zi<t Xi

A.2. Proof of Lemma 1

(A2)

Proof.

1. We prove the inequality (1) by induction. Assume A(z) > 0 holds for all 7 € {0, 1, ..., t}, then Yk we consider two
cases.
Case 1: If gy ¢(x;4+1) > 0, then we have

At + 1) = max{ie(t) + ve8re(Xe+1), —Ve&re(Xe+1)} = Aie(t) + Ve8r.e(Xe+1) = 0.
Case 2: If gy ¢((x;+1) < O, then we have

A(t + 1) = max{Ar(t) + ve8ke(Xe+1), —¥e8ke(Xe+1)} = =18kt (Xeg1) = 0.
Thus, A(t) > 0 holds for Vt.
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2. Since A(t) = max{A(t — 1) + Ye—18i—1(xt), —Vi—18:—1(X¢)} = —yt—18;_1(x¢), then we can derive that A(t) +
Vt—lgt71(xt) >0, Vt.

3. It is obvious that (3) holds if t = 1, then for t > 2 and Vk we consider two cases.
Case 1: If gy ¢(x;4+1) > 0, then we have

A(t) = max{Ag(t — 1) + Ye—18ke—1(Xc), —Ve—18,c—1(%c)}
> Mt = 1)+ Veo18re—1(%e) = Ve—118re—1(Xc)].
Case 2: If gy ¢(x;+1) < O, then we have
() = max{Ae(t — 1) + yr-18ke—1(Xe), —Ve-18c—1(Xe)} = —Vec18e—1(%) = Ve—118ke—1(Xc)I.

Thus, we have Ax(t) > yr_1l8k.c—1(X:)l, Vt. Squaring both sides of it and summing over k, we obtain [|A(t)[?> >
v2 1 8_1(x¢)|I%, which is equivalent to the inequality (3).

4. Since A(t) = max{A(t — 1) + yr—18r—1(X¢)s —Ve—18—1(Xc)} = A(t — 1) + ve—18¢_1(x;), then we have y; 18, _;(x¢) <
A(t) — A(t — 1). Furthermore,

Ai(t) = max{A(t — 1) + yr-18ke—1(Xc), —Vi-18c—1(X¢)}
<1t = D+ 1ye—18re—1(X)] = Mt — 1) + pe—118re—1(Xe)I.
Squaring both sides of the above inequality and summing over k, we obtain
MO < IAE = 1)+ Vo181 KNP < IO < IAE = 1) + veagea (%Il
By the triangle inequality we have [|A(t)]| < yi—1ll€—1(xe)| + IA(t — D).
5. According to the above inequality ||[A(t)]| < yi—1lI8;—1(x)|| + [IA(t — 1)||, we have
IACE + DI < vellge(Xer- DI+ NIAE)]]
=M+ DIZ < MO + 20 [MO) g (xer1) + ¥ 18 (eI
Rearranging terms yields the inequality (5). O

A.3. Proof of Lemma 2

Proof. Since Vf;(x;) (x — x;) + [A(t) + Vee181-1x)1T (ve&, (%)) + a¢|lx — x;||? is a 2a,-strong convex function with respect
to x and x,,; minimizes this expression over y, we have

Viex) (Xer1 — %) + [A0) + Vo181 (%)) (8, (Xes1)) + e lxer1 — x|
=< Vft(xt)T(Xf — X))+ [A(E) + Vt—1gt_1(xt)]T(Vtgt(Xf)) + aellxf — xel? — oellXeq — Xf”z (A.3)

(a<)vf(X)T(X*_X)+ * 2 _E2
= VJilXt t t aellX — x| o lXe1 — X/ %S

where (a) follows from the fact that g,(x}) < 0 and Lemma 13. Adding f;(x;) on both sides of (A.3) and using the convexity
of f;, we have

fexe) + Vi xe) X1 — %) + M) + V181X (78 (Ke1)) + e [ Xes1 — xe 12
< felx¢) + Vft(xt)T(Xf — X))+ Olr”Xf - X[”2 — o || Xep1 — Xf”Z (A4)
< fe(xX) + acllx; — xell® — oellxeqr — X:F||2~

Rearranging terms in (A.4), we have

fe(xe) + [X(t)]T(ytgr(x[+1)) — fi(xf)

2 2 2 T T
=< at”X: — X |l” — aellXer1 — XT” — e 1% 1 — Xe I — Vi1 Vel 1(Xe)) 81 (Xep1) — V(%) (Xep1 — X¢)
(a)
=< at”Xf - Xt||2 — || Xep1 — X;ﬂ”z — ot || Xep1 — Xt”z - Vt—]Vr[gr—l(Xt)]Tgr(XtH) F IVFexe) I Xe1 — Xell

® X 1 8
< arl|X* = xe[1? — o[ Xer — X 1% — ot llxe1 — x> — Vt—l)’t[gr—l(xt)]Tgt(Xt+1) + %”Vft(xt)nz + 5||Xt+1 —x?
(c) 1 )
< axf — xe|1? — o llxe1 — XTHZ — aellxes1 = XeI? = Veo17e (81 (X)) 8 (Xes1) + %Gz + 5||X[+1 — X%
(A5)

where (a) holds by the Cauchy-Schwarz inequality; (b) comes from the AM-GM inequality; (c) holds due to Assumption 1.
Based on Assumption 1, we note that

2 2 2 2

xF = Xell” = Ixesr — X 17 = 1% = Xel® — Xe1 — Xy + X540 — X(
2 2 2

SXE = xel1® = Mxe1 — X5 q 15— X = X011 = 200Xeq1 — X7 XS — Xl (A.6)
2 2

<X = xelI® = X1 — X5 4117 4 4RIIx;, ; — X7l
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And
T 1 2 1 2 1 2
— [8—1(x0)] 8¢(Xeq1) = —5||gr—1(xt)|| - 5||gt(xt+1)” + 5||gt—1(xt) — 8:(xe 1)l

1 1 1
=——lgx)I* — 5||gt(xt+1)||2 + Eugt—l(xt) — 8(xe) + 8(xe) — 8e(xer )N

2
(a) (A7)

IA

1 1 1
—5||gt—1(xt)||2 - EHgt(XH])HZ + 5[2”3:—1(?&) — gxI* + 2118 (xe) — 8 (Xes1)II*]

(b 1 1
< _Engt—](xt)”z - EHgt(xH—l)”z + lge_1(xe) — 8 (x> + B l1Xer1 — xe 1%,

where (a) follows from the AM-GM inequality; (b) holds by the Lipschitz continuity of g, (Assumption 1). Substituting
(A.6) and (A.7) into (A.5) we obtain

Felxe) + IMON (7 &e(Xe1)) — felx7)

1)
2 2 2
< oellxf = x|l = 1xe1 — Xpq 17+ 4RIX = X7+ (B veve—1 + =

2
57 ar)lXer1 — X

1
+ 56 - 27t—1)’r||g[71(xr)||2 - E)/tfﬂ/t”gt(xtﬁ»l)uz + Ve—1vell8e—1(xc) _gt(xt)nz (A.8)

@ 2 2 2 s 2
< arllXf = Xl = o1 l1Xepr — X7 q 17+ ARae I — X714+ (B ve—1 + 5 o)1 Xer1 — Xl

1 1 1
+ %G - Eyt—lyt”gt—l(xt)nz - Eyt—lyt”gt(xt+l)”2 + Vﬁ]”gt—l(?‘t) _gt(xt)Hza

where (a) comes from the fact that both {o;} and {j;} are non-increasing sequence. According to Lemma 1 and adding
Lyapunov drift term on both sides of (A.8) yields

fe(xe) + A(t) — filx])

1)
2 2 2 2
< oellXf = xell© — aeprllXepr — X5 q 17+ AR X7 — X{ 1 4+ (B Vet + 57 ae)llXer1 — Xl

1 1
+ 562 = SVl Gl + (7 = Sy )lg eI + 72 18- (e) — &) (A9)

(a) $
2 2 2 2
< aellxp = Xl = oeg1llXepr — X7 q 17+ 4RaelIxE — X7 4+ (B ve1 + 5 o)1 Xer1 — Xel

+ %G - 5)’[ 1718 1(Xt)|| + 2ytyt+l||gt(xt+l)”2+Vt271||gt7](xt)_gt(xt)”Zs

where (a) is due to the fact that 2y; < y;_1 + ¥¢+1. This completes the proof. O

A.4. Proof of Lemma 3

Proof. According to Lemma 2, taking a telescoping sum over t = 1, ..., T, we obtain

2

T T T T
k. k £ G
;ﬁ(xf) + ;A(t) < DR AR Y el =+l — il + o

t=1 t=1

1
+ Syrvrellgra)lI® + D v llge (k) — gl +Z B+ S )l — %

2 t=1
= (A.10)

(@ ! , TG
< D RO +ARY okt — KN+ R +

t=1 t=1

1 T
+ SvryrallgnCer)lI? +2F Y v lIgea(n) — gixo)ll,

t=1

where (a) holds by Assumption 1 and the fact that o, > 8%y? + % Rearranging terms yields

T T TG?
Zfr x) = Z D+ARY i — X+ i +
t=1 t=1 =1 : (A.11)
oy lgr I + 28 3 v g a(e) — 80l + S IADI.
t=1

It completes the proof. O
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A.5. Proof of Lemma 4

Proof. According to Lemma 2, taking a telescoping sum over t = 1, ..., T — 1 and using the fact that «; > ,BZytz_l + %
we obtain
-1 -1 T— T-1
fo(xt)+ZA Z () + 4R Y acllxyyy — ¢l + i R?
= = =t =1 (A12)
(T — 1)G? =
+ E 4 S g Gl + 2F; v lge(x) = g%l

Rearranging terms and multiplying both sides by 2 yields

T-1 T-1
IO = 2 th = DR +8RY . ailixgey — Xl + 201K
t=1 t=1
T-1
(T — 1)G?
+ vl GOl +4F Y vl g (k) — &)l
o =1 ( - (A.13)
(@) . . T—1)G
< 2F(T — 1)+8R;at||xt+1 — X[ + 204R? + —
T-1
+ V7 lgroa kI + 4F Y v lgeoa(x) — g o)l
t=1

where (a) holds by Assumption 1 and the fact that yr < yr_1. Taking the square root of both sides and using the fact that
V216 <Y ;4/ai, Ya; > 0. Then we obtain

T-1
IO < V2FT = 1) +2 | 2R Y allxty; — ¢l + V204 R2
t=1

(T — 1)G2 =

T il bl + 2 ngf_lngt_](xt)—gr(xf)u.

(A.14)

It completes the proof. O

A.6. Proof of Lemma 5

Proof. According to Lemma 1, we have y;_18,_; x(X) < A(t) — Ak(t — 1) & ge—1.k(Xc) < MO A"(t 1) . Adding g; k(x;) on

- Yt-1 YVi—
both sides of it and summing over t yields ‘

T T T
(t) At —1)

D gk + Zlx) < D gealx) + -
— _ t—1 -1

T T T
(@) Alt) Mt — Me(T)
= &t .k (xf) + - k(xt

=1 ' [221 Ve Vi— ; " r

T (A.15)

! AT
= th,k(xt) =< th,k(xt) — 8r—1.( dT)
t=1 t=1

T
) 2ilT) © [IM(T
< Y max{lg %) — g1k} + ';( )2l )(/ Wy ve=1,2,.. k.
T T

where (a) comes from the fact that y; is non-increasing with respect to ¢t; (b) follows from the fact that |g; x(x;) — gr—1.x(X¢)|

< max({|g k(x) — g—1k(X)I}; (c) is due to the fact that |g¢ k(X) — g—1k(X)| < [18:(x) — g—1(x)ll> and A(T) < [IA(T)Il. It
completes the proof. O
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A.7. Proof of Lemma 6

Proof. Combining Lemma 4 with Lemma 5, we have

T
IA(T)Il 2 1 _ G [T—-1
> gealxe) < + Vg < ZVFT = D4 —v20iR + P g (el + — | ——
P v vr v Y v )
T-1 T—1 (A]G)
2 2
+ o 2R aullx, — il + |F D v llge i (x) — gl + Vg
t=1 t=1

It completes the proof. O

Appendix B. Proofs for Section 4.2

Note that both {«;} and {y;} are constant sequences in Algorithm 2, thus here we omit the subscript t. In the following,
we give the complete proof of all lemmas in Section 4.2.

B.1. Proof of Lemma 8

Proof. We conduct a similar derivation process as the proof of Lemma 1, note that Vfi(x;)" (x — x:) + [A(t) +
v8,(x)] (yg,(x)) + allx — x¢||? is a 2a-strong convex function with respect to x and X, minimizes this expression over
X, we have

Viexe) (xer1 — %) + M) + &8 X (8 (Xe1)) + llXer1 — x|

< V)T — %) + M) + vg x) (v&8,(x)) + ellxf — x> — arllxe1 — {12 (B.1)
(a)

< Vix) (6 — ) + allxf — x| — X — x5,

where (a) follows from the fact that g,(x{) < 0 and Lemma 8. Next we add f;(x;) on both sides of (B.1) and use the
convexity of f;, then we obtain

fexe) + Vexe) (e — %) + M) + &8 X (8 (Xex1)) + llXer1 — Xe ||
< fex) + Vft(xt)T(xf — X))+ a”XT - Xt||2 — X1 — XTHZ (B.2)
<R+ allxf = xc)? — allxe — x5
Rearranging terms in (B.2), we have
fexe) + MO (78 (xe1))
=< ft(xf) + 01||Xf - Xt||2 — o|[Xep1 — Xf”z — o[ Xep1 — Xr||2 - yz[gt(xt)]Tgt(Xt+l) - Vf[(xt)T(xH—] — X)
(a)
< fe(x) + allx; — x|? — allxes1 — X;k”z — X1 — xc))* — J/z[g[(xt)]Tgt(XtH) + VX)) Xe1 — Xell
(b)
= ft(xzk) + 0l||xf - Xt||2 — ol X1 — X?”Z —allXep1 — Xt||2 - Vz[gt(xt)]Tg[(XH—l) (B.3)
1 ) '
—IVAEI? + = l1Xe41 — X ||?
+ % I Vfi(xo )l + 2|| t+1 el

© s $ 12 2 22 T
< fe(x7) + ollxy — x| olXe1 — X[ || allXe1 — Xl vI8:(xe )] 8(Xe41)
bt s —

28 2 t+1 t .

where (a) holds by the Cauchy-Schwarz inequality; (b) comes from the AM-GM inequality; (c) holds due to Assumption 1.
Recall that we have the following inequality stated before
IXF = xe 11 = 1Xep1 = %712 < 17 = xell? = 1%en — X541 + 4RIXE — X( 1 (B4)

Furthermore, we have

1 1 1
_[gr(xt)]Tgt(xt+l) = —Eng(Xt)”z - 5||gt(xt+l)”2 + 5||gt(xt) —gt(xt+1)||2
(a)

1 1 1
= —5||g[(xt)||2 - 5||g[(xt+l)”2 + 5,32||Xr+1 —Xt||27

20
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where (a) holds by the Lipschitz continuity of g, (Assumption 1). Substituting (B.4) and (B.5) into (B.3) we obtain
Frxe) + IMOT (v&c(xe41))

Sﬂ(xt)+ar[llxt —x|I” — ||Xr+1 =X 1P+ 4RI, — X+ (5/327/2 + 57 o)Xt — Xell?
(B.6)

+ 562 - f)/ 2lige(x)ll* — *V 2lige(xes )l

1 1
sff(x?)+a||x;*—xtll —allxer1 — Xf 12 + AR ||xp,  — X+ —GZ— 14 %llg xol* — 4 %llg (e )2,

where (a) holds since o > %ﬂzyz + %8. Based on Lemma 7, adding Lyapunov drift term on both sides of (B.6) and
rearranging terms yields

fe(xe) + A(t)

1
<R +allxf — x| — allXesr — X I + 4Rerllxy, — x7l| + —GZ + 5V2||gt+l(xt+l)”2
1 1 1
- 5y2||gt(xt+1)”2 + 5y2||gr+1(xt+1)”2 - §y2||g[(xt)|| + M) (8rr1(Xe41) — 8e(Xe 1))

@ . . 1
< 100+ allx; =1 = allxees — X+ 4RalxEyy = X1+ 3G (B7)

1 1
+ V2F||gt+1(xt+1) — 8 (X))l + 5y2||gt+l(xt+1)”2 - 5V2||gr(xt)||2 + )’D\(f)]T(ch(xtH) — 8(Xt41))

(b) * * 2 * 2 * %112 1 2
f ft(xt ) + Ol”Xt — Xt ” - a”xt+1 - XH-] ” + 4RO‘”X{+1 - Xt ” + %G

1 1
+ Y2FIgeia(Xer1) — 8elxer )l + 5y2||gf+1(xt+1)||2 - Eyzngt(xt)nz + Y IMOINIE 1 (Xer1) — & Xes 1),

where (a) is due to ||8,_;(x¢) — &:(x;)|| < 2F; (b) holds by the Cauchy-Schwarz inequality. It completes the proof. O
B.2. Proof of Lemma 9

Proof. According to Lemma 8, taking a telescoping sum over t = 1, ..., T, we obtain

T T T T
D RO+ DA = Y R+l —xlP +4R D alixt, — x|
t=1 =

t=1 t=1
2 T

TG 1 1
+ o5 TV Vet SV gl )P = Sr2 g0l v Y IMON I (1) — 8l (B8)

t=1
T

. . TG?
< D RO+l —xal? +4RaVy+ o+ y PV +y max A0 Vg
t=1

Here we deﬁne gr41 = &r, rearranging terms of the above inequality yields

=

TG?
fo x) Z () + Xy =3l + 4RaVi - S+ FVg + —||x(1)|| - fnx(r +DI? + y max [A()]| Vg
) G 2 2
< th(xt Xy = x| + ARaVi + S+ y PP + fnx( I+ max A Ve.
(B.9)
This completes the proof. O
B.3. Proof of Lemma 10
Proof. Recall that Lemma 7 implies that y g, ,(x;) < Ak(t) — A(t — 1), Vk. Telescoping it over t yields
Z Y8or(X) < M(T) = 1(0), Vk € {1,2,....K}.
(B.10)
A
=>Zgu<xf ) ” g/)”,Vke{l,Z,...,K}.

It completes the proof. O
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B.4. Proof of Lemma 11

Proof. According to the strong convexity of Vfi(x.) (x —x.) + [A(t) + yg,(x:)]" (v g,(x)) + || x — x,||> with respect to x and
recalling that x,; minimizes this expression over x, we have

V(%) (w1 — %) + M) + v (x)]T (v8(Xe41)) + allxer1 — e[|

< Vi) R = x) + M0 + 78 (%) (v8:(R) + @Ik — x| — ellxer — &I

K
(a) n ~ ~
< VAR =x) = ve Y Dult) + vl + ok = x|I” = arllxess — &2

pa (B.11)

(b) ~ N ~

= Vi) (R — ) — yellMt) + y&x)lh + allk — x| — [l Xe1 — X

© R . .

< Vi) R — %) — yelMe) + y8(x)ll + allk — x¢|* — el|xes1 — &I

(@) R . .

< Vi) (& — %) — yelIMON — yg:x )] + «ll® — x| — allxe1 — X1,

where (a) is due to the Slater condition (Assumption 2); (b) holds since Ax(t) 4+ y & x(x:) > 0, Vk; (c) holds due to the
fact that ||x||; > ||x|| for any vector x € x; (d) holds by the triangle inequality ||u — v|| > |lu|| — ||v]|, Yu, v € x. Based on
Lemma 7, we add Lyapunov drift term A(t) on both sides and rearranging terms yields

A(t) < VFi(xe) (R — %) — V(%) (e — %) — 7°8,(%) 8 (Xes1) — velIMO) — lyge(xe)ll]
+ all® = x)1? — allxerr — RN? — ollxerr — xe))? + )’2||g[+1(xr+1)||2 + y[l(t)]T(g[+1(xt+1) — 8(Xt41))
< Vfex) (R — xe1) — yellMO)] + )’2€||gt(xt)|| + V2||gt+1(xt+1)”2 - yzgt(xt)rgt(xtJrl)

+ af|k — xc|I> — ellxXer1 — XII* — ellxerr — xe )+ yIAO] (8er1(Xer1) — 8e(Xeq1))

< Vi(x ) (R — xe41) — yel M) + y 6||gc(xr)|| +v ||gt+1(xt+1)” 4 gt(x[) 8¢(Xe41)

+ ol = x| + Y MO (81 (Xe1) — (X)) (B12)
(a) n

= Vfr(xt)T(X —Xer1) — velAOI + ¥ %¢F + V -V gr(xr) g(Xe11)

+ all® —x* + )’[M”]T(gtﬂ(xtﬂ) — 8¢(Xe41))

(b) ~
< NVHEONE = xes1ll — vl + y2€F + y°F> + y2 g1 (x )18 (Xex1)l
+ ol —x[? + YIAONN8e+1(Xe+1) — & Xex1)]l

—y€llA(t) + GR+ y2€F + y*F> + y*F* + oaR® + y M)l 11(Xe11) — 8 (Xeq1)l
= —y(€ — Igs1(Xe11) — & (xer)IDIAE)] + GR + y2eF + 2y F + aR? (B.13)
= —y(e — maxmax {|jg.1(x) = £IDIME) + CR+ y2eF +2y*F* + aR?,

where (a) holds by Assumption 1; (b) is due to the Cauchy-Schwarz inequality; (c) follows from Assumption 1; the
last inequality holds since € > V; = max; maxyey {l8;1(x) — & (X)|I} (Assumption 3). Here we define ¢ = ¢ —
max; MaXyey {18:+1(x) — &:(x)|l}. Next we perform a reduction to absurdity process to prove this Lemma. Recall that

(1) = O for all k € {1,2,...,K} implies that [[A(1)] = 0 < yF + w Assume that there exists a

2g2 2 2p2 2
7 > 2 such that |A(7)| > yF + w and ||A(t)] < yF + W for all t < 7, then we consider
two cases about the value of ||X(r — l)||

Case LTIz = I = W then we can derive A(t — 1) < 0. According to (B.12), we have
2r2 2 2
(D) < IMz =D < GR+ 2y“F* + aR* + y“€F

yé

B.14
GR + 2y?F? + aR? + y2¢F (B14)

< yF+ = ,

yé
which contradicts the definition of2 T.
Case 2: If [A(t — 1)|| < W then according to Lemma 7 we have
GR + 2y%F? 4+ aR? + y2¢F

A < IAMz = DIl + v 18— (xe)ll < ¥F + ~ ; (B.15)

YE

GR+2y2F% +aR%+y2
yé

which also contradicts the definition of r. Hence ||A(t)|| < yF + +7°¢F holds for all t > 1. It completes the

Proof. O
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