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Abstract
Multi-unit auctions are a paradigmatic model, where a seller brings multiple units of a good,
while several buyers bring monetary endowments. It is well known that Walrasian equilibria do
not always exist in this model, however compelling relaxations such as Walrasian envy-free pricing
do. In this paper we design an optimal envy-free mechanism for multi-unit auctions with budgets.
When the market is even mildly competitive, the approximation ratios of this mechanism are small
constants for both the revenue and welfare objectives, and in fact for welfare the approximation
converges to 1 as the market becomes fully competitive. We also give an impossibility theorem,
showing that truthfulness requires discarding resources, and in particular, is incompatible with
(Pareto) efficiency.
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Introduction

Auctions are procedures for allocating goods that have been studied in economics in the 20th
century, and which are even more relevant now due to the emergence of online platforms.
Major companies such as Google and Facebook make most of their revenue through auctions,
while an increasing number of governments around the world use spectrum auctions to
allocate licenses for electromagnetic spectrum to companies. These transactions involve
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hundreds or thousands of participants with complex preferences, reason for which auctions
require more careful design and their study has resurfaced in the computer science literature.
In this paper we study a paradigmatic model known as multi-unit auctions with budgets,
in which a seller brings multiple units of a good (e.g. apples), while the buyers bring money
and have interests in consuming the goods. Multi-unit auctions have been studied in a large
body of literature due to the importance of the model, which already illustrates complex
phenomena [15, 6, 17, 16, 18].
The main requirements from a good auction mechanism are usually computational
efficiency, revenue maximization for the seller, and simplicity of use for the participants, the
latter of which is captured through the notion of truthfulness. An important property that is
often missing from auction design is fairness, and in fact for the purpose of maximizing revenue
it is useful to impose higher payments to the buyers that are more interested in the goods.
However, there are studies showing that customers are unhappy with such discriminatory
prices (see, e.g., [1]), which has lead to a body of literature focused on achieving fair pricing
[23, 20, 13, 21, 34].
A remarkable solution concept that has been used for achieving fairness in auctions
comes from free markets, which are economic systems where the prices and allocations
are not designed by a central authority. Instead, the prices emerge through a process of
adjusting demand and supply such that everyone faces the same prices and the buyers freely
purchase the bundles they are most interested in. When the goods are divisible, an outcome
where supply and demand are perfectly balanced—known as competitive (or Walrasian)
equilibrium [35] —always exists under mild assumptions on the utilities and has the property
that the participants face the same prices and can freely acquire their favorite bundle at those
prices. The competitive equilibrium models outcomes of large economies, where the goods
are divisible and the participants so small (infinitesimal) that they have no influence on the
market beyond purchasing their most preferred bundle at the current prices. Unfortunately,
when the goods are indivisible, the competitive equilibrium does not necessarily exist (except
for small classes of valuations see, e.g., [27, 22]) and the induced mechanism – the Walrasian
mechanism [3, 12] – is generally manipulable.
A solution for recovering the attractive properties of the Walrasian equilibrium in the
multi-unit model is to relax the clearing requirement of the market equilibrium, by allowing
the seller to not sell all of the units. This solution is known as (Walrasian) envy-free pricing
[23], and it ensures that all the participants of the market face the same prices1 , and each
one purchases their favorite bundle of goods. An envy-free pricing trivially exists by pricing
the goods infinitely high, so the challenge is finding one with good guarantees, such as high
revenue for the seller or high welfare for the participants.
We would like to obtain envy-free pricing mechanisms that work well with strategic
participants, who may alter their inputs to the mechanism to get better outcomes. To this
end, we design an optimal truthful and envy-free mechanism for multi-unit auctions with
budgets, with high revenue and welfare in competitive environments. Our work can be
viewed as part of a general research agenda of simplicity in mechanism design [24], which
recently proposed item pricing [4, 21] as a way of designing simpler auctions while at the
same time avoiding the ill effects of discriminatory pricing [20, 1]. Item pricing is used in
practice all over the world to sell goods in supermarkets or online platforms such as Amazon,
which provides a strong motivation for understanding it theoretically.
1

The term envy-free pricing has also been used when the pricing is per-bundle, not per-item. We adopt
the original definition of [23] which applies to unit-pricing, due to its attractive fairness properties [20].
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Our Results

Our model is a multi-unit auction with budgets, in which a seller owns m identical units of
an item. Each buyer i has a budget Bi and a value vi per unit. The utilities of the buyers are
quasi-linear up to the budget cap, while any allocation that exceeds that cap is unfeasible.
We deal with the problem of designing envy-free pricing schemes for the strongest concept
of incentive compatibility, namely dominant strategy truthfulness. The truthful mechanisms
are in the prior-free setting, i.e. they do not require any prior distribution assumptions. We
evaluate the efficiency of mechanisms using the notion of market share, sú , which captures
the maximum buying power of any individual buyer in the market. Our main contributions
can be summarized as follows.
Main Theorem (informal) For linear multi-unit auctions with known monetary endowments:
There exists no envy-free mechanism that is both truthful and non-wasteful.
There exists a truthful envy-free and prior-free auction, which attains at least half of
the optimal revenue and at least 1 ≠ sú of the optimal welfare in competitive auctions,
i.e. where the market share sú is at most 50%. This mechanism is optimal for both the
revenue and welfare objectives, and its approximation for welfare converges to 1 as the
auction becomes fully competitive.
A market share of at most 50% roughly means that no buyer can purchase more than
half of the resources when competition is maximal. The impossibility theorem implies in
particular that truthfulness is incompatible with Pareto efficiency. Our positive results are
for known budgets, similarly to [15]. In the economics literature budgets are viewed as hard
information (quantitative), as opposed to the valuations, which represent soft information
and are more difficult to verify (see, e.g., [33]).

1.2

Related Work

The multi-unit setting has been studied in a large body of literature on auctions ([15, 6, 17,
16, 18]), where the focus has been on designing truthful auctions with good approximations
to some desired objective, such as the social welfare or the revenue. Quite relevant to ours
is the paper by [15], in which the authors study multi-unit auctions with budgets, however
with no restriction to envy-free pricing or even item-pricing. They design a truthful auction
(that uses discriminatory pricing) for known budgets, that achieves near-optimal revenue
guarantees when the influence of each buyer in the auction is bounded, using a notion of
buyer dominance, which is conceptually close to the market share notion that we employ.
Their mechanism is based on the concept of clinching auctions [2].
Attempts at good prior-free truthful mechanisms for multi-unit auctions are seemingly
impaired by their general impossibility result which states that truthfulness and efficiency
are essentially incompatible when the budgets are private. Our general impossibility result
is very similar in nature, but it is not implied by the results in [15] for the following two
reasons: (a) our impossibility holds for known budgets and (b) our notion of efficiency is
weaker, as it is naturally defined with respect to envy-free allocations only. This also means
that our impossibility theorem is not implied by their uniqueness result, even for two buyers.
Multi-unit auctions with budgets have also been considered in [16] and [6], and without
budgets ([18, 5, 17]); all of the aforementioned papers do not consider the envy-freeness
constraint.
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The effects of strategizing in markets have been studied extensively over the past few
years ([7, 8, 11, 29, 30]). For more general envy-free auctions, besides the multi-unit case,
there has been some work on truthful mechanisms in the literature of envy-free auctions
([23]) and ([25]) for pair envy-freeness, a different notion which dictates that no buyer would
want to swap its allocation with that of any other buyer [28]. It is worth noticing that there
is a body of literature that considers envy-free pricing as a purely optimization problem
(with no regard to incentives) and provides approximation algorithms and hardness results
for maximizing revenue and welfare in different auction settings [20, 14].
It is worth mentioning that the good approximations achieved by our truthful mechanism
are a prior-free setting ([26]), i.e. we don’t require any assumptions on prior distributions from
which the input valuations are drawn. Prior-free approximations are usually much harder
to achieve and a large part of the literature is concerned with auctions under distributional
assumptions, under the umbrella of Bayesian mechanism design ([9, 10, 26, 31]).

2

Preliminaries

In a linear multi-unit auction with budgets there is a set of buyers, denoted by N = {1, . . . , n},
and a single seller with m indivisible units of a good for sale. Each buyer i has a valuation
vi > 0 and a budget Bi > 0, both drawn from a discrete domain V of rational numbers:
vi , Bi œ V. The valuation vi indicates the value of the buyer for one unit of the good.
An allocation is an assignment of units to the buyers denoted by a vector x = (x1 , . . . , xn ) œ
n
Z+ , where xi is the number of units received by buyer i. We are interested in feasible allocaqn
tions, for which:
i=1 xi Æ m.
The seller will set a price p per unit, such that the price of purchasing ¸ units is p · ¸ for
any buyer. The interests of the buyers at a given price are captured by the demand function.
I Definition 1 (Demand). The demand of buyer i at a price p is a set consisting of all the
possible bundle sizes (number of units) that the buyer would like to purchase at this price:
Y
_
min{Â Bpi Ê, m},
if p < vi
_
_
]
Di (p) = 0, . . . , min{Â Bpi Ê, m}, if p = vi
_
_
_
[ 0,
otherwise.

If a buyer is indifferent between buying and not buying at a price, then its demand is a set
of all the possible bundles that it can afford, based on its budget constraint.
I Definition 2 (Utility). The utility of buyer i given a price p and an allocation x is
I
vi · xi ≠ p · xi , if p · xi Æ Bi
ui (p, xi ) =
≠Œ,
otherwise
Envy-free Pricing. An allocation and price (x, p) represent an envy-free pricing if each
buyer is allocated a number of units in its demand set at price p, i.e. xi œ Di (p) for all i œ N .
A price p is an envy-free price if there exists an allocation x such that (x, p) is an envy-free
pricing.
While an envy-free pricing always exists (just set p = Œ), it is not always possible to sell
all the units in an envy-free way. We illustrate this through an example.
I Example 3 (Non-existence of envy-free clearing prices). Let N = {1, 2}, m = 3, valuations
v1 = v2 = 1.1, and B1 = B2 = 1. At any price p > 0.5, no more than 2 units can be sold in
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total because of budget constraints. At p Æ 0.5, both buyers are interested and demand at
least 2 units each, but there are only 3 units in total.
Objectives. We are interested in maximizing the social welfare and revenue objectives
attained at envy-free pricing. The social welfare at an envy-free pricing (x, p) is the total
value of the buyers for the goods allocated, while the revenue is the total payment received
qn
qn
by the seller, i.e. SW(x, p) = i=1 vi · xi and REV(x, p) = i=1 xi · p.

Mechanisms. The goal of the seller is to obtain money in exchange for the goods, however,
it can only do that if the buyers are interested in purchasing them. The problem of the seller
will be obtain accurate information about the preferences of the buyers that would allow
optimizing the pricing. Since the inputs (valuations) of the buyers are private, we will aim to
design auction mechanisms that incentivize the buyers to reveal their true preferences [32].
An auction mechanism is a function M : Vn æ O ◊ Zn+ that maps the valuations reported
by the buyers to a price p œ O, where O is the space from which the prices are drawn2 , and
an allocation vector x œ Zn+ .
I Definition 4 (Truthful Mechanism). A mechanism M is truthful if it incentivizes the buyers
to reveal their true inputs, i.e. ui (M (v)) Ø ui (M (vi , v≠i )), for all i œ N , any alternative
report viÕ œ V of buyer i and any vector of reports v≠i of all the other buyers.
Types of Buyers. The next definitions will be used extensively in the paper. Buyer i is
said to be hungry at price p if vi > p and semi-hungry if vi = p. Given an allocation x and a
price p buyer i is essentially hungry if it is either semi-hungry with xi = min{ÂBi /pÊ, m} or
hungry. In other words, a buyer is essentially hungry if its value per unit is at least as high
as the price per unit and, moreover, the buyer receives the largest non-zero element in its
demand set.

3

An optimal envy-free and truthful mechanism

In this section, we present our main contribution, an envy-free and truthful mechanism,
which is optimal among all truthful mechanisms and achieves small constant approximations
to the optimal welfare and revenue. The approximation guarantees are with respect to the
market-share sú , which intuitively captures the maximum purchasing power of any individual
buyer in the auction. The formal definition is postponed to the corresponding subsection.
I Theorem 5. There exists a truthful prior-free and envy-free auction, such that its approximation ratio
or revenue is at most 2, whenever sú Æ 1/2,
for welfare is at most 1/(1 ≠ sú ), whenever sú < 1,
where 0 Æ sú Æ 1 is the market share.
Moreover, this mechanism is optimal among all truthful mechanisms for both objectives
whenever the market share sú Æ 1/2. The approximation for welfare converges to 1 as the
auction becomes fully competitive.
Consider the following mechanism.
2

In principle the spaces V and O can be the same but in some scenarios, for the purpose of getting good
revenue and welfare, it is useful to have the price to be drawn from a slightly larger domain; see Section
3.
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All-or-Nothing:
Given as input the valuations of the buyers, let p be the minimum envy-free price
and x the allocation obtained as follows:
For every hungry buyer i, set xi to its demand.
For every buyer i with vi < p, set xi = 0.
For every semi-hungry buyer i, set xi = ÂBi /pÊ if possible, otherwise set xi = 0
taking the semi-hungry buyers in lexicographic order.
In other words, the mechanism always outputs the minimum envy-free price but if there are
semi-hungry buyers at that price, they get either all the units they can afford at this price or
0, even if there are still available units, after satisfying the demands of the hungry buyers.
I Remark. In order for the mechanism to be well-defined, we need to assume that the price
domain O is discrete; in fact when the domain is R (i.e. the price can be any real number),
the minimum envy-free price does not necessarily exist, as we show next.3 Consider an
auction with n = 2 buyers, m = 2 units, valuations v1 = v2 = 3 and budgets B1 = B2 = 2.
At any price p Æ 1, there is overdemand since each buyer is hungry and demands at least
2 units, while there are only 2 units in total. At any price p œ (1, 2], each buyer demands
at most one unit due to budget constraints, and so all the prices in the range (1, 2] are
envy-free. This is an open set, and so there is no minimum envy-free price. Note however, that by making the output domain discrete, e.g. with 0.1 increments starting from zero,
then the minimum envy-free price output is 1.01. At this price each buyer purchases 1 unit. J
Both the valuation vi and budget Bi of each player will be assumed to be rational numbers,
so that the denominator and numerator of each valuation and budget are represented with t
bits of precision. The price output by the mechanism will be defined on a slightly finer grid,
with s bits of precision, where s Ø 4t + 4 log m. The All-or-Nothing mechanism runs in
time polynomial in t and s, since the minimum envy-free price can be found using binary
search, and the mechanism is optimal with respect to discrete domain that we operate on.
Operating on a grid is actually without loss of generality in terms of the objectives; even if
we compare to the optimal on the continuous domain, if our discretization is fine enough, we
don’t lose any revenue or welfare. This is established by the following theorem; the proof is
in Appendix B.
I Theorem 6. When the valuation and budget of each buyer are rational numbers, where both
the numerator and denominator are integers specified with t bits of precision, and the price is
specified with s Ø 4t + 4 log m bits, then the welfare and revenue loss of the All-or-Nothing
mechanism due to the discretization of the output domain is zero. The mechanism always
runs in O(t + s).
Thus by setting s = 4t + 4 log m, we simultaneously obtain a runtime that is polynomial
in the input, O(t + log m), and that there is no loss from restricting All-or-Nothing to
output a price on the grid, compared to the revenue and welfare obtained when the price can
3

For most of our results, any discrete domain is sufficient for the results to hold; for some results we will
need to a number of grid points that polynomial in the size of the input grid.
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be an arbitrary real number (or the supremum value if the minimum envy-free price does
not exist).

Truthfulness of the All-or-Nothing Mechanism
The following theorem establishes the truthfulness of All-or-Nothing.
I Theorem 7. The All-or-Nothing mechanism is truthful.
Proof. First, we will prove the following statement. If p is any envy-free price and pÕ is an
envy-free price such that p Æ pÕ then the utility of any essentially hungry buyer i at price p
is at least as large as its utility at price pÕ . To see this, first consider the case when p = pÕ .
Since buyer i was essentially hungry at price p, and p is envy-free, it received the maximal
set of items possible by the budget restriction and di be that set. Since the price has not
changed, the agent can not receive more than di and hence its utility is not larger that before.
Now consider the case when p < pÕ . Since p is an envy-free price, buyer i receives a maximal
di in its demand. For a higher price pÕ , its demand will be at most as large as its demand at
price p and hence its utility at pÕ will be at most as large as its utility at p.
Assume now for contradiction that Mechanism All-or-Nothing is not truthful and let
i be a deviating buyer who benefits by misreporting its valuation vi as viÕ at some valuation
profile v = (v1 , . . . , vn ), for which the minimum envy-free price is p. Let pÕ be the new
minimum envy free price and let x and xÕ be the corresponding allocations at p and pÕ
respectively, according to All-or-Nothing. Let vÕ = (viÕ , v≠i ) be the valuation profile after
the deviation.
We start by arguing that the deviating buyer i is essentially hungry. First, assume for
contradiction that i is neither hungry nor semi-hungry, which means that vi < p. Clearly, if
pÕ Ø p, then buyer i does not receive any units at pÕ and there is no incentive for manipulation;
thus we must have that pÕ < p. This implies that every buyer j such that xj > 0 at price p is
hungry at price pÕ and hence xÕj > xj . Since the demand of all players does not decrease at
pÕ , this implies that pÕ is also an envy-free price on instance v, contradicting the minimality
of p.
Next, assume that buyer i is semi-hungry but not essentially hungry, which means that
vi = p and xi = 0, by the allocation of the mechanism. Again, in order for the buyer to
benefit, it has to hold that pÕ < p and xÕi > 0 which implies that xÕi = ÂBi /p Ê, i.e. buyer
i receives the largest element in its demand set at price pÕ . But then, since pÕ < p and pÕ
is an envy-free price, buyer i could receive ÂBi /pÊ units at price p without violating the
envy-freeness of p. This contradicts the assumption that buyer i is not essentially hungry at
price p.
From the previous two paragraphs, the deviating buyer must be essentially hungry. This
means that xi > 0 and vi Ø p. By the discussion in the first paragraph of the proof, we have
pÕ < p. Since xi > 0, the buyer does not benefit from reporting viÕ such that viÕ < pÕ . Thus it
suffices to consider the case when viÕ Ø pÕ . We have two subcases:
viÕ > p: Buyer i is essentially hungry at price p according to vi and hungry at price
pÕ according to viÕ . The reports of the other buyers are fixed and Bi is known; similarly to above, price pÕ is an envy-free price on instance v, contradicting the minimality of p.
viÕ = pÕ : Intuitively, an essentially hungry buyer at price p is misreporting its valuation as
being lower trying to achieve an envy-free price pÕ equal to the reported valuation. Since
viÕ = pÕ , Mechanism All-or-Nothing gives the buyer either as many units as it can
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afford at this price or zero units. In the first case, since pÕ is envy-free and Bi is known,
buyer i at price pÕ receives the largest element in its demand set and since the valuations
of all other buyers are fixed, pÕ is also an envy-free price on input v, contradicting the
minimality of p. In the second case, the buyer does not receive any units and hence it
does not benefit from misreporting.
Thus there are no improving deviations, which concludes the proof of the theorem.

J

Performance of the All-or-Nothing Mechanism
Next, we show that the mechanism has a good performance for both objectives. We measure
the performance of a truthful mechanism by the standard notion of approximation ratio, i.e.
ratio(M) = sup

vœRn

maxx,p OBJ (v)
,
OBJ (M (v))

where OBJ œ {SW, REV} is either the social welfare or the revenue objective. Obviously, a
mechanism that outputs a pair that maximizes the objectives has approximation ratio 1. The
goal is to construct truthful mechanisms with approximation ratio as close to 1 as possible.
We remark here that for the approximation ratios, we only need to consider valuation
profiles that are not “trivial”, i.e. input profiles for which at any envy-free price, no hungry
or semi-hungry buyers can afford a single unit and hence the envy-free price can be anything;
on trivial profiles, both the optimal price and allocation and the price and allocation output
by Mechanism All-or-Nothing obtain zero social welfare or zero revenue.
Market Share A well-known notion for measuring the competitiveness of a market is the
market share, understood as the percentage of the market accounted for by a specific entity
(see, e.g., [19], Chapter 2).
In our model, the maximum purchasing power (i.e. number of units) of any buyer in
the auction occurs at the minimum envy-free price, pmin . By the definition of the demand,
there are many ways of allocating the semi-hungry buyers, so when measuring the purchasing
power of an individual buyer we consider the maximum number of units that buyer can
receive, taken over the set of all feasible maximal allocations at pmin . Let this set be X .
Then the market share of buyer i can be defined as:
3
4
xi
si = max qn
.
xœX
k=1 xk
Then, the market share is defined as sú = maxni=1 si . Roughly speaking, a market share
s Æ 1/2 means that a buyer can never purchase more than half of the resources.
ú

I Theorem 8. The All-or-Nothing mechanism approximates the optimal revenue within
a factor of 2 whenever the market share, sú , is at most 50%.
Proof. Let OP T be the optimal revenue, attained at some price pú and allocation x, and
REV(AON ) the revenue attained by the All-or-Nothing mechanism. By definition,
mechanism All-or-Nothing outputs the minimum envy-free price pmin , together with an
allocation z. For ease of exposition, let –i = Bi /pmin and –iú = Bi /pú , ’i œ N . There are
two cases, depending on whether the optimal envy-free price, pú , is equal to the minimum
envy-free price, pmin :
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Case 1 : pú > pmin . Denote by L the set of buyers with valuations at least pú that can afford
at least one unit at the optimal price. Note that the set of buyers that get allocated at pmin
is a superset of L. Moreover, the optimal revenue is bounded by the revenue attained at the
(possibly infeasible) allocation where all the buyers in L get the maximum number of units
in their demand. These observations give the next inequalities:
ÿ
ÿ
REV(AON ) Ø
Â–i Ê · pmin and OP T Æ
Â–iú Ê · pú .
iœL

iœL

Then the revenue is bounded by:
q
q
q
Â–i Ê · pmin
REV(AON )
iœL Â–i Ê · pmin
iœL Â–i Ê · pmin
q
Ø q
Ø q
= iœL
ú
ú
ú
ú
OP T
Â– Ê · p
iœL –i · p
iœL Bi
q iœL i
q
Â–
Ê
Â–
Ê
1
i
i
= qiœL
Ø q iœL
= ,
–
2
Â–
Ê
2
i
i
iœL
iœL

where we used that the auction is non-trivial, i.e. for any buyer i œ L, Â–i Ê Ø 1, and so
–i Æ Â–i Ê + 1 Æ 2 Â–i Ê.
Case 2 : pú = pmin . The hungry buyers at pmin , as well as the buyers with valuations below
pmin , receive identical allocations under All-or-Nothing and the optimal allocation, x.
However there are multiple ways of assigning the semi-hungry buyers to achieve an optimal
allocation. Recall that z is the allocation made by All-or-Nothing. Without loss of
generality, we can assume that x is an optimal allocation with the property that x is a
superset of z and the following condition holds:
the number of buyers not allocated under z, but that are allocated under x, is minimized.
We argue that x allocates at most one buyer more compared to z. Assume by contradiction
that there are at least two semi-hungry buyers i and j, such that 0 < xi < Â–i Ê and
0 < xj < Â–j Ê. Then we can progressively take units from buyer j and transfer them to buyer
i, until either buyer i receives xÕi = Â–i Ê, or buyer j receives xÕj = 0. Hence we can assume
that the set of semi-hungry buyers that receive non-zero, non-maximal allocations in the
optimal solution x is either empty or a singleton. If the set is empty, then All-or-Nothing
is optimal. Otherwise, let the singleton be ¸; denote by x̃¸ the maximum number of units
that ¸ can receive in any envy-free allocation at pmin . Since the number of units allocated
qn
by any maximal envy-free allocation at pmin is equal to i=1 xi , but x¸ Æ x̃¸ , we get:
x
qn ¸

i=1 xi

Thus

x̃¸
Æ qn

i=1 xi

= súi .

REV(AON )
OP T ≠ x¸ · pmin
OP T ≠ x̃¸ · pmin
x̃¸ · pmin
=
Ø
= 1 ≠ qn
OP T
OP T
OP T
i=1 xi · pmin
x̃¸
= 1 ≠ qn
= 1 ≠ súi Ø 1 ≠ sú
x
i
i=1

Combining the two cases, the bound follows.

J
I Remark. From the proof of Theorem 8, since the arguments of Case 1 do not use the
market share sú , it follows that the ratio of All-Or-Nothing for the revenue objective can
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alternatively be stated as max{2, 1/(1 ≠ sú )} and therefore it degrades gracefully with the
increase in the market share.
The next theorem establishes that the approximation ratio for welfare is also constant.
I Theorem 9. The approximation ratio of Mechanism All-or-Nothing with respect to the
social welfare is at most 1/(1 ≠ sú ), where the market share sú œ (0, 1). The approximation
ratio goes to 1 as the auction becomes fully competitive.
Proof. For social welfare we have, similarly to Theorem 8, that
x̃¸ · v¸
SW(AON )
OP T ≠ x¸ · v¸
OP T ≠ x̃¸ · v¸
x̃¸ · v¸
=
Ø
= 1 ≠ qn
Ø 1 ≠ qn
OP T
OP T
OP T
x
·
v
i
i
i=1
i=1 xi · v¸
x̃¸
= 1 ≠ qn
= 1 ≠ súi Ø 1 ≠ sú ,
x
i
i=1

where OP T is now the optimal welfare, x the corresponding allocation at OP T , and we used
the fact that v¸ Æ vi for all i œ L.
J
Finally, All-or-Nothing is optimal among all truthful mechanisms for both objectives
whenever the market share sú is at most 1/2.
I Theorem 10. Let M be any truthful mechanism. Then the approximation ratio of M for
4
the revenue and the welfare objective is at least 2 ≠ m+2
.

Proof. Consider an auction with equal budgets, B, and valuation profile v. Assume that
buyer 1 has the highest valuation, v1 , buyer 2 the second highest valuation v2 , with the
property that v1 > v2 + ‘, where ‘ is set later. Let vi < v2 for all buyers i = 3, 4, . . . , n. Set
B
m
B such that Â vB2 Ê = m
2 + 1 and ‘ such that Â v2 +‘ Ê = 2 . Informally, the buyers can afford
m
2 + 1 units at prices v2 and v2 + ‘. Note that on this profile, Mechanism All-or-Nothing
outputs price v2 and allocates m
2 + 1 units to buyer 1. For a concrete example of such an
auction, take m = 12, v1 = 1.12, v2 = 1.11 (i.e. ‘ = 0.01) and B = 8 (the example can be
extended to any number of units with appropriate scaling of the parameters).
Let M be any truthful mechanism, pM its price on this instance, and pú the optimal
price (with respect to the objective in question). The high level idea of the proof, for both
objectives, is the following. We start from the profile v above, where pmin = v2 is the
minimum envy-free price, and argue that if pú ”= v2 , then the bound follows. Otherwise,
pú = v2 , case in which we construct a series of profiles v, v(1) , v(2) , . . . , v(k) that only differ
(j)
from the previous profile in the sequence by the reported valuation v2 of buyer 2. We argue
that in each such profile, either the mechanism allocates units to buyer 1 only, case in which
the bound is immediate, or buyer 2 is semi-hungry. In the latter case, truthfulness and the
constraints on the number of units will imply that any truthful mechanism must allocate to
buyer 2 zero items, yielding again the required bound.
First, consider the social welfare objective. Observe that for the optimal price pú on
profile v, it holds that pú = v2 . We have a few subcases:
Case 1 : pM < v2 . Then M is not an envy-free mechanism, since in this case there would
be over-demand for units.
Case 2 : pM > v2 : Then M allocates units only to buyer 1, achieving a social welfare of at
most ( m
2 + 1)v2 . The maximum social welfare is m · v2 , so the approximation ratio of M
m
4
is at least (m/2)+1
= 2 ≠ m+2
.
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Case 3 : pM = v2 : Let x2 be the number of units allocated to buyer 2 at price v2 ; note that
since buyer 2 is semi-hungry at v2 , any number of units up to m
2 ≠ 1 is a valid allocation.
If x2 = 0, then M allocates units only to buyer 1 at price v2 and for the same reason as
4
in Case 2, the ratio is greater than or equal to 2 ≠ m+2
; so we can assume x2 Ø 1.
(1)

Next, consider valuation profile v(1) where for each buyer i ”= 2, we have vi = vi , while
(1)
for buyer 2, v2 < v2 < v2 + ‘. By definition of B, the minimum envy-free price on v(1)
(1)
(1)
is v2 . Let pM be the price output by M on valuation profile v(1) and take a few subcases:
(1)

(1)

(1)

(1)

(1)

(1)

a). pM > v2 : Then using the same argument as in Case 2, the approximation is at
4
least 2 ≠ m+2
.
(1)

b). pM < v2 : This cannot happen because by definition of the budgets, v2
minimum envy-free price.

is the

(1)

c). pM = v2 : Let x2 be the number of units allocated to buyer 2 at profile v(1) ;
(1)
(1)
we claim that x2 Ø 2. Otherwise, if x2 Æ 1, then on profile v(1) buyer 2 would have
an incentive to report v2 , which would move the price to v2 , giving buyer 2 at least as
many units (at a lower price), contradicting truthfulness.
Consider now a valuation profile v(2) , where for each buyer i ”= 2, it holds that
(2)
(1)
(1)
(2)
vi = vi = vi and for buyer 2 it holds that v2 < v2 < v2 + ‘. For the same
reasons as in Cases a-c, the behavior of M must be such that:
(2)

the price output on input v(2) is v2
the bound is immediate), and
(2)

the number of units x2
would be violated).

(otherwise M only allocates to buyer 1, and

allocated to buyer 2 is at least 3 (otherwise truthfulness

By iterating through all the profiles in the sequence constructed in this manner, we arrive
(k)
at a valuation profile v(k) (similarly constructed), where the price is v2 and buyer 2
(k)
receives at least m/2 units. However, buyer 1 is still hungry at price v2 and should
m
receive at least 2 + 1 units, which violates the unit supply constraint. This implies that
in the first profile, v, M must allocate 0 units to buyer 2 (by setting the price to v2
or to something higher where buyer 2 does not want any units). This implies that the
4
approximation ratio is at least 2 ≠ m+2
.
For the revenue objective, the argument is exactly the same, but we need to establish that at
any profile v or v(i) , i = 1, . . . , k that we construct, the optimal envy-free price is equal to
(i)
the second highest reported valuation, i.e. v2 or v2 , i = 1, . . . , k respectively. To do that,
choose v1 such that v1 = v2 + ”, where ” > ‘, but small enough such that Â v2B+” Ê = Â vB2 Ê, i.e.
any hungry buyer at price v2 + ” buys the same number of units as it would buy at price v2 .
Furthermore, ‘ and ” can be chosen small enough such that ( m
2 + 1)(v2 + ”) < m · v2 , i.e.
the revenue obtained by selling m
+
1
units
to
buyer
1
at
price
v2 + ” is smaller than the
2
m
revenue obtained by selling m
+
1
units
to
buyer
1
and
≠
‘
units
to buyer 2 at price v2 .
2
2
This establishes the optimal envy-free price is the same as before, for every profile in the
sequence and all arguments go through.
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Given that we are working over a discrete domain, for the proof to go through, it suffices
to assume that there are m points of the domain between v1 and v2 , which is easily the case
if the domain is not too sparse. Specifically, for the concrete example presented at the first
paragraph of the proof, assuming that the domain contains all the decimal floating point
numbers with up to two decimal places suffices.
J

4

Impossibility Results

In this section, we state our impossibility results, which imply that truthfulness can only be
guaranteed when there is some kind of wastefulness; a similar observation was made in [6]
for a different setting.
I Theorem 11. There is no Pareto efficient, truthful mechanism that always outputs an
envy-free pricing, even when the budgets are known.
The proof of the theorem is included in the appendix. The next theorem provides a stronger
impossibility result. First, we provide the necessary definitions. A buyer i on profile input v is
called irrelevant if at the minimum envy-free price p on v, the buyer can not buy even a single
unit. A mechanism is called in-range if it always outputs an envy-free price in the interval
[0, vj ] where vj is the highest valuation among all buyers that are not irrelevant. Finally, a
mechanism is non-wasteful if at a given price p, the mechanism allocates as many items as
possible to the buyers. Note that Pareto efficiency implies in-range and non-wastefulness, but
not the other way around. In a sense, while Pareto efficiency also determines the price chosen
by the mechanism, non-wastefulness only concerns the allocation given a price, whereas
in-range only restricts prices to a “reasonable” interval.
I Theorem 12. There is no in-range, non-wasteful and truthful mechanism that always
outputs an envy-free pricing scheme, even when the budgets are known.
The full proof is in the appendix. To prove the impossibility, we first obtain a necessary
condition; any mechanism in this class must essentially output the minimum envy-free price
(or the next highest price on the output grid). Then we can use this result to construct
and example where the mechanism must leave some items unallocated in order to satisfy
truthfulness.

5

Conclusion

Our results show that it is possible to achieve good approximate truthful mechanisms, under
reasonable assumptions on the competitiveness of the auctions which retain some of the
attractive properties of the Walrasian equilibrium solutions. The same agenda could be
applied to more general auctions, beyond the case of linear valuations or even beyond multiunit auctions. It would be interesting to obtain a complete characterization of truthfulness
in the case of private or known budgets; for the case of private budgets, we can show that a
class of order statistic mechanisms are truthful, but the welfare or revenue guarantees for
this case may be poor. Finally, in the appendix, we present an interesting special case, that
of monotone auctions, in which Mechanism All-Or-Nothing is optimal among all truthful
mechanisms for both objectives, regardless of the market share.
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Impossibility Results

I Theorem 11. There is no Pareto efficient, truthful mechanism that always outputs an
envy-free pricing, even when the budgets are known.
Proof. Assume by contradiction that a Pareto efficient and truthful mechanism that always
outputs an envy-free price exists. Consider the following instance I1 with n = 2 and m = 3
(the instance can be adapted to work for any number of buyers by adding many buyers with
very small valuations and many items by scaling the budgets appropriately): v1 = v2 = 3 and
B1 = B2 = 6. It is not hard to see that the only Pareto efficient envy-free outcome is to set
p = 3 and allocate 2 items to one buyer (wlog buyer 1) and 1 item to the other buyer. Indeed,
any price pÕ < p would not be envy-free and any price pÕ > p would sell 0 items, yielding a
utility of 0 for both agents and the auctioneer. At the same time, any allocation that does
not allocate all three items at price p = 3 is Pareto dominated by the above allocation, since
the utilities of buyers 1 and 2 would be 0, but the utility of the auctioneer would be smaller.
Now consider a new instance I2 where v1 = 3, v2 = 2.5 (and it still holds that B1 =
B2 = 6). We claim that the only Pareto efficient envy-free outcome (x, q) is to set the price
q = 2.5, allocate x1 = 2 items to buyer 1 and x2 = 1 item to buyer 2. At (x, 2.5), the utility
of buyer 1 is u1 (x, 2.5) = 6 ≠ 5 = 1, the utility of buyer 2 is u2 (x, 2.5) = 2.5 ≠ 2.5 = 0 and
the utility of the auctioneer is ua (x, 2.5) = 2.5 · 3 = 7.5. The only other possible allocation
xÕ at price 2.5 would be xÕ1 = 2 (since buyer 1 is hungry at price 2.5) and xÕ2 = 0, which is
Pareto dominated by (x, 2.5). Therefore, for another Pareto efficient pair (xÕ , q Õ ) to exist, it
would have to hold that q Õ ”= 2.5.
Obviously, any choice q Õ < 2.5 is not envy-free and therefore we only need to consider the
case when q Õ > 2.5. At any such price q Õ , the utility of buyer 1 is at most 1, since the buyer
can purchase xÕ1 Æ 2 items at a price strictly higher than 2.5, the utility of buyer 2 is 0 since
the price is higher than its valuation and hence it gets xÕ2 = 0 items, and finally, the utility
of the auctioneer is at most 6, since it can only sell at most two items at a price no higher
than 3. This means that (xÕ , q Õ ) is Pareto dominated by (x, 2.5).
The paragraphs above establishes that on Instance I1 , buyer 2 receives one item at price
3 and on instance I2 , buyer 2 receives one item at price 2.5. But then, buyer 2 would have
an incentive to misreport his valuation on instance I1 as being v2Õ = 2.5 and receive the same
number of items at a lower price, thus increasing its utility and contradicting truthfulness.
Since the proof only requires valuations and budgets to lie on points 2.5, 3 and 6, the
theorem also holds for the discrete domain.
J
Next, we will provide the proof for Theorem 12, which we restate below.
I Theorem 12. There is no in-range, non-wasteful and truthful mechanism that always
outputs an envy-free pricing scheme, even when the budgets are known.
Before we prove the theorem, we will prove a necessary condition for the price outputted by
mechanisms that are in-range, non-wasteful and truthful.
I Lemma 13. Let M be an in-range, non-wasteful and truthful mechanism. Then on any
valuation profile v which is not trivial, M must output a price p œ {pmin , pmin + “}, where
pmin = min{p œ O : p is envy-free on v} and “ is the distance between two consecutive
elements of O.
Proof. Assume by contradiction that M does not always output a price p œ {pmin , pmin + “}.
Let v = (v1 , . . . , vn ) be any valuation profile that is not trivial and let pv be the price
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outputted by M ; by assumption, it holds that pv > pmin + “. By the assumption that M is
in-range, it holds that vj Ø pv for some relevant buyer j œ N . Define
J = {j : vj Ø pv : j is allocated a non-zero number of units}
as the set of all relevant buyers with valuations at least as high as the envy-free price chosen
by M .
Now, consider an instance v1 such that vi1 = vi for all buyers i œ N \{j1 } and vj11 = pmin +“
for some buyer j1 œ J, i.e. the instance obtained by v when some buyer j1 œ J reports a
valuation equal to pmin + “. Let p1 be the price outputted by M on input v1 . Note that
since on instance v1 buyer j1 ’s valuation is still higher than pmin , it holds that pmin is still
the minimum envy-free price in O on the profile v1 .
Assume first that p1 = pmin . In that case, buyer j1 on input profile v would have an
incentive to misreport its valuation as vj11 = pmin + “; that would lower the price and since
Bj1 is fixed, the buyer would receive at least the same amount of units at a lower price
(since it still appears to be hungry at price pmin ). This would contradict the truthfulness
of M .
Now consider the case when p1 = vj11 = pmin + “. Note that since p1 > pmin , it holds that
ÂBj1 /p1 Ê Æ ÂBj1 /pmin Ê, i.e. buyer j1 can not demand more units at price p1 compared
to pmin . On profile v, it would be possible to allocate ÂBj1 /pmin Ê units to buyer j1 at
price pmin , therefore on profile v1 , it is possible to allocate ÂBj1 /p1 Ê units to buyer j1 at
price p1 = pmin + “. Buyer j1 is semi-hungry at p1 but since M is non-wasteful, it must
allocate at least ÂBi /p1 Ê Ø ÂBi /pv Ê units to buyer j1 at a price p1 < pv , and buyer j1
increases its utility by misreporting.
From the discussion above, it must hold that p1 > pmin + “. For the valuation profile v1
(which can be seen as the different instance where buyer 1 has deviated from v1 to pmin + “),
update the set J := {j : vj Ø p1 : j is allocated a non-zero number of units}. If J = ÿ, then
Mechanism M is not in-range and we have obtained a contradiction. Otherwise, there must
exist some other buyer j2 œ J with valuation higher than p1 .
Now, consider such a buyer j2 œ J and the instance v2 such that vi2 = vi1 for all buyers
i œ N \{j2 } and vj22 = pmin + “ for buyer j2 , i.e. the instance obtained from v1 when some
buyer j2 in J misreports its value being between pmin + “. Note that for the same reasons
explained above, pmin is the minimum envy-free price in O on profile v2 as well. Let p2 be
the price outputted by M on valuation profile v2 . Using exactly the same arguments as
we did before, we can argue that by truthfulness, it holds that p2 œ
/ {pmin , pmin + “} and
therefore it must hold that p2 > pmin + “, as every other choice is not envy-free.
By iteratively considering sequences of valuations obtained in this manner, we eventually
obtain an instance vk≠1 such that J = {jk }, i.e. there is only one buyer with a valuation
higher than the envy-free price pk≠1 output by M . Repeating the argument once more will
result in a valuation profile vk where the price pk is higher than the reported valuation
vjkk = pmin + “ of buyer jk and the set J will be empty, contradicting the fact that M is
in-range.
Overall, this implies that M either violates truthfulness, non-wastefulness or in-range,
contradicting our assumption.
J
We remark here that in the continuous domain, Lemma 13 can be strengthened so that M
can only output the minimum envy-free price, whenever it exists. Using Lemma 13, we can
now prove the theorem.
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Proof. (of Theorem 12) Assume by contradiction that such an in-range, non-wasteful and
truthful mechanism M exists. We will consider three different instances4 with n = 2 and
m = 3, denoted (v1 , v2 ) where v1 denotes the valuation of buyer 1 and v2 denotes the
valuation of buyer 2, with budgets B1 = B2 = 6 + 2“.
First, consider the instance (2.5, 2.5) and note that since the instance is not trivial and
since the minimum envy-free price is 2.5, by Lemma 13, the price chosen by M for this
instance must be either 2.5 or 2.5 + “. Furthermore, since M is in-range, the price can not
be 2.5 + “, therefore the price chosen on (2.5, 2.5) is 2.5. Since M is non-wasteful and each
buyer can afford exactly 2 items at price 2.5 and there are 3 available items, one buyer (wlog
buyer 1) gets allocated 2 items and the other buyer (wlog buyer 2) gets allocated 1 item at
this price.
Now consider the instance (3, 2.5) and note that since it is not trivial and since again, 2.5
is the minimum envy-free price, M must either output 2.5 or 2.5 + “ as the price. Assume
first that M selects the price to be 2.5 + “. Since buyer 1 is hungry at this price and can
afford to buy exactly 2 units, its allocation on instance (3, 2.5) is 2 units at price 2.5 + “.
But then, on instance (3, 2.5) buyer 1 would have an incentive to misreport its valuation as
being 2.5 since on the resulting instance, which is (2.5, 2.5), it still receives 2 items at a lower
price, increasing its utility. Note that if it was buyer 2 that received 2 items on instance
(2.5, 2.5), we could have made the same argument using instance (2.5, 3) instead.
Finally, assume that on instance (3, 2.5), M outputs 2.5 as the price. By non-wastefulness,
buyer 2 receives exactly 1 unit at this price. But then, consider the instance (3, 3), where,
using the same arguments as in the case of instance (2.5, 2.5), Mechanism M must output
3 as the price and allocate 2 units to one buyer and 1 unit to the other buyer. Crucially,
both buyers have utility 0 on instance (3, 3). But then, buyer 2 could misreport its valuation
as being 2.5, resulting in instance (3, 2.5) where it receives 1 unit at a price lower than its
actual valuation, benefiting from the misreport. This contradicts truthfulness.
Assume by contradiction that such an in-range, non-wasteful and truthful mechanism
M exists. Consider the same instance I1 as the one used in the proof of Theorem 11, with
n = 2, m = 3 and v1 = v2 = 3 and B1 = B2 = 6 + 2“. (Again the proof can be generalized
to many agents and units similarly to the proof of Theorem 11). By Lemma 13 and since I1
is not trivial, M must either output p = 3 or p = 3 + “ and by the fact that it is in-range, it
must output p = 3. Since M is non-wasteful, it must allocate 2 units to one of the buyers
with valuation 3 (wlog buyer 1) and 1 unit to the other buyer.
Now consider an instance I2a where v1Õ = 3 and v2Õ = 2.5. Since 2.5 is now the minimum
envy-free price and I2 is again not trivial, M must output either pÕ = 2.5 or p = 2.5 + “.
We will obtain a contradiction for each case. Assume first that pÕ = 2.5; since buyer 1 is
hungry, it must hold that xÕ1 = 2 and by non-wastefulness, it must hold that xÕ1 = 1. In
that case however, for the same reason explained in the proof of Theorem 11, v2Õ = 2.5 could
be a beneficial deviation of buyer 2 on instance I1 , violating truthfulness. Now we argue
for the case when pÕ = 2.5 + “. Consider the instance I3 where v̄1 = v̄2 = 2.5. Since M is
in-range and I3 is not trivial, M must select price p̄ = 2.5, since every other price is either
not envy-free, or higher than all the valuations. By non-wastefulness, one buyer must receive
2 units at p̄ and the other agent must receive 1 unit (because each buyer can afford exactly 2
units and there are 3 units available). If buyer 1 receives 2 units, i.e. x̄1 = 2, misreporting
its valuation on instance I2a as 2.5 would give the buyer higher utility, since it gets allocated
4

The instances can be extended to any number of buyers by simply adding buyers with very low valuations
and to many items by scaling the valuations and budgets appropriately.
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the same number of items at a lower price. It remains to deal with the case when on instance
I3 , buyer 1 is allocated 1 item and buyer 2 is allocated 2 items, i.e. x̄1 = 1 and x̄2 = 2.
Now consider the instance I2b where v̂1 = 2.5 and v̂2 = 3, i.e. instance I2b is exactly
the same as instance I2a with the indices of the two buyers swapped. Again, since instance
I2b is not trivial, by Lemma 13, M must output a price p̂ œ {2.5, 2.5 + “}. If p̂ = 2.5 + “,
then we consider again Instance I3 . Since on that instance p̄ = 2.5 and x̄2 = 2 by the
assumption above, buyer 2 has an incentive to misreport its valuation on instance I2b as
being 2.5, contradicting truthfulness. Therefore, it must hold that p̂ = 2.5 on instance I2b .
However, by non-wastefulness, buyer 1 receives one unit at price p̂ on instance I2b , i.e.
x̂1 = 1. We will consider the 2.5 as a potential deviation of buyer 1 on instance I1 (where
its true valuation is v1 = 3). The utility of the buyer before misreporting is 0 (since the
chosen price on instance I1 is p = 3) whereas the utility after misreporting is 3 ≠ 2.5 = 0.5,
i.e. strictly positive. Therefore, buyer 1 has a beneficial deviation on instance I1 , violating
the truthfulness of M .
By truthfulness, it must also hold that p̄ Ø 2.5 + “, otherwise on instance I2 buyer 1
would have an incentive to misreport its valuation as 2.5 + “ and still receive 2 items at
a lower price (since at any price p < 2.5 + “ buyer 1 on instance I3 is hungry). From the
discussion above, it must hold that p̄ = 2.5 + “ and by non-wastefulness and since buyer 1
can afford two items at price 2.5 + “, it must hold that x̄1 = 2.
J

B

Performance with respect to the continuous domain

In this section, we will prove that if the grid is fine enough, then the loss in either objective
compared to the continuous domain is zero. For each player i, let vi = ui /wi , Bi = ci /di ,
where ui , wi , ci , di are integers, each represented with t bits. Also recall the precision of the
output (i.e. of the price computed) is s bits, where s Ø 2t + 2 log m.
For both revenue and welfare, the optimal solution can be found in a set of candidate
prices:
;
<
Bi
P = vi ,
| ’i œ N, ’k œ [m] .
k
These prices are either equal to some valuation or have the property that some buyer could
exhaust its budget by purchasing all the units it can afford.

I Lemma 14. For both the revenue and social welfare objectives, there is an optimal envy-free
price p œ P.

Proof. Let pÕ be a welfare maximizing envy-free price and let x be the corresponding
allocation. If pÕ œ P then the statement of the lemma is trivially true. Otherwise, pÕ ”= P.
Then, the price pÕ can be increased until either a budget Bi is exhausted or the price becomes
equal to some valuation vi . Until that happens, the demand sets of all buyers remain constant
and so the same allocation x can be supported at some price p œ P. Since the social welfare
only depends on the allocation and not the price, the lemma follows. The proof for revenue
follows from the observation that increasing the price is beneficial for the seller as long as it
continues to sell the same number of units. The discontinuities only happen at points where
the price matches the valuation at some buyer (and so increasing the price above that value
can result in losing the buyer) or when the number of units decreases because a buyer can
no longer afford to purchase as many units.
J
I Theorem 6. When the valuation and budget of each buyer are rational numbers, where
both the numerator and denominator are integers specified with t bits of precision, and
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the price is specified with s Ø 4t + 4 log m bits, then the welfare and revenue loss of the
All-or-Nothing mechanism due to the discretization of the output domain is zero. The
mechanism always runs in O(t + s).
Proof. When s Ø 4t + 4 log m, the entire set P is a possible output, and so the minimum
envy-free price computed by the mechanism operating on the grid is either the envy-free
price pú that minimizes welfare among the prices in the set P, or a price lower than pú , which
does not decrease welfare since welfare is non-increasing in the price. In both cases, the loss
in welfare from using the grid is zero.
For the revenue objective, let pS be the infimum of the set of envy-free prices on the
real line and pM the price output by the mechanism on the grid with precision s. If pS
is envy-free, then it is equal to some valuation (otherwise, by decreasing the price by an
arbitrarily small amount ‘ > 0, the set of buyers with valuations higher than or equal to
the price remains the same, there are no semi-hungry buyers, and nobody’s allocation can
increase compared to pS when ‘ is small enough, thus we would still obtain an envy-free
price). Then pS is part of the output grid and there is no loss in revenue.
Otherwise, consider the case when pS is not envy-free. Then pS cannot be equal to a
valuation and there is overdemand at pS , i.e. there exists buyer i that can afford an extra
unit at pS compared to what it could afford at pS + ‘ for small enough ‘ > 0. That is,
pS = Bi /k for some buyer i and number of units k œ [m]. Let = minq,rœP |q ≠ r|. Then
Ø 1/22t+2 log m by the choice of precision of the elements in P.
Moreover, pM > pS = Bi /k and s Ø 4t + 4 log m, thus (pS , pM ] ﬂ P = ÿ. It follows there
are no semi-hungry buyers at any price p œ (pS , pM ] and the set of hungry buyers is the
same at all the prices in (pS , pM ]. Next, we argue the demands of the hungry buyers are the
same at any price in (pS , pM ]. If this were not the case, there should be a price p œ (pS , pM ]
at which the demand changes. I.e., there exists buyer i for which ÂBi /pÕ Ê < ÂBi /pÊ for all
pÕ œ (p, pM ). This can only happen if there exists j œ [m] such that Bi /j = p, i.e. the buyer
exhausts its budget at p. By choice of the interval, this is a contradiction since Bi /j œ P
but there is no element of P in (pS , pM ].
Since the set of hungry buyers is the same at pM and pS and the limit of the demand as
the price approaches pS from above is equal to the demand at pM , the revenue at pM is at
least as high as the limit of the revenue at pS . Thus there is no loss in revenue either, which
completes the proof.
The runtime follows since the mechanism finds the minimum envy-free price using binary
search.
J

C

Monotone Auctions

In the main text, we proved the approximation ratio guarantees of Mechanism All-orNothing, as a function of the market share. In this section, we will examine the case of
common budgets and the more general class of monotone auctionss:
The budgets are common when Bi = B for all buyers i œ N .
The budgets are monotone in the valuations when vi Ø vj … Bi Ø Bj . We call such
auctions monotone.
Note that the second case is more general than the first, where for the right-hand side we have
Bi = Bj for all i, j œ N . We will prove that for those cases, Mechanism All-or-Nothing is
optimal among all truthful mechanisms, for both the welfare and the revenue objective. For
the welfare objective, the approximation ratio guarantee will be completely independent of
the market share. For the revenue objective, the dependence will be rather weak; we prove
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Walrasian Pricing in Multi-unit Auctions
that the bound holds in all auctions except monopsonies. A monopsony is an auctionin which
a single buyer can afford to buy all the items at a very high price.
I Definition 15. An auction is a monopsony, if the buyer with the highest valuation v1 has
enough budget B1 to buy all the units at a price equal to the second highest valuation v2 .
Note that when the market is not a monopsony, that implies that the market share sú is
less than 1.5
I Theorem 16. When the auction is monotone, the approximation ratio of Mechanism
All-or-Nothing is
at most 2 for the social welfare objective.
at most 2 for the revenue objective when the auction is not a monopsony.
4
Furthermore, no truthful mechanism can achieve an approximation ratio smaller than 2≠ m+2
even in the case of common budgets.
Proof. First, note that the profile constructed in Theorem 10 is one where the budgets are
common and therefore the lower bound extends to both cases mentioned above. Therefore, it
suffices to prove the approximation ratio of Mechanism All-or-Nothing for both objectives,
when the auction is monotone.
We start from the social welfare objective and consider an arbitrary profile v. Without
loss of generality, we can assume that v is not trivial (otherwise the optimal allocation
allocates 0 items in total) and note that the optimal envy-free price is pú = pmin and let x
be the corresponding optimal allocation. Following the arguments in the proof of Theorem 8,
we establish that the according to x at most one additional semi-hungry buyer is allocated a
positive number of units, compared to the allocation of Mechanism All-or-Nothing; let ¸
be that buyer and let x¸ be its optimal allocation.
The social welfare loss of Mechanism All-or-Nothing is x¸ · v¸ Æ v¸ · ÂB¸ /v¸ Ê, i.e. the
contribution of the the semi-hungry buyer that receives 0 items by All-or-Nothing, in
contrast to the optimal allocation. Since the profile v is not trivial, there exists at least on
other buyer j that receives min{m, ÂBj /v¸ Ê} units in the optimal allocation x. If it receives
m units, then x¸ = 0 and the ratio on the profile is 1. Otherwise, the contribution to the
welfare (for both the optimal allocation and the allocation of All-or-Nothing) from buyer
j is vj · ÂBj /v¸ Ê} Ø vj · ÂB¸ /v¸ Ê}, since v¸ Æ vj … B¸ Æ Bj by the monotonicity of the
auction. Then we have:
SW(AON )
OP T

OP T ≠ v¸ · ÂB¸ /v¸ Ê
v¸ · ÂB¸ /v¸ Ê
=1≠
OP T
OP T
v¸ · ÂB¸ /v¸ Ê
v¸
1
Ø 1≠
=1≠
Ø .
(v¸ + vj ) · ÂB¸ /v¸ Ê
vj + v¸
2
Ø

For the revenue objective, again let pú be the optimal envy-free price and let x be the
corresponding allocation. We consider two cases:
pú = pmin : The argument in this case is very similar to the one used above for the
social welfare objective. In particular, since pú = pmin = v¸ , we now have that the loss
in revenue from the semi-hungry buyer ¸ for Mechanism All-or-Nothing is at most
5

Note that instead of ruling out monopsonies, another approach would be to consider a different
benchmark, that does not include the case of an omnipotent buyer, like the EFO(2) benchmark for
revenue, see [26], Chapter 6.
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x¸ · v¸ Æ v¸ · ÂB¸ /v¸ Ê whereas the contribution from buyer j is v¸ · ÂBj /v¸ Ê}, which is at
most v¸ · ÂB¸ /v¸ Ê} by the monotonicity of the auction. Therefore, we have that:
REV(AON )
OP T

OP T ≠ v¸ · ÂB¸ /v¸ Ê
v¸ · ÂB¸ /v¸ Ê
=1≠
OP T
OP T
v¸ · ÂB¸ /v¸ Ê
v¸
1
Ø 1≠
=1≠
= .
2v¸ · ÂB¸ /v¸ Ê
2v¸
2
Ø

pú > pmin . In that case, the argument is exactly the same as in Case 2 of the proof of
Theorem 8, which holds when the market share is less than 1, i.e. when the auction is
not a monopsony.
J
To complete the picture, we prove in the following that if the auction is a monopsony, the
approximation ratio of any truthful mechanism is unbounded. This can be captured by the
following theorem.
I Theorem 17. If the auction is a monopsony, the approximation ratio of any truthful
mechanism for the revenue objective is at least B for any B > 1, even if the budgets are
public.
Proof. Consider the following monopsony. Let i1 = argmaxi vi , for i = 1, . . . , n be a single
buyer with the highest valuation and denote vi1 = v1 for ease of notation. Similarly, let
i2 œ argmaxiœN \{i1 } vi be one buyer with the second largest valuation and let vi2 = v2 .
Furthermore, let v1 > vi for all i ”= i1 and Bi1 = p · m, for some v2 < p Æ v1 i.e. buyer i1
can afford to buy all the units at some price p > v2 . Additionally, let Bi2 Ø v2 , i.e. buyer i2
can afford to buy at least one unit at price v2 .6 Finally, for a given B > 1 let v2 and p be
such that B = p/v2 . Note that the revenue-maximizing envy-free price for the instance v is
at least p and the maximum revenue is at least p · m.
Assume for contradiction that there exists a truthful mechanism M with approximation
ratio smaller than B and let pú be the envy-free price output by M on v. Since pú is envy-free
and Bi1 > v1 · m and Bi2 Ø v2 , it can not be the case that pú < v, otherwise there would be
over-demand for the units. Furthermore, by assumption it can not be the case that pú = v2
as otherwise the ratio would be B and therefore it must hold that pú > v2 .
Now let vÕ be the instance where all buyers have the same valuation as in v except
for buyer i1 that has value v1Õ such that v < v1Õ < pú and let p̃ be the envy-free price that
M outputs on input vÕ . If p̃ > v1Õ , then the ratio of M on the instance vÕ is infinite, a
contradiction. If p̃ Æ v1Õ and since p̃ is envy-free, it holds that v2 Æ p̃ < pú . In that case
however, on instance v, buyer i1 would have an incentive to misreport its valuation as v1Õ
and reduce the price. The buyer still receives all the units at a lower price and hence its
utility increases as a result of the devation, contradicting the truthfulness of M .
J

6

Note that setting Bi2 = Bi1 satisfies this constraint and creates an auction with identical budgets, so
the proof goes through for that case as well.
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