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Abstract

The quantum query complexity of searching for local op-
tima has been a subject of much interest in the recent liter-
ature. For the d-dimensional grid graphs, the complexity
has been determined asymptotically for all fixed d > 5, but
the lower dimensional cases present special difficulties, and
considerable gaps exist in our knowledge. In the present pa-
per we present near-optimal lower bounds, showing that the
quantum query complexity for the 2-dimensional grid [n)?
is Q(n'/279), and that for the 3-dimensional grid [n)> is
Q(n'=%), for any fixed § > 0.

A general lower bound approach for this problem,
initiated by Aaronson [l ](based on Ambainis’ adversary
method [3] for quantum lower bounds), uses random walks
with low collision probabilities. This approach encounters
obstacles in deriving tight lower bounds in low dimensions
due to the lack of degrees of freedom in such spaces. We
solve this problem by the novel construction and analysis
of random walks with non-uniform step lengths. The proof
employs in a nontrivial way sophisticated results of Sdrkozy
and Szemerédi [14], Bose and Chowla [5], and Haldsz [9]
from combinatorial number theory, as well as less familiar
probability tools like Esseen’s Inequality.

1. Introduction

For any function f(x1,x9,- - ,x,), the decision tree
complexity is the minimum number of queries “z; =7”
needed for any algorithm to determine the value of f. There
are various flavors of this complexity, such as deterministic,
non-deterministic, randomized, and randomized with error.
The decision tree complexity, as well as related subjects
such as property testing, has been a rich and active area of
research for many years in theoretical computer science.
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In the last decade, an extension of decision tree com-
plexities to quantum computation, called quantum query
complexity, has been extensively studied, starting with Ben-
nett et al [4](which showed Grover’s search was optimal).
In particular, the complexity of local search has received
much attention. In Turing complexity, the complexity class
PLS (polynomial local search) was introduced by John-
son, Papadimitriou and Yannakakis [11] and was the sub-
ject of much study. In the context of query complexity, the
problem of local search can be stated as follows: an inte-
ger valued function f is defined on the vertex set V of a
known undirected graph G = (V, E). A local minimum
v € V, defined as one vertex satisfying f(v) < f(w) for all
{w,v} € E, is to be determined with a series of queries of
the form f(u) =7. The complexity for a graph is the min-
imum number of queries required. Depending on the class
of algorithms allowed, we denote the complexities respec-
tively as DLS(G) (deterministic), RLS(G) (randomized
with two-sided error €), and QLS(G) (quantum with two-
sided error €).

In 1983, Aldous [2] showed that, for any N-vertex graph
G of maximum degree A, RLS(G) = O(vVNA). For
the Boolean hypercube this result implies RLS(B,) =
O(n'/?27/2), and Aldous also showed a lower bound
RLS(B,) = Q(2"/2=°(") using a sophisticated random
walk analysis. In 1989, Llewellyn, Tovey and Trick [12]
showed for the boolean hypercube, D(B,,) = Q(2"//n).

In 2003, Aaronson [1] showed QLS(G) =
O(N'Y3AY6) for general N-vertex graphs. He also
developed a strategy for obtaining quantum lower bounds
through random walk construction, using the quantum ad-
versary method of Ambainis [3]. Interestingly, his approach
also led to a new lower bound method for the randomized
complexity, giving in particular a simplified and improved
bound (over Aldous’) RLS(B,) = Q(2"/2/n?). Santha
and Szegedy [13] showed that DLS(G) and QLS(G) are
polynomially related for all general graphs G.

In this paper we are mainly interested in the quantum
complexity for d-dimensional grid graphs [n]¢ (fixed d).
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We summarize the state of knowledge first: up to log fac-
tors, the randomized complexity is tight for d > 2, i.e,
RLS([n]*) = ©(n%?), and the quantum complexity is
tight for d > 4, i.e., QLS([n]?) = ©(n?/3). For low di-
mensions, again up to log factors,

Q(n??) < RLS([n]?) < O(n
Qn*®) < QLS([n]?) <
Q(n**) < QLS([n]*) < O(n

Q(n°®) < QLS(In]*) < O(n"/?).

In this paper, we give nearly optimal lower bounds for
the d = 2,3 cases, proving the following main theorems.

The gap in quantum complexity between the upper and
lower bounds in the d = 4 case remains an open question.

Theorem 1 RLS([n]?) = Q(n'7%), QLS(n)?) =
Q(n'/279), for any constant § > 0.

Theorem 2 QLS([n]?) = Q(n!
0.

=9), for any constant § >

More detailed history for low dimensions: Aldous’
result implies RLS([n]?) = O(n%?). Aaronson [I]
showed RLS([n]?) = Q(n%?71/logn), QLS([n]?) =
O(n/3), and QLS(In]?) = Q(n¥/4~1/2//logn). Re-
cently, Zhang [17] improved the lower bounds, so that up fo
log factors, the randomized complexity is tight for d > 2,
ie., RLS([n]%) = ©(n%/?), and the quantum complexity is
tight for d > 4, i.e., QLS([n]?) = ©(n4/3).

For 2-dimensional grid [n]?, Santha and Szegedy [13]
show that QLS([n]?) = Q(n'/*). Zhang [17] showed
RLS([n)*) = O(n*?), Qn*®) < QLS(In]*) <
O(n'/?(loglogn)3/2). Verhoeven [15] showed
QLS([n)?) O(y/nloglogn). For 3 and 4 dimen-

. . 3/2
sional grids, Zhang [17] showed RLS([n]3) = U Toem)-
QLS([n)?) = Q®**), and RLS([n]*) = Q(n?),
QLS([n]*) = Qo).

Other related works: Using the path technique Chen and
Deng [6] show a Q(n?~!) deterministic lower bound for
find a fixed point in grid [n]?. Friedl et al [8] proved Q(y/n)
and Q(+/n) lower bound for random and quantum query
complexity of 2D-Sperner Problem by using a 2-d mono-
tone path.

In Section 2, quantum lower bound tools from the lit-
erature are summarized, together with needed results from
number theory and probability theory. In Section 3 top-level
view of the approach to the proofs is given. A fairly com-
plete proof for Theorem 1 (the d = 2 case) is given in Sec-
tions 4 and 5, with some details left out for the Appendix.
The proof of Theorem 2 (the d = 3 case) requires additional
twists; an outline of the proof is given in Sections 6 and 7.

2 Preliminaries

Lemma 1 gives a general lower bound based on the
weighted adversary approach first developed by Ambai-
nis [3]. This form is from Zhang [16]:

Lemmal [3, 16] Let F' : S — {0,1}™ be a partial func-
tion. Let w : S% — [0,00) and w' : §% x [N] — [0, 00) be
weight assignments satisfying the following conditions:

1. w(z,y) = w(y,x) for every x,y, and w(z,y) = 0
whenever F(z) = F(y);

2. w'(x,y,i) = 0 whenever x; = y; or F(z) = F(y),
and w'(z,y,i)w'(y,z,i1) > w(x,y)? for all x,y,i

with x; # y;.
Then
QF) =Q min M
sia \[ (@, 1)o(y, )

where wt(z) = >, w(z,y) and v(z,i) = 37, w'(z,y,1)

forallx € Sandi € [N].

For the lower bound of randomized query complexity,
we use the method invented by Aaronson [1]:

Lemma?2 [/] Let F' : S — {0,1}™ be a partial func-
tion. Let w : S x S — [0,00) be a function satisfying
(1) w(z,y) = w(y,z), and (2) w(z,y) = 0 whenever
F(z) = F(y). Let wt(z) = >, w(z,y) and v(z,i) =

Yy AT w(xv y); then

R(F)=Q min max wt(x) ; wt(y)
misﬁy;’zg{:,y>>o v(x,i) v(y,i)

To prove Theorem 1 we need use the following two in-
equalities proved by Sarkozy and Szemerédi [14] and Es-
seen [7]:

Lemma3 [/4]Let0 < a1 < ag < --- < a, beasequence
of real numbers. Denote by [, (t) the number of solutions
Ofo:lzl €ia; =t, €, = 0or 1. Forany d > 0, there exists a
constant ng(3) such that, for all n > ng(9),

g 2"
11/2 n3/2

max fp(t) <

0<t<o0

(1+9)——>

Remark 1 We will use Lemma 3 with the following form:
Let 0 < a1 < az < --- < ay, be a sequence of real num-

bers, then
max Pr (101 + -+ enan =y) < en=3/2,
YEZL €1,...,ene{£1}

where c is a positive absolute constant.
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Lemmad [7] Let X1,...,X, be independent random
variables such that E(X;) = 0, E[X?] = o}, and
E[|Xy?] < 400, k = 1,...,n. Let B, = Y ;_, 0%,
Ly = B> S| E[|X[?), then

sup ‘Pr {% < a:} — P(x)

where c¢ is a positive absolute constant, and ®(x) =
7t2/2dt

<clLp

7 e
To prove Theorem 2 we need the following two results
of Halasz (Theorem 2 and Theorem 3 of [9]):

Lemma 5 Let vi(k = 1,...,n) be n vectors in R?. Sup-
pose that ||vi — vi/|| > 1(Vk # k'), and there exists a
constant 6 > 0 such that for any ||e|| = 1 one can select at

least n vectors v, with | (v, e)| > 1, then

max Pr (avi+- -+ envn=y) <c(d)n 2,

YEZ? €1,...,en€{E1}

where ¢(d) depends only on 4.

Remark 2 Haldsz gave an upper bound n='~%?2 for gen-
eral space R?, we just set d = 2 here.
Lemma 6 Let vi(k = 1,...,n) be n vectors in R2. Sup-

pose from among the 2" ~1n" vectors b = v, + -+ £ vy,
(1 < k; < n) one can select at least dn™ vectors, each two
having a distance ||b — b’|| > 1. And also for any |le|| = 1
one can select at least dn vectors v with |(vg,e)| > 1,
then

max Pr (aavi+- -+ evn =y) < (0, h)n=",

YEZ? €1,...,en€{£1}
where ¢(0) depends only on ¢ and h.

Remark 3 Lemma 6 used here is a weak version of
Haldsz’s original result (Theorem 3 in [9]). In his paper
the space is R?, and in his statement of Theorem 3, h equals
d. But through the proof this is not necessary, at least not
necessary for our weak version here.

We also need some tools from number theory for both
Theorem 1 and Theorem 2.

Definition 1 [10] A positive integer sequence B =
b1by - - - by, is called a Bp-sequence if all the sums

bil +b¢2 +---+bih
are distinct, where 1 < i1 < --- <1ip < n.

For example 1,2, ..., nis a By-sequence. It is clear that
a Bp-sequence(h > 1) is also a Bp-sequence, so b; # b;
(i # 7). The following result is due to Bose and Chowla [5]:

Lemma 7 {1,2,...,m} contains a Byj,-sequence B of size
[B| = mi/h(1 £ o(1)).

3 Top Level View of the Proof

In proving lower bounds, it is a standard technique to
relate the local search problem to some related search prob-
lem about finding paths. We relate the local search on grid
graphs to a certain path problem on pyramid graphs.

Let G = (V,E) be a directed acyclic graph. Given
a source vy and an unknown path P starting at vy and
ending in a sink, we would like to locate the endpoint
of P by making queries of the form “Is z; € P”. Let
D(G), R(G), Q(G) be respectively the deterministic deci-
sion tree complexity, the randomized decision tree com-
plexity (with error < € = 1/3), and the quantum query
complexity (with error < e = 1/3).

Let Py, = (Van, Eq,n) denote the d-dimensional pyra-
mid graph, where V; ,, is the set of lattice points {x € N¢ :

Z?Zl xz; < n}, and Ey,, is the set of all (z,z’), where
z,x' € Vgpnand 2’ =z + e forsome k € {1,2,---,d}.
Here No = NU {0}, e, = (0,...,0,1,0,...,0) is the k-th
unit vector in Z<. A pyramid path is a path in Py, starting
at the source node (0, ...,0) and ending in a sink node at
the bottom (the hyperplane {x : Ele x; =n}).

The following Proposition allows us to reduce the proof
of Theorems 1 and 2 to the proof of lower bounds to the
complexity of the corresponding path problems in pyramid
graphs. The proof is standard.

Proposition 1 RLS([n]?) > R(Pan),
Q(Pd,n)~

Proof. Suppose we have an instance for the Pyramid Path
problem: a path P = po...p, € Py, we construct a
Local Search problem in [n]¢: We define function fp in the
same way as [1]:

fp(p) = { n— ||p|1,

n+[lpll,

QLS([n]?) >

ifpeP
ifp¢ P

It is clear that p,, is the unique local minimum of fp.

If a local search algorithm .4 queries a point p, we just
ask the Pyramid oracle the same query and return n — ||p||1
orn + ||p||1 to A according to the oracle’s answers. O

We will prove Theorem 1 in two steps. First, for any
sequence of integers A = a1, a9, ,a,, we define a cer-
tain random walk which in turn gives rise to an assign-
ment of weights in the quantum adversary method. Proposi-
tion 2 below gives lower bounds to R(P2 n) and Q (P2 n)
in terms of a parameter p (which is determined by the se-
quence A). Proposition 3 shows that, using results from
combinatorial number theory, we can construct a sequence
A such that p is small which then implies strong lower
bounds via Proposition 2.

Similarly, the proof of Theorem 2 is in two steps. Propo-
sition 4 show that any sequence of two-dimensional vec-
tors gives rise to a lower bound to R(Ps n) and Q(Ps3 ).
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Proposition 5 then shows that, with the help of certain re-
sults in number theory, there exist sequences giving rise
to strong lower bounds that almost match known upper
bounds.

Proposition 2 Let aq,...,a, be a positive integer se-
quence (no need to be distinct). Let N ="', a;. Define

Mi,j = max Pr

€a; + € 110,41+ - +€a; =Y
yEZ €i,...7€j€{ﬁ:1}( v i+ i+ 77 )

A<i<j<n)p =Xl m;G=1....n), and
p = maxi<;j<n p;- Then
n n
R(P2,n) = Q(=), Q(P2,n) = ;)-
For example a1 = ... = a, = 1: p; = O(J)), p =

@(\/ﬁ) R(PQ,n) = Q(\/ﬁ), Q(PQ,H) = Q(%)

Proposition 3 Given any constant § > 0, for any sufficient
large n € N, there exists a positive integer sequence A =
a1,a2, . .., an, Suchthaty; a; = O(n'**+°) and p = O(1),
where the constants in O(x) depend only on 0, and p is
defined in the same way as in Proposition 2.

S

Combining Proposition 1, Proposition 2 and Proposition 3,
we obtain Theorem 1.

Proposition4 Let vq,...,v, be a sequence of vectors in
N? (no need to be distinct). Let N = Y, ||v;||1. Define

i, = sup Pr

(eiviteit1vipit- - +ev; =Yy)
yEZ2? €y, €{£1}

1<i<j<n),\= Egzl wi; (j=1,...,n), and
A =maxi<j<n Aj. Then Q(P3 n) = Q(%).

Proposition 5 Given any constant § > 0, for any suffi-
cient large n € N, there exists a vector sequence V. =
V1i,Va,...,V, € N2 such that

> Ivjlli = O(n**?) and A = O(log ),
J

where the constants in O(x) depend only on 6, and \ is
defined in the same way as in Proposition 4.

Combining Proposition 1, Proposition 4 and Proposition 5,
we obtain Theorem 2.

4 Proof of Proposition 2

Consider the following n-step random walk in Z?: Y, =
(0,0), Yx = Yz—1 + (ak, 0) with probability 1, and Y}, =
Yi—1 + (0, ar,) with probability %, k=1,...,n. Itis clear
that ||[Yx|1 = Zle aj,k =1,...,n, especially Y,, is on
the bottom plane of the pyramid P, . Using the definition
of 115 ; we can prove

Lemma$8 Foranyy € Z2,0<i < j<n,
Pr(Y; =Y =y) < pit1,-

Due to page limitation we do not give the proof here.
Consider all the 2" paths P = popy - - - p,, € P2,y which
are generated by the random walk: py, = pr—1 + (ax,0) or
pr = prk—1-+(0, ar). We use the adversary methods to prove
that in order to separate these 2™ paths, Q(%) randomized

queries or Q(\/Z ) quantum queries are needed.
P

For any two paths P = pg...p, and P’ = pj...p},
define [P AP'| = kif pg = pf), ..., px = p), and prr1 #
Pyt Forany pointx € Vo v \ (0,0), define |x|, = {k €
N: Ei:ll a; < ||lz]|1 < Ele a;},i.e. pg—1px is the only
possible line segment of the path that point = belongs to.

Now we let

0 if pn = p,,
w(P,P’) = 1 herwi
S PR otherwise.
for both the random and the quantum case. For the
quantum case, let w'(P, P z) = o' (P, P,z) =

w(P,P’) if P(x) # P'(z), otherwise w'(P,P’',z) =
w' (P',P,z) = 0. From the definition it is clear that
w' (P, P z)w' (PP, z) > w(P,P')%

We first give lower bound for wt(P):

n—1
1
wi®) =S w®P) =Y S o
P’ k=0 P’:pn#p),
|P/AP|=k
n—1 1
_ (n—k—-1) _
- on—k (2 ! Z 1)
k=0 P/ipn=p},
[P/ AP|=k
n n—1 1
~— 9 Z o(n—k) Z L.
k=0 P/ipn=p},
|P/AP|=k
We know
1
on—k Z 1< Pr(Yn Y, = Pn _pk)v
Plippn=p},
[P/ AP|=k

and from Lemma 8 Pr(Y,, — Y, = p,, — pi) < fg+1,n, thus

n—1 1 n—1
S D LD ma=m<p @
k=0 P’/:pn=p), k=0
|P/AP|=k

Combine inequality (1) with (2),

n

wt(P) > 5P (3)
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Next we derive upper bounds to v(P,z) and v(P’, ),
when P(z) # P’/(x) and w(P,P’) > 0. Without loss of
generality, we can assume P(z) = 1, P’(z) = 0. We triv-
ially bound v(P, z) by wt(P):

v(P,z) = w'(P,P",2) <Y w(P,P")=wt(P). (4)

P P

Now we need to bound v(P’, x):

1
/ _ 2 : / / " _ 2 :
U(P ﬂx) - w (P ﬂP 7‘%.) - 2n—|P’/\P”\
P/ P/ P/ (z)=1,
PRFPy
o] —1
1
= 2 > 1
oan—k
k=0 P/ P/ AP/ |=k,
P/ (x)=1,p} #p},
|z]«—1
1
< =D DERE 5)
k=0 P/ P/ AP/ |=k,

P/ (x)=1

Suppose P” = p{j...p!". Since P”(z) = 1, i.e. path
P’ contains point z. We know pﬁg‘* = pi;|*71 + (ajz].,0)
orpiggl* = pi;|*71+(0, a|4|, )> according to the construction
of the path, pf ;‘* has at most two different possible choices.
Therefore,

1
on—k Z

P/ P/ AP/ |=k,
P/ (x)=1

1 <2 max Pr(Y),, —Yi= Y —DPh)-
yeVa N )

(6)

From Lemma 8,

max Pr(Yj,, —Yi=y —p¥) < tey1,ja., (D)
YEV2, N

Combine inequalities (5),(6),(7),

|x|—1

v ) < Y 2k fal. = 20, <20 ()
k=0

Finally combine inequalities (3),(4) and (8),

) (maX { z%i)) ’ :(jg'}_,) 2) } )
{wt(P) 2P

R(Pyn) =

(
[
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5 Proof of Proposition 3

To simplify our representation, for a vector sequence
W =wy,...,w; € Z% we define

(W) = max Pr

WL+ W =
yequ,...,ef,e{ﬂ}( y):

so in Proposition 3 our p; ; = p(a;, aiq1,...,a;), and in
Proposition 5 p1; ; = u(vi, vigi,...,v;) (1 < i < j < n).

Fact 1 If W’ is a subsequence of W (no need to be consec-
utive), then p(W) < pu(W").

Proof of Proposition 3: Pick a large integer hg such that
ﬁ < J. We recursively construct sequence A.

For any finite sequence A of integers, let N(A) denote
the sum of all the integers in the sequence. Let A1) =
1,2,...,m, then N(AW) = O(m?), and p; ; = p(i,i +

1,...,7), from Lemm? 3 u(iy...,5) < O(W),
thus p;(AY) < 3 O(G=ppem) = O(1) (G =
1,...,m).

Suppose we have already constructed A®*) =

1., Qm,, such that N(A®) = O(mz’“), and V1 <
j < mg, pj(A®) = O(1). We have d; = 2. We
will construct a new sequence A**+1) with length M (k+1)

(Ms1) > my), st N(AFHD) = O(m{T]), where

1+ WIH < dpyr < d, {dj} | 1+ WIH’ and also

pi(A*TD) = O(1) for j = 1,...,m(t1).
We construct A+ from AK®), Let

" (hot by

__ho+1 _ Fo+1
s=m’", t=my

1

Since d;, > 1 + ﬁ, t is well defined.

From Lemma 7 we know that there exists a Bj,-
sequence in {1, ..., cs"°} with size s, c is some constant.
Let by, ..., b be the By, sequence, let b; = b’; + csho j =
1,...,s, then by,...,bs is also a By, sequence, and for
1<j<s,cesM < b; < 2csh0. Construct

ARFD — AR o b

: : : t times

AR py e b

here (A(’“) ,b1,...,bs) repeats ¢ times. Write the sequence
b1,...,bs by B. The following is true:

Lemma 9 ;(B) = pu(by,...,by) < O(s~mo2).

We leave the proof of Lemma 9 to the Appendix.
Now we show that sequence A*+1) is better than A*):

(ho+3)dy

m(k’—i—l) — |A(k+1)| — t(mk 4 S) — @(mk ho+1 )’

IEE l-:

COMPUTER
SOCIETY

Authorized licensed use limited to: Tsinghua University Library. Downloaded on June 25,2010 at 02:10:43 UTC from IEEE Xplore. Restrictions apply.



(since s = o(my,)), and

N(AK+D) tN(AR) +> b))
j=1
< tO(m*) + s - 2cs"0)
(2ho+35)dy, 1
= O(mk ho+1 ).
Thus
ooy = Dol _ (4ho +3)dy, — 2(ho + 1)
* (ho+3)ds (2ho + 1)dy '
ho+1
Therefore,

don Ut 1
dk - (1 + WlJrl) dk

Sinced1:2>1+ﬁ,so{dj}L1+Wl+l <1+436.
We need to show A+ satisfy p;(A*+D)) = O(1)
(G = 1,...,m@q41)). Write j = g(my + s) + r, where
g € NU{0} and 0 < r < my, + s. There are two cases,
either j is in A%) part or j is in B part:
Case 1: 1 < r < my, ie. jisin A part, from the
construction of A%+1),

pi(AMHY) = 37 i (ATHY)
i<j—r—s
j—r j
+ 0> gAY Y (AatY)
t=j—r—s+1 i=j—r+1
= > g (AT £ i (B,AY)
i<j—r—s i=1
+Zm,r(f4(k))-
i=1

The last additive term is nothing but p,.(A*)), we already
know p,(A®)) = O(1). By Fact 1

/J/i,s-‘rT(B; A(k)) S /J/i,s(B7A(k)) = /J’(bza .. 7bs)a

and from Lemma 3 p(b;,...,bs) < O( , there-

fore the second additive term satisfies

1
)

S S 1
(B, AR < O(———— =) =0(1).
> (B AD) £ 30— ge) = O
It remains to upper bound the first term
Dicjrs Mig(AFTY).Since i < j — 1 — s, by

Fact 1 we have

pi g (AFTD) <y (A% = (B, AW) < u(B).

From lemma 9 ;(B) = u(by, ..., bs) < O(s~"0~2). Thus

S gAYy < (- r—5)O(s )

i<j—r—s
< mpsO(s072) = O(1).

Therefore in case 1 p;j(A*+1)) = O(1) for each j =

]., sy My(k41)-
Case 2: mip +1 < r < my + s,i.e. jisin B part. Let
r1 =1 — myg, then

pi A%y = 3T

i<j—mp—s

j—r

pig (AT

t=j—myp—s+1

J
> (A%Y)

i=j—ri+1

pi g (AFHD)

Jj—r1

o g (AT ¢

i=j—r41

> i (A%)

i<j—m-—s

+ Z M(bi7~~~7bS7A(k)7b17~“7b7‘1)

i=r1+1

mg 1
3 i (A b1y b ) D palbi e bey).
i=1 i=1

First we use Fact 1 on the third term,

mp mi
Z i my,+rq (A(k) 5 bla ceey bm) < Z Hi,my, (A(k))
i=1 1=1

= (A1) = O(1).

Next we use Lemma 3 and Fact 1 to upper bound the second
and fourth term,

S

> iy b, AR by byy)

i=ri1+1
< Y plbise beyba, . byy)
i=ri+1
° 1
< 6) =0(1
_.Z ((T1+S—i+1)3/2) ()7
i=ri1+1

b)) < ZO(W) =0(1).

For the first term, since ¢ < j —my — s, ui’j(A(k“)) <
u(B) = O(s"0"%), 50

Z i (A(k+1))

i<j—m—u

jO(s™ho7%)

IN

IN

m(k+1)0(5_h0_%) =0().

This finishes the proof of case 2.
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(4ho+3)di,—2(ho+1)
9 (22}740‘,;’1)(1)« 2, from Eq. (9)

diy1 — 1+ ﬁ < 1+ 6, and after constant steps (more

Since d1 = 2, dk+1 =

1— gt
precisely 10g (111 /(2no+1)) ( 2ot ) steps), we can get a

o— 2hg+1
sequence A satisfy both conditions.

6. Proof of Proposition 4(Sketch)

Most part of the proof is the same as Proposition 2, ex-
cept we have a 3-d random path, and also we need to define
unequal w'(P,P’, ) and w'(P’,P, ), in order to derive
better quantum lower bound.

Consider the following n-step random walk in Z3: Y, =
(0,0,0), Yy, = Yi—1+ (i, 0) with probability 3, and Y}, =
Yii—1+ (0,0, ||vi|[1) with probability 3, k = 1,...,n. Itis
clear that || Ve[l = Y5, [[v;ll1. ( = 1,...,n), especially
Y, is on the bottom plane of the pyramid Ps3 .

Lemma 10 Foranyy € Z3,0<i < j <n,
Pr(Y; —Yi =y) < piy1y.

Consider all the 2" paths P = pgp; - - - p,, € P3,n which
are generated by the random walk: pp = pr—1 + (v, 0)
or pp = pr—1 + (0,0,||vk]l1). To make the path more
precisely, if px = pg—1 + (x1, 2, x3), the path first goes
x1 steps along x-axis, then xo steps along y-axis, then x3
steps along z-axis. We use the quantum adversary method
to prove that in order to separate these 2" paths, (%) quan-
tum queries are needed.

For any two paths P = pg...p, and P’ = pj...pl,
define |P AP'| =k ifpo = pj,...,px = P}, and ppt1 #
Piy1- Forany pointz € V3 x'\ (0,0,0), define [z]. = {k €
N Y5 vill < llel < S5 [villi ) de. piapy is
the only possible segment of the path that point = belongs
to. Now we let

0 if p, = p,,
w(P,P’) = 1

m otherwise.

and let
, ;N VHIPAP |41, |a).
w (P,P ,x) = Wa
if P(z) = 1,P'(z) = 0,pn # pl;
1

Y
HIPAP! | +1,|z|.

/ / _
w (PvP ,IL') - 2n—|P/\P’|

if P(z) = 0,P'(z) = Lpy # p3 v'(P,Pz) =
0 otherwise. Notice that if P(z) # P’(z), then it
must be [P A P’| < |z|., so the notation ppap/|+1,[a|.

is well defined. From the definition it is clear that
w' (P, P 2)uw' (P, P,x) > w(P,P)2.

We first give lower bound for wt(x):

1
w®) = Yumr)=Y Y ol
P’ k=0 P’:pn#p),
P/ AP|=k
n—1 1
_ (n—k—1)
- Z on—k (2 Z 1)
k=0 P/:pp=p},
P/ AP|=k
R |
- 9 Z 9(n—k) Z L. (10)
k=0 P’ipn=p),
|P/AP|=k
We know
1
on—Fk Z 1< Pr(Yn =Y =pn _pk)a
o

and from Lemma 10 Pr(Y,, — Y, = p,, — pi) < fot1,n <
/It1,n (the last “<” is due to ptg41,, < 1). Thus

n—1 n—1

1
Z on—k Z 1< E Vik+in = A <A (1)
k=0 P/:pn=p, k=0

|P/AP|=k

Combine inequality (10) with (11),

wt(P) > = — A, (12)

|3

Next we derive an upper bound to v(P, z)v(P’, 2) when
P(z) # P’'(x) and w(P,P’) > 0. Without loss of general-
ity, we assume P(z) = 1 and P’(z) = 0. Then

2 : ’ " 2 : VHIPAPY |41,z
'U(P,J)) = w (P,P 7])) = W
P P//:P! (z)=0,
il #pn
|z]—1
. VHE+1, |2,
=2 2
k=0 P/ PAP/|=k,
P/ (2)=0,p} #pn
|z —1
. VHEE+1 2] 1
D 7= D DI
k=0 P/ |PAP! |=k,

P/ (2)=0,p} #pn

We trivially bound the number of path P” such that [P A
P"| = k,P"(z) = 0 and p!! # p, by 2" 7%, so

|z —1

wPa) < 3 M
k=0
|z —1
<

> VBt = Na. <A (13)
k=0

IEE l-:

COMPUTER
SOCIETY

Proceedings of the 47th Annual IEEE Symposium
on Foundations of Computer Science (FOCS'06)
0-7695-2720-5/06 $20.00 © 2006 IEEE

Authorized licensed use limited to: Tsinghua University Library. Downloaded on June 25,2010 at 02:10:43 UTC from IEEE Xplore. Restrictions apply.



Now it turns to bound v(P’, x):

v(P'x) = Z w' (P, P, x)
P//

1
= Z on—|P'AP”|

PP/ (2)=1, HIP AP |41, |z

py#ph,
T|—1
|| 1 X
- Z n—k Z
k=0 2 VHE+1, |z P/ P! AP | =k,
P/ (2)=1,pl] #D),
|z]«—1 1
<Y o Y 1L
on—k
k=0 VHE+1 ], P//:|P/ AP |=k,

P/ (z)=1

Suppose P = pjj ...pll. Since P”(x) = 1, i.e. path
P’ contains point x, we know pﬁc‘* = pﬁcl*_l + (V|z[.,0)
or pl. = Ply.—1 T (0,[[viz).[l1), according to the con-
struction of the path, pi ;cl has at most two different choices.

Therefore,

1
oan—k Z

P/ | P/ AP/ |=k,
P/ (z)=1

1<2 max Pr(Y,, —Yi=y - D)-
yEV3 N

(15)
From Lemma 10,

max Pr(Yy, —Yi =y —p)) < tgs1,ja,  (16)
yEV3 N

Combine inequality (14),(15),(16),

|z]—1

2 .
o(P'r) < Y L

k=0 \//jfk-i-l,\:c\*
Combine inequality (12),(13) and (17),

B wt(P)wt(P’)
W) = Q( W)
A))ZQ(;).

Q<¢@—yé§—

=2\, <2\ (7

7. Proof of Proposition 5(Sketch)

Pick a fixed integer iy > 3 such that h% < 4. We recur-
sively construct our vector sequence V.

Similarly as the proof of Proposition 3, for any vector
sequence W we will use N(WW) to denote the sum of 1-
norm of the vectors in the sequence.

() Let V) = {(1,m),(2,m — 1),...,(m,1)}. Then
the length of sequence V(1) is m, and N(V(D)) = m(m +
1) = O(m?).

It is clear that vectors {(i,m + 1 — i),(i + 1,m —
1),...,(7,m+1— j)} satisfy the conditions ||vi — vi/|| >
1(k # k), and also it is easy to check if 5 — ¢ > 6, then for
any ||e|| = 1 we can select at least (j — i 4+ 1)/2 vectors v,
from {(i,m+1—14),(i+1,m—1),...,(5,m+1—j)}
with | (v, e)| > 1, so from Lemma 5

p{(Em+1—i),.., (Gm+1—j)} <a(i-i+1)2%

We can pick another constant co > c¢; to handle the case
when j — ¢ < 6, thus

i (VD) = p{(i, m+1-4),..., (jym+1-4)} < ea(j—i+1) "2,

i (VO) < S 74y =

thus \; (VD) = 377
O(log j) < O(logm).
(2) Suppose we have already constructed sequence
VE = vivg-- vy, such that N(V®) = O(mdx)
(dy > 1+ 72),and V1 < j <my, \j(V®) = O(log my).
We have d; = 2. We try to construct a sequence V (k+1)
with length m 1) (My1) > ma), St N(VE+HD)) =

O(m?l:jrll)),Where 1+% <dpy1 < di.{d;} | 1+h%’ and

also \; (V1) = O(log mgny) G =1,...,Mag1))
Let .
L1 h
s:m,ﬁ, t:m,ﬁdrl,
since d, > 1 + h%, t is well defined.

From Lemma 7 we know there is a By -sequence in
{1,...,c3s"°} with size s, here c3 is a constant. Suppose
bi,by...,bs be the Bj,-sequence. Now we append 4%
by all the vectors (3b;,, 3b;,) (i1 # i2) with certain order,
and then repeat the sequence ¢ times, more precisely

VD V) (3b1,3by),  (3bs, 1), (8bs, 3bs—1);

V) (3b1,3b2), (3b2,3b1), (3bs,3bs_1).

here vector (3b;,,3b;,) (i1 < i2) is followed by the vector
(3bi2, 3bi1). Let W = (3b1, 3b2), s, (3bs, 3b5,1). We
claim that

Lemma 11 Suppose w1, ..
quence of W, then u(w1, . ..

., W be a consecutive subse-

,wiy) < O(172).

Lemma 12 (W) < O(|[W|~ho) = O(s~2h0).

Lemma 11 can be proved using Lemma 5 and Lemma 12
can be proved using Lemma 6. Due to page limitation we
will give more details in a full version paper.

Lemma 11 and Lemma 12 can be considered as the 3-d
version of Lemma 3 and Lemma 9. It will be used to upper
bound \; (V(F+1),

The total length of the sequence V (*+1) is M(kt1) =
ttmi + |W1]) = timg + s(s — 1)) = O(tmy) =

|Hm<i:!
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"0 dy,
O(m"""). The third "=" is due to s(s — 1) < s =

2dp_ _4
m,° " < m,°"* = o(my,), since hy > 3. And
NV HN(V®) + N(W))
= t(O(m*) + > (3b; + 3b;))
i#]
tO(mF) + 5% - 6ezsh0)
tO(mF) + 6czmx)
2h0+2dk71
= O(tm{)=0(m """ ).
Therefore
d _ 2}5150422‘1’@ =1 (2hg +2)di — (ho +2)
(k+1) = R g hrodn )

ho+2

which implies

dgery = (L4 75) 1 (18)
dy — (14 7) di,’

Weknow d; =2 > 1+ 2,50 {d;} | (1+ ).

The rest thing is to show sequence V(**1) satisfies
Aj (VDY = O(log mg41)) for j = 1,...,m(k41). The
idea is similar to the proof in Proposition 3. Instead of
Lemma 3 and Lemma 9, we use Lemma 11 and Lemma 12
here. Because of space limitation we omit the proof of this
part.

From Eq. (18) we know d, — 1 + h% < 149, so

after constant steps (more precisely log; 55, (%)
steps) we will obtain a vector sequence V' which satisfies
the conditions in Proposition 5. U
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Appendix: Proof of Lemma 9

Proof of Lemma 9: Define s independent random variable
X;: Pr(X; = b;) = Pr(X; = —bj) = 1. Let M = cs™,
then M < b; < 2M (j = 1,...,s). The inequality we
need to prove is

1

Pr(Xi+...+ Xs =v) §O(Sh0—\/§) (19)
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We prove it by the following two steps:

)< o%x
(20)

Pr(y—4hoM < X1+ ...+ X, < y+4hoM

and

1
PriXi+...+ X, =y) < O(STO)
Pr(y — 4hoM < X; + ... 4+ X, < y + 4hoM)21)
Proof of Inequality (20): Since M < b; < 2M,
2 = Y0 BIX2) = 301 — O(sM2), and By —

>io BIX;PP] = 325, b} = ©(sM?®). From Esseen’s
inequality we have

Xi+...+ X ¥ 1
‘Pf(lT <y)—0(y)| < CZT?Q = O(%)
2

By picking two different y: y; = \/L— - Fandy, =
\/— + £ \/_ in the Inequality and adding up the two inequal-
ities, we get

X1++X5 y C1
P < —
‘ r( V22 \/22+\/§)

Xi4+...+X; Y C1

—Pr < - —
v
1 z c1 C1
<O(—5) + |B(—==+ —£) —
G s R s )
1
O(ﬁ)a
here ¢; is a constant to be fixed later. Thus
Yo V9 1
Pr(y— < Xi+...+X, ) <0O(—==).
r(y Cl\/g < Xi+...+ ,<y+61\/§)_0(\/§)

Since X5 = O(sM?), we can choose a suitable c; such that

c1 V\/Zgz > 4hoM (notice hg is a constant). Hence

1
Pr(y —4hoM < X1+ ...+ X, < y+4hoM) < O(ﬁ

Proof of Inequality (21): For any hg-element subset
{i1,- - sinoy C{L,..., s}, we have

Pr(z Xj=y)

).

S
= E PI‘( E Xj =Y, Ty = €1bil7 e ,l‘iho = eh/biho)

€15-nns €ho ]:1

e{x1}

ho
E Pr E X;=y— E €jbi; | - —0.
----- €hg 1<j<s,
6{:(:1} JFiL e ipg

Proceedings of the 47th Annual IEEE Symposium

The last ”="is due to Pr(X; = b;) = Pr(X; = —b;) =
1/2. Now change €;b;; to —¢;b;,,

Pr(ZXj:y)— Z Xj=y-— ZEJ i)
j=1

~~~~~ 1<J<§

e{il} FESEE ”LO
-PI‘({Eil = —61bi1, . :ciho = _Ehobiho)
< X pw- z
eriny
Therefore
Pr(d X;=y)
j=1

TP o D SO SR S

..... E;LOE{:EI} j=1
s ho -|
Pr (Z X;=y-2)» Ejbij) (22)
Jj=1 Jj=1 J

For a fixed (€1, . .., €n,) € {£1}, all the (" ) value

ho
Zejbij:1§i1<---
j=1

are distinct, otherwise we will have two hg-subset with
same sum, contradiction to By -sequence. Therefore z —
2 Z;ﬁl €jb;, are all distinct. But we know M < b; < 2M,
)

< Z‘h,o S S

ho
Yy —4hQM S Yy — 2Z€jbij S y—|—4h0M
J=1
Thus

s ho
SO Pr > X =y-2) €b;
j=1 j=1

i1 <<
<Pr(y—4hoM <> X; <y+4hoM |(23)

j=1
Combine Eq. (22), Eq. (23)

> Xi=y
j=1

g e

=0 2 P hoM E X; + 4hoM

= 4 < < 4
<S ) r(y —4ho Y oM).

7j=1
(]
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