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Smart Inverter for Voltage Regulation:
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Abstract—Lack of efficient coordination schemes between pho-
tovoltaic (PV) panels may result in voltage stability issues. In this
paper, we exploit the power control potential enabled by the PV
inverters for voltage regulation. There are considerable obstacles
to design a viable coordination scheme. Physically, the power flow
equations lead to a highly nonconvex constraint set. With respect
to the market implementation, voltage regulation is predominately
conducted by the system operator, and voltage regulation related
products rarely exist. We cast the voltage regulation as a noncon-
vex optimization problem, and devise an analytical framework to
show that based on a linearized model, one can design a gradi-
ent descent-based distributed scheme, which, when implemented
in the nonconvex branch flow model, will converge to a local min-
imum exponentially fast. Additionally, we design a compensation
scheme which incentivizes the PV panel owners to provide voltage
regulation. The compensation naturally leads to a game between
all the PV panel owners. By design, the equilibria coincide with the
global minimizers to the social planner problem. Simulation results
confirm the convergence rate of the control actions in practice.

Index Terms—Distributed algorithms, optimization methods,
voltage control.

I. INTRODUCTION

INVESTMENT in renewables today is mostly in utility-scale
solar and wind plants, as well as small-scale distributed

rooftop photovoltaics (PV). To date, the role of solar power
is rather passive, not fully utilizing the intelligence available in
the PV inverter - often referred to as the smart inverter. In this
paper, we investigate the opportunities brought by these new
components to the power grid.

A. Opportunities in Smart Inverter

The nomenclature of smart inverter highlights its capabil-
ities, namely it has a digital architecture, bidirectional com-
munication capability, and robust software and computation
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infrastructures. We imagine there are three possibilities to make
better use of this currently under-utilized intelligence in the fu-
ture grid. It can work with smart meters and conduct demand
side management; it could enable the necessary infrastructure to
support sharing the PV generation; it can also help tackle volt-
age stability issue. Our work focuses on this last opportunity
and intends to provide more theoretical understanding on its
potential.

More precisely, the smart inverter’s intelligence in controlling
the active and reactive power gives rise to its potential in con-
ducting voltage regulation. This provides a means to tackle the
voltage stability issue in distribution grids [1] imposed by the
newly installed rooftop PV panels. To date, many distribution
grid codes already require the PV inverters to conduct voltage
regulation by specifying the minimum control response time for
voltage control, power factor control, and reactive power control
[2]. However, the distribution grid codes have not fully utilized
the communication capabilities of the smart inverters. In this
paper, we focus on utilizing these capabilities to enhance the
voltage regulation performance. Also, to ensure the cooperation
of PV panel owners, they need to be compensated for help-
ing enhance the voltage stability. Many utilities have already
conducted pilot projects to better exploit the voltage regulation
potential in the smart inverter.

B. Challenges to Utilize the Inverter

A principal difficulty with voltage regulation lies in the inef-
ficiency of reactive power transport: transmitting reactive power
over long distance causes high active power losses. Therefore,
voltage regulation and reactive power support are often con-
ducted locally within the substation. However, even within the
substation, the conventional distribution grid lacks voltage con-
trol and local measurement units to conduct accurate regula-
tion. This situation has been changed dramatically over the past
decades with the blossom of smart grid initiatives.

Distributed generation units with voltage control potential
and phasor measurement units (PMUs) are increasingly being
deployed in the distribution grids across the world. Yet, it is
still a delicate task to utilize these new components due to two
challenges: a) the lack of an efficient coordination scheme to
utilize the potential of the new components; and b) the miss-
ing economic incentives for the PV owners to conduct voltage
regulation. Hence, when devising a coordination approach, the
economic design must incentivize the PV owners to actually
follow the desired coordination scheme.
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C. Our Research Contributions

We study the specific problem of utilizing the PV inverters to
conduct voltage regulation in the distribution grids. The princi-
pal contributions of this paper are:

� Distributed Control Design: We utilize the capability of
the smart inverters to provide flexible active and reactive
power for voltage regulation. Our focus is on coordinating
all the PV panels to achieve the desired voltage profile in
the distribution grid. To avoid the need for a centralized
control entity, a distributed control scheme is proposed.

� Role of Communication Network: We examine the role of
the communication network in designing the distributed
control scheme. In particular, we propose the depth-k de-
composition to investigate how to enhance the basic com-
munication network (the one that has the same structure as
the power network) to facilitate parallel control.

� Convergence in Non-convex Model: We devise an analyt-
ical framework to show based on a linearized model, one
can design a gradient descent based distributed scheme,
which, when implemented in the non-convex branch flow
model, will converge to a local minimum exponentially
fast. To the best of our knowledge, our work is the first
attempt to analyze gradient type algorithms derived from
the linearized model for the non-convex model.

� Incentive Design: To provide adequate incentives for PV
owners to conduct voltage regulation, we discuss the neces-
sary compensation structure, which leads to a game among
the PV owners. We show that the equilibria coincide with
the global minimizers of the social planner problem based
on which the distributed coordination scheme is devised.

D. Related Works

One major body of related literature on distributed voltage
regulation schemes investigates the resource coordination for the
purpose of steady state scheduling. The power flow equations in
the distribution network render the optimization or the control
problem non-convex. Most works rely on linearizing the power
flow equations around the operating point and then conduct the
voltage regulation, including [3]–[7]. Other works convexify the
problem by semidefinite programming (SDP) relaxation [8] or
second-order cone programming (SOCP) relaxation [9], [10].
For example, in [11], Zhang et al. give sufficient conditions for
the SDP relaxation to be tight for conducting voltage regulation
in distribution grids.

Another research line focuses on the dynamics of voltage con-
trol (typically together with frequency control) in microgrids.
For example, in [12], Schiffer et al. prove that a consensus-
based distributed voltage control can uniquely determine the
equilibrium point of the closed-loop voltage and reactive power
dynamics. For more related works in this vein, see [13] for an
excellent review.

Our work falls into the first category. While previous works
illuminate the structure of the problem and the performance
of distributed schemes in the convexified network model, the
performance analysis in the non-convex network model has not
been fully addressed. Farivar, Zhou, Chen et al. pioneered the

line of research laying out the analytical distributed voltage reg-
ulation framework for linearized branch flow model [14]–[16].
However, different from this line of research, our work devel-
ops the analytical framework for the non-convex branch flow
model. Hauswirth et al. investigate the convergence of gradi-
ent descent algorithm for the constrained optimization problem
with a view to solving the optimal AC power flow in an online
fashion in [17]. Different from using projection methods, we
use the soft constraints to enforce the constraints in the original
optimization problem. Recently, in [18], Jafarian et al. propose
a price based distributed optimization approach to bridging the
gap between the physical distribution grid and the electricity
market. Different from this work, we use a potential game for-
mulation to implement the market, which aims at encouraging
PV panel owners to provide voltage regulation services. In this
paper, we further the results in our recent work [19], where we
study the pure reactive power control for voltage regulation in
the branch flow model. Specifically, we discuss the joint control
of active and reactive power and propose the necessary com-
pensation structure to support the market implementation of the
distributed control scheme.

The remainder of this paper is organized as follows. In
Section II, we briefly review the branch flow model and its sim-
plifications (linearization). Then, we investigate the distributed
control schemes to conduct voltage regulation using the lin-
earized branch flow model in Section III. In this section, we also
highlight the role of communication network on the design. To
show the performance of our proposed scheme for the branch
flow model, we first analyze the performance of the scheme
for the linearized model in Section IV. Based on this analysis,
we then show the convergence guarantee for the non-convex
model in Section V. We discuss the necessary compensation
structure to incentivize PV owners in Section VI. We verify the
performance of the scheme by simulation in Section VII. Fi-
nally, the concluding remarks and future directions are given in
Section VIII. Fig. 1 visualizes the organization of the paper.

II. NETWORK MODEL AND ITS SIMPLIFICATIONS

A. Branch Flow Model

Consider a radial distribution system, represented by a graph
G = {N , E}. Here, N is the set of nodes, indexed by i =
0, · · · , n, where node 0 is the substation, and E stands for the set
of distribution lines in the system. The radial structure allows
us to conveniently define the direction of distribution lines. For
each (i, j) ∈ E , node j is the parent of node i. Note that each
node i has only one parent, which allows for dropping j from
the indexing.

For each line (i, j), denote its impedance by zi = ri + ixi ; let
Ii and Si = Pi + iQi be the complex current and the complex
power flowing from node i to j, respectively. At each node
i ∈ N , we denote its complex voltage by Vi , its complex power
consumption and generation by sd

i = pd
i + iqd

i , and sg
i = pg

i +
iqg

i , respectively.
The branch flow model [20] assumes a given and fixed voltage

V0 at the substation [21]. For notational simplicity, we define
li := |Ii |2 , vi := |Vi |2 . We also denote the child set of node i



WU et al.: SMART INVERTER FOR VOLTAGE REGULATION: PHYSICAL AND MARKET IMPLEMENTATION 6183

Fig. 1. Flowchart to visualize the organization of the paper.

by δ(i). These yield [20]:

Si = sg
i − sd

i +
∑

k∈δ(i)

(Sk − (rk + ixk )lk ),∀i ∈ N , (1)

vi = vj + 2(riPi + xiQi) − (r2
i + x2

i )li ,∀(i, j) ∈ E , (2)

livi = P 2
i + Q2

i ,∀i ∈ N\{0}. (3)

Setting S0 = 0 + i0 enforces the power balance constraint at
the substation, i.e., sg

0 − sd
0 is the total net power injection into

the distribution network from the main grid.

B. Simplified Branch Flow Model

In this paper, we first study the voltage regulation problem
in a simplified network model to highlight the structure of the
problem. In Section V, we will show the performance of the
proposed control scheme for the non-convex branch flow model.
We follow [22] and assume that the real and reactive power
losses are much smaller than the power flows. This simplifies
the branch flow model resulting in

Si = sg
i − sd

i +
∑

k∈δ(i)

Sk ,∀i ∈ N , (4)

vi = vj + 2(riPi + xiQi),∀(i, j) ∈ E . (5)

Remark: This simplified model inspires the following
distributed control scheme design, provides us the structural
insights into the control scheme and allows us to capture
the convergence rate of our proposed control scheme in the
subsequent analysis. Nonetheless, this simplification introduces
minor approximation error, at the order of 1% [23].

III. DISTRIBUTED SCHEME DESIGN

A. Problem Formulation

We conduct the voltage regulation by adjusting the active
and reactive power through the PV inverters. We assume the
voltage control is performed in real time in our framework.
Hence, for each control interval, we assume the PV generation
is known and can be measured directly. One natural objective
function is to minimize the cost for the local system operator
to maintain voltage stability. We assume the cost function is

quadratic in the deviations of voltage profiles (vi’s) from their
reference values. Another objective function is to maximize the
PV owners’ profit (denoted by θi(p

g
i ) for PV owner at node i)

by participating in demand side management or net-metering
programs. For example, θi(p

g
i ) could take the following form

for net metering:

θi(p
g
i ) = πnm (pg

i − pd
i ). (6)

This assumes that the electricity price and the net-metering price
(πnm ) are the same. When pg

i ≤ pd
i , PV owner i still needs to

pay for electricity. Otherwise, it will receive a net payment as a
result from net metering. In this paper, we assume θi(p

g
i ) takes

this form.
Thus, the optimization problem may be cast as follows:

min
pg

i ,q g
i

n∑

i=1

κ
(
vi − vref

i

)2
−

n∑

i=1

θi(p
g
i )

s.t. (pg
i )

2 + (qg
i )2 ≤ s2

i ,∀i ∈ N\{0},
Si = sg

i − sd
i +

∑

k∈δ(i)

Sk ,∀i ∈ N ,

vi = vj + 2(riPi + xiQi),∀(i, j) ∈ E , (7)

where vref
i is the reference voltage at bus i. The first term in the

objective function is the cost to maintain voltage stability and
the second one stands for the total profits from participating in
net-metering programs. The first constraint denotes the maximal
apparent power constraint, and si is the maximal apparent power
for PV panel i1. The last two constraints are the simplified power
flow equations.

Remark: The parameters can be obtained from historical op-
eration data. For example, the historical data will allow us to
estimate κ, which captures the voltage deviation’s amortized
cost2 on the distribution grid. Also, there could be additional
cost for utilizing reactive power, although in practice, such cost
is relatively small compared to the cost of using active power. As

1If there is no PV panel at bus i, then we can simply set si = 0.
2Here, we assume the distribution grid operator will keep track of the voltage

deviations in the system. This is already possible thanks to the large scale
deployment of PMUs.
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long as the cost for utilizing reactive power can be modeled as a
convex function, all of our subsequent conclusions will follow.

To further simplify the design of the control scheme, we
introduce the following soft constraint to replace the maximal
apparent power constraint:

fi(p
g
i , q

g
i ) =

{
+∞, if (pg

i )
2 + (qg

i )2 > s2
i ,

tan
(

(pg
i )2 +(qg

i )2

s2
i

· π
2

)
, otherwise.

(8)
Together with a small positive parameter β, we can reformu-

late the optimization problem (7) as follows:

min
pg

i ,q g
i

n∑

i=1

κ
(
vi − vref

i

)2
−

n∑

i=1

θi(p
g
i )

+ β

n∑

i=1

fi(p
g
i , q

g
i )

s.t. Si = sg
i − sd

i +
∑

k∈δ(i)

Sk ,∀i ∈ N ,

vi = vj + 2(riPi + xiQi),∀(i, j) ∈ E . (9)

Note that, when (pg
i )

2 + (qg
i )2 approaches s2

i , the value of
fi(p

g
i , q

g
i ) will approach infinity. These soft constraints ensure

that any feasible solution to (9) is a feasible solution to the
original problem (7). As long as the selected parameter β is
small enough, the solution to problem (9) can be very close to
that to the original optimization.3

Remark: For simplicity, in this paper we intentionally choose
the maximal apparent power constraint to represent the active
and reactive power coupling. In practice, we need to consider
more general constraints to capture the power factor require-
ment. These constraints can also be handled by including more
soft constraints.

We will design the distributed control scheme based on prob-
lem (9) in the next section. Thereby we distinguish between
three different communication network structures: 1) tree com-
munication network, 2) fully connected network, and 3) general
communication network structure.

B. Design With Tree Communication Network

Denote the unique path from node 0 to node i by Pathi .
Define Pi to be Pathi\{0}. Let wi be the Lagrangian multi-
plier associated with the ith voltage constraint in (9). Denoting
the Lagrangian function by L, the Karush-Kuhn-Tucker (KKT)
condition [25] for each voltage vi is

∂L
∂vi

= 2κ(vi − vref
i ) − wi +

∑

j∈δ(i)

wj = 0. (10)

Using (10) and other KKT conditions, we can design the primal-
dual subgradient method [25] as follows:

Scheme with Tree Communication Network
At each iteration t, t = 1, 2, · · · , do the following:

3For more detailed discussion on the soft constraint implementation, please
refer to [24].

Phase 1: from leaves to the root, sequentially compute the
Lagrangian multipliers:

For node i, after receiving all its child(ren) information, it can
compute its own multiplier

wt
i = 2κ(vt

i − vref
i ) +

∑

j∈δ(i)

wt
j .

It will send its parent its own multiplier as well as all information
about its child(ren).

Phase 2: from root to leaves, sequentially exchange the mul-
tipliers and conduct the control: for node i, after receiving all
its ancestor information, it can conduct the voltage regulation
control for the next round

pg,t+1
i = pg,t

i − α

⎛

⎝β
∂fi

∂pg
i

− ∂θi

∂pg
i

+ 2
∑

j∈Pi

wt
j rj

⎞

⎠, (11)

qg,t+1
i = qg,t

i − α

⎛

⎝β
∂fi

∂qg
i

+ 2
∑

j∈Pi

wt
jxj

⎞

⎠ , (12)

where α is the step size. Then, it passes its Lagrangian multiplier
to all the nodes in its child set.

Stopping criteria: given tolerance η > 0,

|vt+1
i − vt

i | < η, ∀i ∈ N .

Remark: Note that after the first phase, no nodes know their
parent’s information (multiplier). This is why we require two
sequential processes in the distributed control. Since the opti-
mization problem is strictly convex, this simple iterative dis-
tributed scheme is guaranteed to converge as long as a suitable
α is selected [25]. Note that the soft constraints, f(·)’s, retain
feasibility at all iterations.

C. Design With Complete Communication Network

The distributed control scheme discussed above requires a
tree communication network, which has exactly the same struc-
ture as the radial distribution network. If we have a different
communication network, we may be able to devise a more effi-
cient distributed control scheme.

For example, suppose we have a complete communication
network. We can combine the two constraints in (9):

vk = v0 +
n∑

i=1

Rki(p
g
i − pd

i ) +
n∑

i=1

Xki(q
g
i − qd

i ), (13)

where

Rki := 2
∑

h∈Pk ∩Pi

rh , and Xki := 2
∑

h∈Pk ∩Pi

xh .

The two constraints in (9) show that to obtain vk , it suffices to
know the voltage profile of its parent and the flow between node
k and its parent, while eq. (13) highlights the fact that it is also
possible to obtain vk directly from the flow information, if one
has global information about the infeed and withdrawal at all
the nodes. This inspires us to design the following distributed
control scheme, which can be implemented in parallel.
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Using (13), optimization problem (9) then becomes

min
pg

i ,q g
i

n∑

i=1

κ
(
vi − vref

i

)2
−

n∑

i=1

θi(p
g
i ) + β

n∑

i=1

fi(p
g
i , q

g
i )

s.t. vk = v0 +
n∑

i=1

Rki(p
g
i − pd

i ) +
n∑

i=1

Xki(q
g
i − qd

i ). (14)

Note that problem (14) is not really a constrained optimiza-
tion problem. The constraints simply define how vk ’s are func-
tions of the control actions a = (pg

1 , · · · , pg
n , qg

1 , · · · , qg
n )T , i.e.,

vi(a). In essence, problem (14) is an unconstrained optimization
problem, for which the objective function is defined as

h(a) =
n∑

i=1

κ
(
vi(a) − vref

i

)2
−

n∑

i=1

θi(p
g
i )

+ β

n∑

i=1

fi(p
g
i , q

g
i ). (15)

We want to emphasize that all the physical network information
is hidden in Rki’s and Xki’s, and hence is hidden in the function
vi(a). This means that problem (14) still captures the physical
network information. As long as h(a) is convex, the original
optimization problem can be solved by the gradient descent
algorithm. This is just a special case of the primal-dual sub-
gradient algorithm. It leads to the following distributed control
scheme:

Scheme with Complete Communication Network
At each iteration t, t = 1, 2, · · · , do the following:
Phase 1: each node i measures the local voltage and computes

wt
i = 2κ(vt

i − vref
i ).

Then, each node broadcasts the signal to all the other nodes.
Phase 2: each node will update its own reactive power control

signal in a gradient descent way:

pg,t+1
i = pg,t

i − α

(
β

∂fi

∂pg
i

− ∂θi

∂pg
i

+
n∑

k=1

wt
kRki

)
, (16)

qg,t+1
i = qg,t

i − α

(
β

∂fi

∂qg
i

+
n∑

k=1

wt
kXki

)
, (17)

where α is the step size.
Stopping criteria: given tolerance η > 0,

|vt+1
i − vt

i | < η, ∀i ∈ N .

Remark: This is a more efficient distributed control scheme
compared to the scheme with the tree structure communication
network. In this case, we do not need two rounds of sequen-
tial updates. All the nodes can compute the local Lagrangian
multiplier by local voltage measurements. By exchanging the
Lagrangian multipliers, all the nodes can perform the voltage
regulation control, which will iteratively solve the problem.

D. Design With General Communication Network

As we have shown in the two extreme cases, the design of the
control scheme relies on the manipulation of the two constraints

in (9). This is also the case with a general communication struc-
ture. Define the depth dk of a node k by the number of edges
between itself and the root (node 0). Clearly, the depth of the
root, d0 , is 0. Denote the set of nodes with depth at most k by
Dk . That is, Dk = {i|di ≤ k, i ∈ N}. Thus, we can conduct
the depth-k decomposition of the two constraints in (9) as

vi = vj + 2(riPi + xiQi), ∀i ∈ Dk, (i, j) ∈ E , (18)

Si = sg
i − sd

i +
∑

k∈δ(i)

Sk , ∀i ∈ Dk, (19)

vj = vk(j ) +
∑

i∈D̄k

Rk
ij (p

g
i − pd

i )

+
∑

i∈D̄k

Xk
ij (q

g
i − qd

i ),∀i ∈ D̄k , (20)

where k(j) is the single element in the set {i|i ∈ Pj , di = k}.
That is, k(j) is node j’s unique ancestor of depth k. D̄k is
the complement set of Dk , i.e., D̄k = N\Dk . Rk

ij and Xk
ij are

defined as follows:

Rk
ij := 2

∑

h∈Pi ∩Pj ∩D̄k

rh , (21)

Xk
ij := 2

∑

h∈Pi ∩Pj ∩D̄k

xh . (22)

Based on depth-k decomposition, when designing the primal-
dual subgradient algorithm, the Lagrangian multipliers associ-
ated with the voltage constraints (denoted by wi) will be updated
according to the following KKT conditions:

wi = 2κ(vi − vref
i ) +

∑

j∈δ(i)

wj ,∀i ∈ Dk−1 , (23)

wi = 2κ(vi − vref
i ) +

∑

j∈σ (i)

wj ,∀i ∈ Dk ∩ D̄k−1 , (24)

wi = 2κ(vi − vref
i ),∀i ∈ D̄k , (25)

where σ(i) = {j|j ∈ Pi}. That is, σ(i) is the set of all the
successors to node i.

We want to exploit the necessary communication structure to
enable the sequential updating rule in the upper level (from root
to the nodes of depth k), and the parallel updating rule in the
lower level (all the other nodes). For the purpose of calculating
the Lagrangian multipliers, it suffices for the upper level to have
the exact same network structure as the physical network while
it requires additional communication links between i and k(i)
for the nodes in the lower level.

Next, we discuss how to update the control actions. Take the
reactive power control signal as an example, the primal-dual
subgradient algorithm requires:

qg,t+1
i = qg,t

i − α

⎛

⎝β
∂fi

∂qg
i

+ 2
∑

j∈Pi

wt
jxj

⎞

⎠ ,∀i ∈ Dk, (26)

qg,t+1
i = qg,t

i − α

⎛

⎝β
∂fi

∂qg
i

+
∑

j∈D̄k

wt
jX

k
ij

⎞

⎠ ,∀i ∈ D̄k . (27)
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Fig. 2. Communication network requirement based on depth-k decomposi-
tion. ‘Basic’ communication network refers to the one exactly the same as the
radial power network.

Again, as for updating the control signals, it suffices for nodes
in the upper level to have the same communication network as
the power network. However, it requires a complete communi-
cation network of several subsets in the lower level. Suppose the
power network has μ nodes of depth k. Then, D̄k can be divided
into μ groups: D̄1

k , · · · , D̄μ
k . For each D̄i

k , all the nodes in the set
share the same ancestor of depth k. The control signal updating
process requires that the communication network within each
D̄i

k is complete. We visualize this design requirement in Fig. 2.
Remark: Fig. 3 summarizes the key differences among the

three communication networks. We close this section by point-
ing out an interesting observation. The three distributed control
schemes are different implementations of the same gradient de-
scent algorithm. Each of them has its own advantage in utilizing
a specific communication network. In Appendix A, we prove
this observation. It also allows us to focus on the complete com-
munication network case in the subsequent analysis.

IV. PERFORMANCE IN LINEARIZED MODEL

The optimization problem (14) is convex due to the convex
objective function and the linear constraint set. This implies
convergence of the gradient descent algorithm. However, when
it comes to the non-convex branch flow model, this conclusion
no longer holds. In this section, we prove that the optimization
problem (14) is strongly convex, which implies the exponen-
tially fast convergence of the gradient descent algorithm. This
serves as the basis of the analysis for the non-convex branch
flow model.

A. Strong Convexity

Definition 1: A differentiable function f is called strongly
convex with parameter m > 0 if the following inequality holds
for all points x, y in its domain:

(∇f(x) −∇f(y))T (x − y) ≥ m‖x − y‖2
2 , (28)

where ‖x‖2 is the 2− norm of vector x.
The last two terms in h(a) are convex due to the convexity

of linear functions and tangent functions. To show the strong
convexity of h(a), it suffices to show that its first term (for no-
tational simplicity, denoted by λ(a)) is strongly convex. Stan-
dard mathematical manipulation yields (see Appendix B for the

detailed derivation)

(∇λ(a1) −∇λ(a2))T (a1 − a2)

= 2κ

n∑

k=1

(
n∑

i=1

Rki(p1
i − p2

i ) +
n∑

i=1

Xki(q1
i − q2

i )

)2

≥ γ ‖a1 − a2‖2
2 , (29)

where

γ := 2κ
n∑

k=1

min
{

min
i

Rki,min
i

Xki

}
. (30)

Note that, in the branch flow model, we assume that the
voltage level at the substation is given and fixed. Therefore, if
the root 0 has multiple children, they are naturally decoupled
by this assumption. This allows us to focus on the case where
root 0 has only one child. In this case, for all k, mini Rki ≥
r1 > 0, mini Xki ≥ x1 > 0. Thus, γ ≥ 2κnmin{r1 , x1} > 0.
Together with the convexity of the other two terms in h(a), we
prove the strong convexity of problem (14), i.e.,

(∇h(a1) −∇h(a2))T (a1 − a2) ≥ γ‖a1 − a2‖2
2 .

B. Convergence Rate

Theorem 2: The update rule xt+1 = xt − αgt in the gradi-
ent descent algorithm (with step size α) to find the optimum x∗

of strongly convex function f(x) with parameter m, satisfies
for any t = 1, · · · , T ,

‖xt − x∗‖2
2 ≤ (1 − 2αm)t−1‖x1 − x∗‖2

2 +
α

2m
max
1≤k≤t

‖gk‖2
2 .

In particular, xt converges to x∗ exponentially fast with system-
atic error α

2m max1≤k≤t ‖gk‖2
2 .

The exponential convergence rate sheds light on providing the
performance guarantee in the non-convex branch flow model.

V. PERFORMANCE USING BRANCH FLOW MODEL

In Section IV, we have shown the convergence guarantee
of the proposed gradient descent based control scheme when
implemented in the linearized model. In this section, on the
other hand, we will prove the convergence guarantee of our
proposed distributed control scheme when implemented in the
non-convex branch flow model.

Fig. 4 highlights the key connections between the implemen-
tation of the proposed scheme on the linearized model and that
on the non-linear branch flow model. First, the distributed con-
trol scheme requires measuring the local voltage profiles from
the real physical system. The measurement data will be used to
compute the control signals according to the gradient descent
approach, which will be again applied to the real physical sys-
tem. Then, the physical system (and hence the voltage levels)
will change according to the physical laws. The new measure-
ment will reflect these physical dynamics, which have not been
captured by the linearized model. Hence, the involvement of
the physical system will challenge the convergence guarantee
of our proposed scheme, when implemented in practice. In this
section, we show that our distributed scheme will converge to
some local optimum with bounded error.
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Fig. 3. Features of three communication networks. Solid lines stand for the physical distribution lines and the dashed lines stand for the communication links.

Fig. 4. Visualization of implementing the distributed control on real systems.

Note that the branch flow model defines a non-convex con-
straint set, which may lead to many local optima. In many cases,
finding the global optimum can be very hard. Hence, one will
turn to approach some local optimum. The major contribution of
this paper is to theoretically prove the convergence rate as well
as the bounded error between the convergent point and some
local optimum. We will also compare the performance of the
convergent point and that of the global optimum by simulations.

The most critical challenge in the convergence analysis is
that in the branch flow model, the gradient is more complex
than what we have used in the distributed control scheme in the
linearized model. More importantly, in practice, even the branch
flow model is an approximation. That is, if we use the measured
voltage to compute the gradient, it is not the actual gradient for
the optimization problem (14).

Denote the gradient for problem (14) by gt , and the actually
implemented gradient by ĝt

i , we have

ĝt = gt + ξt , (31)

where ξt takes into account all the disturbances and can be either
positive or negative. With these, we can prove the following
theorem:

Theorem 3: The update rule at+1 = at − αĝt satisfies for
any t = 1, . . . , T,

‖at − a∗‖2
2

≤ (1 − 2αγ)t−1‖a1 − a∗‖2
2 +

1
γ

max
1≤k≤t

‖ξk‖‖ak − a∗‖

+
α

2γ
max
1≤k≤t

‖gk + ξk‖2
2 ,

where a∗ is the unique global optimum to problem (14). In
particular, at converges to a∗ exponentially fast with systematic
error 1

γ maxk ‖ξk‖‖ak − a∗‖ + α
2γ maxk ‖gk + ξk‖2

2 .

Remark: The systematic error can be very small. Note that
γ ≥ 2κnmin{r1 , x1}, which grows linearly in the number of
nodes. Another important factor in determining this error is
‖ξt‖2 . It has been shown in [6], [23] that under relatively flat
voltage profile, the approximation error introduced by neglect-
ing the power losses is about 0.25% (1%) if there is a 5%
(10%) deviation in voltage magnitude. Bolognani et al. in [26]
illustrate a way to bound the approximation errors for differ-
ent power system linearizations, e.g., the approximation error
between the LinDistFlow model [22] and the actual nonlinear
physical equations. It is possible to use the same power flow
manifold approach to bound ξt . However, a detailed analysis is
beyond the scope of our paper.

The convergent point could be a local minimizer, a local max-
imizer, or a saddle point. In practice, one could select different
starting points to achieve the desired local minimizer. In the
simulation, we show that as long as the step size is not too small
(no smaller than 10−5), our scheme does converge to a local
minimizer.

VI. MARKET IMPLEMENTATION

The success of any control scheme relies on a good business
model. Central in the business model is the incentive design.
In this section, we devise the necessary compensation structure
to support our control scheme. The main idea is to conduct
reverse engineering on problem (7) and design the compensation
structure which will lead to a potential game [27]. One way to
achieve this goal is to design the game such that the objective
function in (7) is one potential function of the game.

Following this route, we design the following compensation:
For each PV owner i, by conducting voltage regulation, it will
receive:

φi(p
g
i , q

g
i ; pg

−i , q
g
−i) = Ci − κ

n∑

j=1

(vj − vref
i )2 , (32)

where Ci is the design parameter, pg
−i and qg

−i are the active
and reactive power control actions of PV owners other than i,
respectively; and the second term in (32) is the total cost for the
local system operator to conduct voltage regulation. Note that,
the simplified power flow equations define how vk ’s are func-
tions of the control action a. This implies that the compensation
relies not only on owner i’s action, but also on all the other
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players’ actions. Together with the profits from net-metering,
this compensation leads to the following game:

Voltage Regulation Game (VRG)
� Players: The set of N .
� Strategy Space: For each player i, its strategy space Ai

contains the maximal apparent power constraint, i.e., Ai =
{(pg

i , q
g
i )|(pg

i )
2 + (qg

i )2 ≤ s2
i }.

� Payoff Function: For each player i, its payoff function is
the sum of the voltage regulation compensation and the
profit from net-metering, i.e.,

ui(p
g
i , q

g
i ; pg

−i , q
g
−i) = φi(p

g
i , q

g
i ; pg

−i , q
g
−i) + θi(p

g
i ).

To characterize the Nash equilibrium of the game, we first ex-
amine the potential function of the VRG. Define A =

∏
i∈N Ai ,

and A−i =
∏

j∈N ,j �=i Aj .
Definition 4: A game is an ordinal potential game if there is

a function Ψ : A → R, such that ∀a−i ∈ A−i , ∀a†
i , a

‡
i ∈ Ai ,

ui(a
†
i , a−i) − ui(a

‡
i , a−i) > 0 ⇔ Ψ(a†i , a−i) − Ψ(a‡i , a−i)>0.

And the function Ψ is called a potential function of the game.
Intuitively, this definition ensures that in a potential game,

when every player tries to maximize its own pay-off function,
equivalently, it maximizes the potential function. In other words,
although this is a non-cooperative game, the following interest-
ing phenomenon happens: when one player is better off, every-
one else is also better off. In our setting, this guarantees that
every PV owner will try to maintain the voltage profile across
the grid as close to the reference profile as possible. Formally,
we can prove the following results.

Lemma 5: Define

Ψ =
n∑

i=1

θi(p
g
i ) −

n∑

i=1

κ
(
vi − vref

i

)2
.

Then, Ψ is a potential function of VRG.
This is an immediate result from verifying the definition of

potential function. The Lemma implies that the VRG is a po-
tential game and enjoys all the nice properties of the general
potential game.

Theorem 6: The VRG is an ordinal potential game. Any
global minimizer to (7) is a pure Nash equilibrium of the VRG.

VII. SIMULATION RESULTS

In this section, we use our proposed distributed control
scheme for voltage control in various test systems. In partic-
ular, we show how the performance (e.g., convergence rate,
voltage deviation, etc.) of the proposed scheme can be affected
by the design parameters, the variation of demand due to PV
penetration level, and electric vehicle (EV) penetration level.

In our simulations, we consider a prototype 6-bus test system,
the IEEE 33-bus, and 123-bus distribution test systems. In each
case, we select a subset of buses to install PV panels. We look at
a variety of PV locations and PV penetration levels (number of
installed PV panel at each bus) to understand the impact of PV
generation on the voltage profiles. We assume that the maximal
apparent power for each PV inverter is 7.2 kVA. To emulate the
non-convex branch flow model for the distribution grid, we use
the AC power flow solver in matpower [28]. We assume that

Fig. 5. Prototype 6-bus system, impedances are given in p.u.

we are given a complete communication network, and conduct
all the case studies using Matlab 2017b on a Thinkpad TD
350 server (CPU: E5-3630V4 × 2, 64 GB RAM). We choose
1 × 10−5 for the soft constraint parameter β, 10 cents/kWh for
the net metering price πnm , and $10/p.u. for voltage deviation
cost κ. The stopping criteria η for the first small test system is
set to be 10−9 while we set η to be 10−8 for the other relatively
larger systems. Each PV generation is 5 kW.

A. Prototype 6-Bus Test System

This prototype 6-bus system uses the information of the first 6
buses in the IEEE 33-bus feeder system [29] (line characteristics
shown in Fig. 5). This prototype system could allow us to better
illustrate the impact of different factors on the voltage profiles.
We assume the PV panels are located at buses 2, 3, and 5. Five
PV panels are installed at each of the three selected buses. We
are interested in four scenarios:

1) high PV penetration in modest loaded distribution grid:
This is the standard situation. We follow the information
of the first 6 buses in the IEEE 34-bus feeder system.

2) high PV penetration in high loaded distribution grid: We
triple the load at each bus compared with scenario 1. This
is possible due to the EV charging.

3) high PV penetration in light loaded distribution grid with
modest counter flow: We modify the load parameters such
that we create the counter flow in the distribution system
while maintaining the whole distribution system is a net
load. This describes the case when the EVs are discharging
for demand side management (e.g., peak shaving for the
whole grid).

4) high PV penetration in modest loaded distribution grid
with strong counter flow: In this case, the whole distribu-
tion system is injecting power back to the grid.

These four scenarios try to capture the possible cases that
the future distribution grid may evolve to due to the popularity
of PV panels and electric vehicles. The performance of our
proposed control scheme is demonstrated by Table I and Table II.
It is not surprising to find that in the first two scenarios, the
optimal control policy is to inject all the generated active power
back to the grid and then inject as much reactive power as
possible to the system to support the voltage profiles. In the
third scenario, the voltage profiles are already close to 1. To
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TABLE I
OPTIMAL CONTROL ACTION (KW OR KVA)

TABLE II
OPTIMAL VOLTAGE PROFILE

Fig. 6. Impact of step size on the convergence speed. Step size 0.1 does not
lead to a convergent point in Scenario 3.

prevent from pushing them too high, the optimal control policy
will not inject too much reactive power. Instead, at bus 5, the
optimal control policy requires absorbing certain amount of
reactive power from the system. In the last scenario, the optimal
control policy will even stop injecting all the generated solar
power back to the system. Instead, it asks the PV panels at bus
3 and bus 5 to absorb as much reactive power as possible. The
optimality of the convergent point is guaranteed by observing
the gradient error, which vanishes to zero after the initial several
iterations.

The convergence rates for the four scenarios are visualized in
Fig. 6. In the log-log plot, the number of iterations decreases lin-
early in the step size α. Our distributed control scheme converges
very fast. For example, with a step size of 0.01, in conventional
conditions (scenario 1 and 2), our scheme converges within 50
iterations; and in future conditions with counter flow (scenario
3 and 4), our scheme converges within 136 iterations.

B. IEEE 33-Bus Test System

We assume the PV panels are located at buses 2, 3, 4, 5, 6,
13, 19, 20, 25, 30. Some of these buses (e.g., bus 3 and 6) are
critical points connecting two radial networks. Some of them
(e.g., bus 25) are at the end of a radial network. Ten PV panels
are installed at each of these buses. Following the four-scenario
analysis for the 6-bus system, we scale the load parameters of
two sets of buses to establish the four scenarios for this test
system, as shown in Table III. We observe similar patterns in

TABLE III
ESTABLISH THE 4 SCENARIOS FOR IEEE 33-BUS SYSTEM

TABLE IV
CONVERGENCE RATE FOR IEEE 33-BUS SYSTEM

Fig. 7. Impact of step size on the convergence speed.

the optimal control policy for the four scenarios. Hence, we
will only show the convergence rate results to demonstrate the
scalability of our scheme. Table IV confirms in the log-log scale,
the number of iterations decreases linearly in the step size. It
is worth noting that selecting a step size of 0.01, our scheme
converges faster in the 33-bus system than in the 6-bus system.
This observation partially verifies our remark of Theorem 3, the
systematic error vanishes as the system scales up.

C. IEEE 123-Bus Test System

To further verify the scalability of the proposed control
scheme, we conduct the case study on the IEEE 123-bus
distribution system. Note that this system is not a balanced
three phase system. For simplicity, we use the first phase
information for this study. We randomly choose 30 out of the
total 123 buses, and assume 10 PV panels are installed at each
of the 30 selected buses, which allows these buses to conduct
voltage control. We again consider the four scenarios in this
case, and use exactly the same scaling parameters as shown in
Table III. Figure 7 plots the relationship between the convergent
rate and the step size for this system. With a step size of 0.01,
our control scheme converges within 80 steps for all the four
scenarios (9 iterations for scenario 1; 11 for scenarios 2; 31 for
scenario 3; and 71 for scenario 4). Hence, suppose the sampling
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rate of the voltage profiles is 60 Hz4 (the communication delay
in a local network is often rather small), our control scheme
can converge in around 1 second. This justifies our assumption
that within the control interval, the PV generation is known and
remains constant.

VIII. CONCLUSIONS

We examined the physical and the market implementation of
utilizing the smart inverters for distributed voltage regulation. In
particular, we highlight the theoretical convergence guarantee
of our scheme in the non-convex branch flow model.

Additional work is necessary to enable a practical application
of the proposed approaches, e.g., a systematic way to select
the parameter in the compensation structure design. In fact,
many other non-linear pricing schemes may also be able to
achieve the same performance. Note that in this paper, we have
implicitly assumed that within each time slot, the load remains
constant. This assumption ignores the uncertainties in the load,
as well as the uncertainties brought by the stochastic nature
of the PV generation. We plan to employ the multi time step
stochastic optimization to tackle these challenges. It is also very
interesting to consider other components in the system with the
same voltage control capabilities, e.g., EVs. This will allow the
proposed distributed control scheme to handle more complicated
cases (e.g., when there is not enough solar radiation).

APPENDIX

A. Proof for the Equivalence Observation

It suffices to show that the updating rules for the tree com-
munication network and that for the complete communication
network are the same. In particular, we will show that (11) and
(16) are the same. Similarly, one can prove that (12) and (17)
are the same.

We denote the Lagrangian multipliers for the tree network by
wT

j , and that for the complete network by wC
j . Comparing (11)

and (16), we only need to show that the following condition
holds:

2
∑

j∈Pi

wT
j rj =

n∑

k=1

wC
k Rki,∀i ∈ N . (33)

Based on the definition of wT
j , we have

2
∑

j∈Pi

wT
j rj = 2

∑

j∈Pi

rj

⎛

⎝2κ
(
vj − vref

j

)
+
∑

u∈δ(j )

wT
u

⎞

⎠

= 2
∑

j∈Pi

2κrj

∑

u∈Ω(j )

(
vu − vref

u

)
, (34)

where Ω(j) = {j} ∪ δ(j).
Next, we try to evaluate the coefficient before each vu − vref

u .
As shown in Fig. 8, there are only three cases: 1) u ∈ Pi ; 2)

4Here, we assume that the voltage magnitude can be measured accurately
with a high sampling rate. There are still certain technical challenges to achieve
this goal. However, a detailed discussion is beyond the scope of this paper.

Fig. 8. Visualization of three cases in proving the equivalence observation.

u ∈ Ω(i); 3) all the rest, i.e., u ∈ N\Pi\Ω(i). We analyze the
corresponding coefficient case by case.

Case 1: In the first case, the coefficient should be
2
∑

j∈Pi
2κrj . Note that, since in this case, u ∈ Ω(i), this im-

plies that Pi ∩ Pu = Pi . Hence, the coefficient can be written
as 2

∑
j∈Pi ∩Pu

2κrj .
Case 2: In the second case, the coefficient should be

2
∑

j∈Pu
2κrj . Recall that, in this case, u ∈ Pi . We have

Pi ∩ Pu = Pu . Hence, the coefficient can be again written as
2
∑

j∈Pi ∩Pu
2κrj .

Case 3: The last case can be analyzed similarly. The co-
efficient here should be 2

∑
j∈Pi

2κrj . Note that, in this
case Pi ∩ Pu = Pi . The coefficient can also be written as
2
∑

j∈Pi ∩Pu
2κrj .

Combining all the three cases lead to the following conclu-
sion:

2
∑

j∈Pi

wT
j rj = 2

∑

j∈Pi

2κrj

∑

u∈Ω(j )

(
vu − vref

u

)

=
n∑

k=1

(
2
∑

u∈Pk ∩Pi

ru

)
2κ
(
vk − vref

k

)
. (35)

Recall that, we have defined

Rki = 2
∑

u∈Pk ∩Pi

ru .

Also, the Lagrangian multiplier for the complete network is
defined as follows:

wC
k = 2κ(vk − vref

k ).

Together with (35), we can obtain the desired conclusion that

2
∑

j∈Pi

wT
j rj =

n∑

k=1

wC
k Rki,∀i ∈ N . (36)

B. Proof for Equation (29)

Note that

∂λ

∂pg
i

=
n∑

k=1

2κ
(
vk − vref

k

) ∂vk

∂pg
i

= 2κ

n∑

k=1

(
vk − vref

k

)
Rki,

∂λ

∂qg
i

=
n∑

k=1

2κ
(
vk − vref

k

) ∂vk

∂qg
i

= 2κ

n∑

k=1

(
vk − vref

k

)
Xki.
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Hence, we have

1
2κ

(∇λ(a1) −∇λ(a2))T (a1 − a2)

=
n∑

i=1

n∑

k=1

(vk (a1) − vk (a2))Rki(p1
i − p2

i )

+
n∑

i=1

n∑

k=1

(vk (a1) − vk (a2))Xki(q1
i − q2

i )

=
n∑

i=1

n∑

k=1

n∑

j=1

RkjRki(p1
j − p2

j )(p
1
i − p2

i )

+ 2
n∑

i=1

n∑

k=1

n∑

j=1

RkjXki(p1
j − p2

j )(q
1
i − q2

i )

+
n∑

i=1

n∑

k=1

n∑

j=1

XkjXki(q1
j − q2

j )(q1
i − q2

i ).

After standard manipulation, we can show that

1
2κ

(∇λ(a1) −∇λ(a2))T (a1 − a2)

=
n∑

k=1

(
n∑

i=1

Rki(p1
i − p2

i )

)2

+
n∑

k=1

(
n∑

i=1

Xki(q1
i − q2

i )

)2

+ 2
n∑

i=1

n∑

k=1

n∑

j=1

RkjXki(p1
j − p2

j )(q
1
i − q2

i )

=
n∑

k=1

(
n∑

i=1

Rki(p1
i − p2

i ) +
n∑

i=1

Xki(q1
i − q2

i )

)2

≥
(

n∑

k=1

min{min
i

Rki,min
i

Xki}
)
‖a1 − a2‖2

2 ,

which yields equation (29).

C. Proof for Theorem 2

‖xt+1 − x∗‖2
2 = ‖xt − αgt − x∗‖2

2

= ‖xt − x∗‖2
2 − 2α(gt)T (xt − x∗) + α2‖xt‖2

2

≤ ‖xt − x∗‖2
2 − 2αm‖xt − x∗‖2

2 + α2‖gt‖2
2

≤ (1 − 2αm)t‖x1 − x∗‖2
2

+ α(1 − (1 − 2αm)t)/2m max
1≤k≤t

‖gk‖2
2

≤ (1 − 2αm)t‖x1 − x∗‖2
2 + α/2m max

1≤k≤t
‖gk‖2

2 . (37)

The first inequality utilizes the fact that f(x) is strongly con-
vex, with parameter m. The last two inequalities are standard
manipulations.

D. Proof for Theorem 3

This proof aligns with that of Theorem 2

‖at+1 − a∗‖2
2 = ‖at − αĝt − a∗‖2

2

= ‖at − α(gt + ξt) − a∗‖2
2

= ‖at − a∗‖2
2 − 2α(gt + ξt)T (at − a∗) + α2‖gt + ξt‖2

2

≤ ‖at − a∗‖2
2 − 2αγ‖at − a∗‖2

2

− 2α(ξt)T (at − a∗) + α2‖gt + ξt‖2
2

≤ (1 − 2γα)t‖a1 − a∗‖2
2

+ (1 − (1 − 2γα)t)/γ max
1≤k≤t

|(ξk )T (ak − a∗)|

+ α(1 − (1 − 2γα)t)/2γ max
1≤k≤t

‖gk + ξk‖2
2

≤ (1 − 2γα)t‖a1 − a∗‖2
2 + 1/γ max

1≤k≤t
‖ξk‖‖ak − a∗‖

+ α/2γ max
1≤k≤t

‖gk + ξk‖2
2 . (38)

Again, the first inequality utilizes the fact that h(a) is strongly
convex. The last inequality uses the Cauchy-Schwarz inequality.
Note that, due to the strong convexity of problem (14), it admits
a unique global minimizer a∗.

For the second part, we propose the sufficient condition, under
which the convergence is guaranteed. We have

‖at+1 − a∗‖2
2 = ‖at − αĝt − a∗‖2

2

≤ ‖at − a∗‖2
2 − 2αγ‖at − a∗‖2

2

− 2α(ξt)T (at − a∗) + α2‖gt + ξt‖2
2

≤ ‖at − a∗‖2
2 − 2αγ‖at − a∗‖2

2

+ 2α‖ξt‖‖at − a∗‖ + α2‖gt + ξt‖2
2

≤ ‖at − a∗‖2
2 − αγ‖at − a∗‖2

2

≤ (1 − γα)t‖a1 − a∗‖2
2 . (39)

In the third inequality, we use the assumption that for all t =
1, · · · , T ,

2‖ξt‖‖at − a∗‖ + α‖gt + ξt‖2
2 ≤ γ‖a1 − a∗‖2

2 . (40)

This completes the convergence proof.

E. Sketch Proof for Lemma 5

It suffices to verify

ui(a
†
i , a−i) − ui(a

‡
i , a−i) = Ψ(a†

i , a−i) − Ψ(a‡
i , a−i). (41)

The lemma immediate follows.

F. Sketch Proof for Theorem 6

This is one of the nice properties of potential games [27]. In-
tuitively, at the global minimizers to problem (9), every player’s
profit has automatically been maximized due to the potential
function Ψ.
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