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Learning the Hamiltonian of a quantum system is indispensable for prediction of the system dynamics and
realization of high fidelity quantum gates. However, it is a significant challenge to efficiently characterize the
Hamiltonian which has a Hilbert space dimension exponentially growing with the system size. Here, we develop
and implement an adaptive method to learn the effective Hamiltonian of an 11-qubit quantum system consisting
of one electron spin and ten nuclear spins associated with a single nitrogen-vacancy center in a diamond. We
validate the estimated Hamiltonian by designing universal quantum gates based on the learnt Hamiltonian and
implementing these gates in the experiment. Our experimental result demonstrates a well-characterized 11-qubit
quantum spin register with the ability to test quantum algorithms, and shows our Hamiltonian learning method
as a useful tool for characterizing the Hamiltonian of the nodes in a quantum network with solid-state spin qubits.

PACS: 03.67.—a

Experimental realization of quantum registers is
an essential task in quantum information processing
(QIP). Lots of efforts towards this goal have been
made on various systems such as trapped ions,['
solid-state spins,* " neutral atoms!'”! and supercon-
ducting qubits.'°~ ] One important system is the
solid-state spin system associated with a single nitro-
gen vacancy (NV) center in a bulk diamond, which
has been demonstrated to be a promising platform
for quantum network,* ! quantum computing,!'?>"!
and quantum sensing.l”' >/ This system consists of
one electron spin and multiple surrounding nuclear
spins which are mostly provided by '3C atoms in
the diamond lattice. It has been demonstrated that
the electron spin could be initialized and detected
by optical method, and manipulated with high fi-
delity by microwave signals.?”?%! Tt is difficult to
detect the surrounding nuclear spins directly, how-
ever, the dynamical decoupling (DD) technique has
been well developed for universal control of nu-
clear spins,[*'0~12:29-32] which is essentially realized
by manipulating the electron spin with a DD se-
quence. Moreover, initialization and detection of nu-
clear spins can be implemented by a set of the DD-type
gates.[*12:20] The electron spins of two remote NV cen-
ters can be entangled through photonic links, %734
which leads to a promising path to a scalable quan-
tum network based solid-state spin quantum register
associated with NV centers in diamond.

In this solid-state spin register, it is worthwhile to
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precisely characterize system Hamiltonian by learn-
ing the interaction parameters because: (1) the pa-
rameters of the DD-type nuclear spin gate are deter-
mined by the hyperfine interaction between the elec-
tron spin and the target nuclear spin, (2) the inter-
actions among all the spin qubits are constantly on,
so that it is inevitable to have crosstalk errors from
the other nuclear spins while controlling the target
nuclear spin. With the Hamiltonian parameters, dy-
namical decoupling sequence could be optimized to re-
alize the desired operation on the target nuclear spin,
in the mean time to reduce the gate errors due to
unwanted crosstalk. In this work, we experimentally
characterize the effective Hamiltonian of an NV center
system composed of one electron spin and ten weakly
coupled '3C nuclear spins. We first perform the DD
spectroscopy to probe the surrounding spin environ-
ment which is realized by applying a DD sequence on
the electron spin with a varying interpulse time. From
the resulting DD spectrum, we identify 10 dominant
nuclear spins which give strong signals to the electron
spin coherence. We ignore the nuclear-nuclear inter-
action in this 11-qubit system because their strength
is at least 1 order lower compared to electron-nuclear
spin-spin interaction. Therefore, the essential Hamil-
tonian parameters are the parameters of the hyperfine
interactions between the NV electron spin and each of
the resolved 10 nuclear spins. We first roughly ex-
tract these hyperfine interaction parameters by fitting
the simulated data to the experimental DD spectrum.
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Then, we precisely learn the hyperfine parameters of
each nuclear spin by measuring the nuclear Larmor
frequencies with different electron spin states. We ap-
ply an adaptive method!”>*% based on the quantum
phase estimation algorithm in a sequence of Ramsey-
interferometry experiments to improve the efficiency
of the frequency measurements. To validate the esti-
mated Hamiltonian parameters, we numerically opti-
mized quantum gates based on the learnt Hamiltonian
parameters and experimentally implemented a univer-
sal set of quantum gates for this 11-qubit system.

We performed the experiments at a cryogenic tem-
perature (~8 K) on a type-Ila CVD synthetic diamond
sample with the natural abundance of 3C (~1.1%).
The 11-qubit system was composed of 1 NV electron
spin S = 1 (lms = 0) = |0),|m, = £1) = | £ 1))
and 10 ¥C nuclear spins I = 1/2 (jm; = 1) = | 1
),lmr = —3) = | 1)). The NV electron spin can be
optically initialized with a fidelity over 99% through
the intersystem crossing!'”l and read out in a single
shot with an average fidelity of 90% (Fy = 81% for |0)
state and Fy = 99% for |£1) states) in Fig. 1(b). With
a magnetic field B, (~495 gauss) along the NV sym-
metry axis, the Hamiltonian of the 11-qubit system is
described by

H=D 8247B.5.+) (S-Ai- I + ,B.1I,.),
(1)

where the NV symmetry axis is defined as the z axis.
The electron (nuclear) spin operator S k¢ [) contains
the Pauli matrices Sy, Sy, S. (I, I,, I.); D is the
zero-field splitting of 2.8776 GHz; . (’yn) is the gyro-
magnetic ratio of the electron spin (13C nuclear spin);
A; is the tensor of hyperfine interaction between the
electron spin and the nuclear spin i. Dipole-dipole
interactions between nuclear spins are typically negli-
gible.

In the rotating frame defined by the Hamiltonian
Hy = DS’? —|—%BZS'Z, by neglecting the fast oscillation
terms, we derive the effective Hamiltonian, which is
described by

ﬁcff = Z(Ai,zwszji,x + Ai,zyszji,y + Az,zzSz 1,2

= ZH (2)

In Eq. (2), the effective Hamiltonian H.g equals the
sum of the subsystem Hamiltonians HZ-, which de-
scribes the hyperfine interaction between the electron
spin and nuclear SplIl i. In partlcular H; can be sim-
plified to H = A S, I”c +A1ZZS Izz + B, IZZ

1,2,
by redeﬁmng the x axis for each nuclear spin so that

’

A,, = 0 (the z,y axes for different nuclear spins can

be defined independently as we have ignored the direct
coupling terms between the nuclear spins). In the fol-

lowing, to simplify notation, we denote A/ZZ and A,m
in the rotated frame still as A,, and A,, by setting
Alzy = 0. Therefore, the main task of learning the
whole system Hamiltonian is simplified as characteri-
zation of the hyperfine parameters {A,,, A,,} for all
the nuclear spins.
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Fig. 1. (a) Illustration of an NV center system consisting
of one electron spin (blue ball) and multiple nuclear spins
(red balls). The electron spin is optically initialized and
read out by the resonant laser (red line), manipulated by
microwave fields (purple wave). (b) Diagram of relevant
energy levels of the NV center, where |0) (| &= 1)) denotes
respectively the bright (dark) state under a readout laser,
and they are coherently manipulated by microwave sig-
nals. The state | & 1) can be optically pumped to |0)
by an initialization laser. (c) Dynamical decoupling spec-
trum probed by the electron spin with a CPMG-32 pulse
sequence. Blue and red lines denote the experimental data
and the simulation results for the 10 resolved nuclear spins,
respectively.

To explore the spin environment of an NV cen-
ter, we prepared the electron spin in a superposition
(|0) + | — 1))/v/2 with a /2 pulse after optical ini-
tialization and applied a Carr—Purcell-Meiboom—Gill
(CPMG) type of DD sequence with 32 m-pulses. The
CPMG sequence was formed by N =32 m-pulses with
the configuration of (7 — 7 — 7)*, where 27 was the
interval between two neighboring 7m-pulses. The phase
of m-pulses in the CPMG sequence followed the XY-8
scheme shown in Fig.1(c). The electron spin coher-
ence was read out by projecting the final state on the
x basis with a second 7/2 pulse. By scanning pulse
interval 7 in the range of 0 < 7 < 50 ps, we obtained
the DD spectrum which was the electron spin coher-
ence as a function of 7. Ten nuclear spins that gave
strong coherence decay signals were resolved from the
spectrum using the method in Ref. [11] By fitting the
simulation results to the experimental DD spectrum,
the hyperfine parameters {A, ., A, } of 10 resolved nu-
clear spins were extracted with limited precision. This
precision was limited because all the nuclear spins, in-
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cluding the unresolved ones, contributed collectively
to the DD spectrum, which made it hard to estimate
the hyperfine parameters of each nuclear spin individ-
ually. However, these extracted hyperfine parameters,
although with limited precision, still allowed us to per-
form quantum gates on the electron and nuclear spins
with relatively low fidelities. With these gates, the
10 nuclear spins could be polarized with the fidelities
ranging from 55% to 85%.

Nuclear spin Larmor precession frequency is af-
fected by the hyperfine interaction with the electron
spin. For a weakly coupled 3C nuclear spin, f, de-
fined as the precession frequency of the nuclear spin
when the electron spin is in the | £ 1) state, is given
by

1
fe = 5N+ (A Fwn) 3)

where w,, = v,B.. To precisely calibrate the param-
eters {A,,, A,.} of each nuclear spin, we roughly po-
larized the target nuclear spin, and measured its pre-
cession frequency with the electron spin at | + 1) and
| — 1) state. In this case, precision of {A,,, A,,} was
only determined by that of fi, and was not affected by
other nuclear spins, which were at fully mixed states
so that they did not contribute to the measured sig-
nals.

To improve efficiency in measuring these precession
frequencies,*”] we implemented an adaptive quantum
phase estimation algorithm. The basic idea of this
adaptive scheme is to perform a sequence of Ram-
sey interferometry experiments with different preces-
sion time ¢, = 2N¥ "t .. (n = 1,...,N), so that
the frequency probability distribution is updated af-
ter each Ramsey experiment and the frequency esti-
mation range is gradually narrowed down. In each
Ramsey experiment, the target nuclear spin is pre-
pared into a superposition state (| 1) + | {))/v/2 and
the electron spin is prepared in the | + 1) or | — 1)
state for measuring fy or f_. Then, the target nu-
clear spin state freely evolves to (| 1) + e*~| [))/V2
after t,,, where ¢, = 27 ft,, carries the information of
the to-be-measured frequency f. Before the projec-
tive measurement of the nuclear spin along the z axis,
a rotation IA%%” along the z axis with an appropriate
angle 1, is applied on the nuclear spin to effectively
change the measurement basis. Finally, the nuclear
spin is measured with a probability P, = %
in | 7).

The essential idea of this method is to use P,
to update the frequency probability distribution by
Bayesian inference and adaptively change the mea-
surement basis based on the previous outcomes,
i.e., to deduce the best rotation angle ¥, with
{P1,..., P,_1} for minimizing the uncertainty of P, 11
through the semiclassical implementation of the quan-
tum phase estimation algorithm.”] After N-step
Ramsey experiments, the frequency is estimated to
be the value which gives the highest probability. The

to-be-measured frequency f can be represented with a
binary digit form f = 25:1 2"k, - fo+¢ (see details
in the Supplementary Material), where k,, equals 0 or
1 determining P, > 0.5 or P, < 0.5, fo = ﬁ is the
measured precision with ¢, representing the longest
precession time of nuclear spin, and € < fj represents
the error term.

We performed the Ramsey interferometry ex-
periments sequentially with precession time ¢, =
2N="t i(n = 1,...,N), so that k, was updated
one by one, starting from the least significant digit.
Each Ramsey experiment was repeated 1000 times.
The angle of the Z-rotation gate was updated with
Iny1 = 197” + ’“% starting with the initial phase
Y = g In the experiment, we chose t,;, = 800ns
to make sure ¢, within (0,].
tmax = 2V ¢ min was determined by the nuclear spin
coherence time which is typically around 10 ms. Fig-
ure 2(c) shows an example of the frequency estimation
result. Here k,, (red circles) were estimated to be 0 or
1 determined by P, > 0.5 or P, < 0.5. By adaptively
changing the measurement basis, P, moved away from
0.5 (ky, approaches 0 or 1) in the quantum phase esti-
mation algorithm, but eventually it was limited by the
nuclear spin polarization fidelity. For the first Ramsey
experiment, Py was measured to be near 0.5 because of
no adaptive change of the basis before this measure-
ment and a significant decoherence during the long
precession time.

Two major imperfections affected the precision in
measurement of the precession frequency: (i) nuclear
spin decoherence, (ii) magnetic field misalignment.
Limited by the first kind of imperfection, we chose
tmax tO0 be smaller than nuclear spin coherence time.
To suppress the influence of the second kind, we cal-
ibrated the transverse magnetic field B, to be near
zero by minimizing the sum of the two electron spin
resonant frequencies floy«|+1). However, the intrin-
sic short coherence time of the electron spin led to
a wide resonance linewidth so that B, could only be
calibrated to be smaller than 2.5 gauss. The residual
B, field could cause a fairly large error in the nuclear
spin precession frequency, which was estimated by the
form

The maximal time

Af ~ (Azz + wn)Azxwez Azzwnz
- J+(D £ we) f+

where we, = 'VeBa:: Wna = ’YnB:v
Supplementary Material).

Hyperfine parameters A, ., A, of the resolved nu-
clear spins were calculated by Eq.(3) and (4), and
listed in Table 1. With this precisely calibrated
hyperfine parameters, we numerically simulated the
DD spectrum and compared the simulation results
with the experimental data. In Fig.1(c), the simu-
lation results coincided with most of the signals in the
spectrum, and the deviations in certain regions were
caused by the unresolved nuclear spin bath.

SN CY

(see details in the
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the electron spin through an adaptive method based on the quantum phase estimation algorithm.
(left panel) and fy (right panel).

measurement results of f_
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(a) Experimental sequence to measure the nuclear spin precession frequency under different states of

(b) Frequency

In the nth Ramsey experiment, k, (red circle) is

estimated by the corresponding outcome of probability P, (blue circles with the error bar).

Table 1. Measured nuclear spin hyperfine parameters and ini-
tialization fidelities. The number in the bracket denotes the
error bar in the last digit.

No. 1 2 3 4 5
A, (kHz) 208(1) 72(1) 72(1) 71(1)  43(1)
A.. (kHz) 566.0(3) 45.9(1) —15.1(1) 118.1(1) 5.50(7)
Fmis (%) 95(2)  94(1)  93(1)  97(1)  92(1)

No. 6 7 8 9 10
A, (kHz) 33(1)  32(1)  31(1)  29(1)  17(1)

A.. (kHz) —49.64(5) 46.34(5) 27.09(5) 28.70(5) —14.28(3)
Fai (%) 93(1)  81(1)  78(1)  78(1)  86(1)

With the precisely characterized parameters, we
designed a universal set of quantum gates for this 11-
spin register by simulation, including the single-qubit
gates (1:2}/ 2, Rg/ 2 RTZF/ * with subscript and superscript
representing rotation axis and angle respectively) for
each electron and nuclear spin, and the controlled ro-
tation gates (RZ 2X with electron spin the controlling
qubit) between the electron and each nuclear spin. To
eliminate crosstalk caused by the constantly-on in-
teractions between electron and other nuclear spins,
we numerically optimized the target gate sequence by
taking into account the Hamiltonian of other resolved
nuclear spins. In addition, to model the unresolved
nuclear spins, we randomly chose 10 additional nuclear
spins with the interaction parameters uniformly dis-
tributed in the range |A,,, A,.| < 10kHz (this range
was reasonable as for nuclear spins with larger hy-
perfine parameters, they should have been identified
already) in the simulation. Nuclear spin single-qubit
gates were designed by minimizing gate duration to
mitigate the decoherence effect. Controlled entan-

gling gates RZ % were optimized by minimizing the
crosstalk to other nuclear spins.

100% @ Az
7r/2
‘ ‘ I ‘ W

97%! E—

100%

©
©
=X

Fidelity
©
o
X

|1) =

I e
MRS s 4 5 6 7T 8

Nuclear spin

Fidelity
o
©
X

©
®
=X

Fig. 3. Histogram of estimated gate fidelities for the 10 re-
solved nuclear spins. (a) Estimated gate fidelities of single-

/2 /2 /4
qubit gates R7T RTZr ,R7r

The fidelities of the entangling gates R / between the
electron spin and each nuclear spin under dlfferent initial
states |e 1), le) = |0),|1),|+) for the control qubit (elec-
tron spin). The gate fidelities are estimated through fit to
the decay of the state fidelity under repeated application
of the same gates.

for each nuclear spin. (b)

In the experiment, we used these optimized nuclear
spin gate parameters from simulation to polarize the
resolved nuclear spins with fidelities shown in Table
1. The fidelities were significantly improved compared
with that when we had only a rough estimation of
the hyperfine interaction parameters through the DD
spectrum. To evaluate the learnt hyperfine parame-
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ters, we applied a calibration method!*®%] to estimate

the errors of the gates derived from these hyperfine
parameters, in which overall state fidelity decays were
investigated by repeatedly applying same gates on a
certain initial state. By using this method, we could
only get the partial information of the gate errors and
obtained gate fidelities which were likely higher than
the actual gate fidelities, because some unitary errors
could be canceled by repeating the gate. However, it
gave a rough indicator of the gate fidelity and was suf-
ficient for validating the learnt hyperfine parameters.
To analyze single-qubit gate error, we polarized nu-
clear spins to the | 1) state and applied the same gate
M times so that the net operation was an identity, and
measured the state fidelity between the outcome state
and the ideal target state. The gate fidelity Fyat. was
deduced by fitting the state fidelity decay Fitate(M)
with a linear function Fitate = Finit — M - Fgate, Where
Finit was the nuclear spin initialization fidelity. To
eliminate the potential bias in the electron initializa-
tion state, we repeated the experiments with electron
spin in |0) and | — 1) state respectively. Final gate
fidelities shown in Fig.3(a) were estimated with the
average value of the two cases.

Analogous to single-qubit gate fidelity estimation,
we also estimated the fidelity of the two-qubit entan-
gling gate ]:2:1 2X by measuring the electron-nuclear
spin joint state fidelity. We prepared the electron spin
in [0),] — 1) and |+) = (|0) + | — 1))/+/2 states, re-
spectively, and showed the corresponding results in
Fig.3(b). Each nuclear spin was initialized to the
| 1) state. The results indicated that the two-qubit

gate R:ﬁ 2X fidelities of the strongly coupled nuclear
spins with strong hyperfine interaction strength were
higher than that of weakly coupled nuclear spins. It
implied that the spin bath still introduced crosstalk
error to the gate operations of the resolved nuclear
spins and the weakly coupled nuclear spins suffered
more crosstalk to the spin bath than the strongly cou-
pled ones.

In summary, we have experimentally learnt the ef-
fective Hamiltonian of an 11-qubit solid-state quan-
tum spin register in a diamond NV center. The learn-
ing of the Hamiltonian parameters was implemented
by combining the rough parameter estimation from
the DD spectrum and the precise determination of
each parameter through the adaptive measurement of
the nuclear spin precession frequency with the semi-
classical quantum phase estimation algorithm. As
an example application of the learnt multi-qubit in-
teraction Hamiltonian with precisely determined pa-
rameters, we designed and optimized a universal set
of quantum gates on these 11 spin qubits under the
constantly-on interaction and used the knowledge of
the learnt interaction parameters to minimize the
crosstalk errors. In future, we could implement longer

dynamical decoupling sequences to identify other more
weakly coupled nuclear spins from the spin bath. This
knowledge would help to further improve the initial-
ization and the gate fidelities for those weakly coupled
nuclear spins and reduce the crosstalk error between
them. Some of the Hamiltonian learning techniques
adopted here, such as the two-step protocol and the
adaptive quantum phase estimation algorithm, may
also find applications in other multi-qubit systems to
characterize the full interaction Hamiltonian and to
minimize the crosstalk errors for quantum gate oper-
ations.

Note Added: After completion of this work, we be-
came aware of a related work!""! that demonstrated a
universal set of quantum gates in a 10-qubit quantum
spin register.

Data Availability: The data that support the find-
ings of this study are available from the authors upon
request.
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