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Signed and Minus Domination in Complete

Multipartite Graphs∗

Hongyu Liang†

Abstract

In this paper we determine the exact values of the signed dom-

ination number, signed total domination number, and minus domi-

nation number of complete multipartite graphs, which substantially

generalizes some previous results obtained for special subclasses of

complete multipartite graphs such as cliques and complete bipartite

graphs.

1 Introduction

All graphs in this paper are simple and undirected. We generally follow [3]
for standard notation and terminologies in graph theory. For a graph G,
its vertex set and edge set are denoted by V (G) and E(G), respectively.
For each v ∈ V (G), NG(v) := {u ∈ V (G) | {u, v} ∈ E(G)} is the open

neighborhood of v, and NG[v] := NG(v) ∪ {v} is the closed neighborhood

of v. For a function f : V (G) → R, define f(S) :=
∑

v∈S f(v) for all
S ⊆ V (G); the weight of f is w(f) := f(V (G)).

Given a graph G, a function f : V (G) → {−1, 1} is called a signed

dominating function (respectively, signed total dominating function) of G
if f(NG[v]) ≥ 1 (respectively, f(NG(v)) ≥ 1) for all v ∈ V (G). The signed

domination number (respectively, signed total domination number) of G,
denoted by γs(G) (respectively, γs

t (G)), is the minimum weight of a signed
dominating function (respectively, signed total dominating function) of G.
Notice that the signed total domination number is only defined for graphs
without isolated vertices. The notion of signed domination and signed
total domination have been extensively studied in the literature; see, e.g.,
[1, 7, 8, 11, 12, 13, 14, 15] and the references therein. For a graph G, a

∗2010 Mathematics Subject Classification: 05C69. Keywords: signed domination

number, signed total domination number, minus domination number, complete multi-

partite graph
†Institute for Interdisciplinary Information Sciences, Tsinghua University, Beijing,

China. E-mail: lianghy08@mails.tsinghua.edu.cn

1

http://arxiv.org/abs/1205.0343v1


function f : V (G) → {−1, 0, 1} is called a minus dominating function of G
if f(NG[v]) ≥ 1 for every v ∈ V (G). The minus domination number of G,
denoted by γ−(G), is the minimum weight of a minus dominating function
of G. Minus domination has been studied in, e.g., [2, 4, 5, 6, 15]. For a
comprehensive treatment on the theory of domination in graphs, the reader
is referred to [9, 10].

The exact values of the signed domination number, signed total dom-
ination number, and minus domination number have been determined for
some special classes of graphs including complete graphs and complete bi-
partite graphs. To our knowledge, however, the values of these parameters
in a more general class of graphs, namely the class of complete multi-
partite graphs, have not been decided yet. In this paper we fill this gap
by completely determining the values of the three parameters in complete
multipartite graphs. Our work substantially generalizes the previously ob-
tained results for complete graphs (note that a complete graph of order n
is also a complete n-partite graph) and complete bipartite graphs.

2 Signed (Total) Domination andMinus Dom-

ination in Complete Multipartite Graphs

Let k ≥ 2 and n1, n2, . . . , nk be positive integers. Throughout the paper,
Kn1,n2,...,nk

denotes the complete k-partite graph with vertex set V = V1 ∪
V2 ∪ . . . ∪ Vk and edge set E, where Vi = {vi,j | 1 ≤ j ≤ ni} and E =
{{vi,j , vi′,j′} | i 6= i′; 1 ≤ j ≤ ni; 1 ≤ j′ ≤ ni′}. Let t be the number of i’s
for which ni is odd; that is, t = |{i | 1 ≤ i ≤ k;ni ≡ 1 (mod 2)}|. Assume
without loss of generality that n1, n2, . . . , nt are odd, whereas nt+1, . . . , nk

are even. Let I1 = {i | 1 ≤ i ≤ t;ni = 1} and I2 = {i | t+1 ≤ i ≤ k;ni = 2}.
We first consider the signed domination number.

Theorem 1. If t is odd, then

γs(Kn1,n2,...,nk
) =























1 if t ≥ 3 and |I1| ≥
2k−t+1

2
;

1 + n2 if t = 1, k = 2, and n1 = 1;
5 if (t = 1, k = 2, n1 ≥ 5, n2 ≥ 4) or

(t = 1, k ≥ 3, n1 6= 3, (∀2 ≤ i ≤ k)ni ≥ 4);
3 otherwise.

If t is even, then

γs(Kn1,n2,...,nk
) =















n1 + n2 if t = k = 2 and min{n1, n2} = 1;
6 if t = k = 2 and min{n1, n2} ≥ 5;
2 if |I1|+ |I2| ≥

t
2
+ 1;

4 otherwise.
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Proof. Let G = Kn1,n2,...,nk
and f be a signed dominating function of G

with w(f) = γs(G). We first give some observations that will be frequently
used in the proof. For every 1 ≤ i ≤ k and 1 ≤ j ≤ ni, we have

f(NG[vi,j ]) = f(vi,j) + f(V \ Vi) ≥ 1, (1)

and consequently,
f(V \ Vi) ≥ 0. (2)

Therefore,

γs(G) = w(f) = f(V ) =
1

k − 1

k
∑

i=1

f(V \ Vi) ≥ 0.

Thus w(f) = 0 holds only if f(V \ Vi) = 0 for all i. By (1) this implies
f(vi,j) = 1 for all i, j and thus w(f) > 0, a contradiction! Therefore
w(f) ≥ 1. As w(f) ≡ |V | ≡ t (mod 2), we have

γs(G) ≥ 1 if t is odd, and γs(G) ≥ 2 if t is even. (3)

We now turn to the main part of the proof. First consider the case
when t is odd. We perform a case analysis as follows.

1. t = 1 and k = 2. That is, G = Kn1,n2
where n1 is odd and n2 is

even. Applying Theorem 1 from [15] under different situations gives
the following:

• When n1 = 1, γs(G) = n2 + 1.

• When n1 = 3, γs(G) = 3.

• When n1 ≥ 5 and n2 = 2, γs(G) = 3.

• When n1 ≥ 5 and n2 ≥ 4, γs(G) = 5.

2. t = 1 and k ≥ 3. We first show that γs(G) = w(f) ≥ 3. Assume
to the contrary that w(f) < 3. Since G has odd number of vertices,
w(f) should be odd, and thus w(f) = 1 by (3). Fix i′ ∈ {2, 3, . . . , k}.
By (2) and the fact that |Vi′ | ≥ 2, there exists 1 ≤ j ≤ ni′ for
which f(vi′,j) = −1, otherwise w(f) ≥ 2. This, by (1), indicates that
f(V \ Vi′) ≥ 2. Noting that |V \ Vi′ | is odd, we have f(V \ Vi′) ≥ 3.
Due to the arbitrariess of i′, we obtain:

w(f) =
1

k − 1

k
∑

i=1

f(V \ Vi) ≥
0 + 3(k − 1)

k − 1
= 3, (4)

contradicting with our previous assumption of w(f) < 3. Therefore
we have γs(G) = w(f) ≥ 3.

3



Furthermore, we will prove that w(f) ≥ 5 if, in addition, n1 6= 3
and (∀2 ≤ i ≤ k)ni ≥ 4. Suppose to the contrary that w(f) ≤ 3 in
this case. Since w(f) ≥ 3, we have w(f) = 3. Analogously to the
previous analysis, for each 2 ≤ i ≤ k there is 1 ≤ j ≤ ni such that
f(vi,j) = −1, which implies f(V \ Vi) ≥ 3. Thus (4) still holds. To
achieve the equality, we must have f(V \ V1) = 0 and f(V \ Vi) = 3
for all 2 ≤ i ≤ k. This, by (1), implies that f(v1,j) = 1 for all
1 ≤ j ≤ n1. Therefore 3 = w(f) = f(V1) = n1, which contradicts
with our assumption that n1 6= 3. Thus, we have established that
w(f) ≥ 5 when n1 6= 3 and (∀2 ≤ i ≤ k)ni ≥ 4.

We next prove that these lower bounds are attainable in respective
cases. Consider the function f ′ : V → {−1, 1} defined as follows:
Assign +1 to n1+1

2
vertices in V1, to

ni+2

2
vertices in Vi for i ∈ {2, 3},

and to
nj

2
vertices in Vj for all 3 ≤ j ≤ k; assign −1 to all other

vertices in V . It is easy to see that f ′(V1) = 1, f ′(V2) = f ′(V3) = 2,
and f ′(Vj) = 0 for 4 ≤ j ≤ k. Evidently f ′ is a signed dominating
function of G, which has weight 5. Thus γs(G) ≤ 5, which is tight
for the case where n1 6= 3 and (∀2 ≤ i ≤ k)ni ≥ 4. Now consider the
case where n1 = 3 or (∃2 ≤ i ≤ k)ni = 2. If n1 = 3, the function that
assigns +1 to all vertices in V1 and ni

2
vertices in Vi for all 2 ≤ i ≤ k,

and −1 to all other vertices, is a signed dominating function of G
of weight 3. If ni = 2 for some i ∈ {2, 3, . . . , k}, we can construct
a signed dominating function of G of weight 3 by assigning +1 to
n1+1

2
vertices in V1, to both vertices in Vi, to

nj

2
vertices in Vj for

all j ∈ {2, . . . , k} \ {i}, and assigning −1 to all other vertices in V .
Hence, γs(G) = 3 when n1 = 3 or ni = 2 for some 2 ≤ i ≤ k. This
finishes the analysis of the case where t = 1 and k ≥ 3.

3. t ≥ 3. First assume that |I1| ≤
2k−t−1

2
. (Recall that I1 is the set of

indices i for which ni = 1.) We will show that γs(G) ≥ 3. Assume to
the contrary that γs(G) ≤ 1. For each 1 ≤ i ≤ k for which ni ≥ 2,
by (2), there exists 1 ≤ j ≤ ni such that f(vi,j) = −1. According to
(1), f(V )− f(Vi) = f(V \ Vi) ≥ 2, and thus

f(Vi) ≤ f(V )− 2 = γs(G) − 2 ≤ −1.

When t+ 1 ≤ i ≤ k, |Vi| = ni is even, and thus the above inequality
can be improved to f(Vi) ≤ −2. Noting that f(Vj) ≤ 1 for all j such
that nj = 1, we have:

γs(G) = f(V ) ≤ |I1| − (t− |I1|)− 2(k − t) = 2|I1| − 2k + t ≤ −1,

which, however, is a contradiction to (3). As a consequence, our
assumption that γs(G) ≤ 1 cannot hold, and thus γs(G) ≥ 3. On the
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other hand, consider the function f ′ defined as follows: Assign +1 to
ni+1

2
vertices in Vi for all 1 ≤ i ≤ t+3

2
(note that t+3

2
≤ t since t ≥ 3),

to ni−1

2
vertices in Vi for all

t+3

2
< i ≤ t, and to ni

2
vertices in Vi for

all t < i ≤ k; assign −1 to all the other vertices in V . It is easy to
verify that f ′ is a signed dominating function of G of weight 3, and
thus γs(G) ≤ 3. Therefore we have γs(G) = 3.

Now suppose |I1| ≥
2k−t+1

2
. (Note that this implies t ≥ 2k−t+1

2
.)

Without loss of generality we assume n1 = n2 = . . . = n 2k−t+1

2

= 1.

Define a function f ′ : V → {−1, 1} as follows: Assign +1 to all the

vertices in
⋃

2k−t+1

2

i=1 Vi = {vi,1 | 1 ≤ i ≤ 2k−t+1

2
}, to ni−1

2
vertices in Vi

for all 2k−t+1

2
< i ≤ t, and to ni−2

2
vertices in Vi for all t+1 ≤ i ≤ k;

assign −1 to all other vertices in V . It is easy to verify that f ′(Vi) = 1
for 1 ≤ i ≤ 2k−t+1

2
, f ′(Vi) = −1 for 2k−t+1

2
< i ≤ t, and f ′(Vi) = −2

for t < i ≤ k. The weight of f ′ is

f ′(V ) =
2k − t+ 1

2
− (t−

2k − t+ 1

2
)− 2(k − t) = 1.

For each 1 ≤ i ≤ 2k−t+1

2
, f ′(NG[vi,1]) = f ′(V ) = 1 (recall that

ni = 1). For each i > 2k−t+1

2
, since f ′(Vi) ≤ −1, we have that for each

1 ≤ j ≤ ni, f
′(NG[vi,j ]) = f ′(vi,j) + (f ′(V ) − f ′(Vi)) ≥ f ′(V ) = 1.

Therefore, f ′ is a signed dominating function of G, implying that
γs(G) ≤ w(f ′) = 1. By (3), γs(G) = 1. This completes the whole
analysis for the case where t is odd.

We next turn to the situation where t is even. We will prove the fol-
lowing:

γs(G) ≥ 4 if |I1|+ |I2| ≤
t

2
. (5)

Assume that γs(G) ≤ 2 while |I1|+ |I2| ≤
t
2
. By (3) we have γs(G) = 2.

For each 1 ≤ i ≤ k for which ni ≥ 3, by (2), there exists 1 ≤ j ≤ ni such
that f(vi,j) = −1. According to (1), f(V \ Vi) = f(V ) − f(Vi) ≥ 2, and
thus

f(Vi) ≤ f(V )− 2 = γs(G)− 2 = 0.

When ni is odd, the above inequality can be improved to f(Vi) ≤ −1.
Therefore,

γs(G) = w(f) ≤ |I1| − (t− |I1|) + 2|I2| = 2(|I1|+ |I2|)− t ≤ 0,

contradicting with our assumption that γs(G) ≤ 2. Thus the inequality (5)
is proved. We next consider several cases.
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1. |I1| + |I2| ≥
t
2
+ 1. Choose two integers i1, i2 such that 0 ≤ i1 ≤

|I1|, 0 ≤ i2 ≤ |I2|, and i1 + i2 = t
2
+ 1. (Obviously such i1, i2 exist.)

Without loss of generality, we assume that n1 = n2 = . . . = ni1 = 1
and nt+1 = nt+2 = . . . = nt+i2 = 2. Consider the function f ′ : V →
{−1, 1} obtained as follows: Assign +1 to ni+1

2
vertices in Vi for all

1 ≤ i ≤ i1, to
ni−1

2
vertices in Vi for all i1 + 1 ≤ i ≤ t, to ni+2

2

vertices in Vi for all t + 1 ≤ i ≤ t + i2, and to ni

2
vertices in Vi for

all t + i2 + 1 ≤ i ≤ k; assign −1 to all other vertices in V . Thus,
f ′(Vi) = 1 for 1 ≤ i ≤ i1, f

′(Vi) = −1 for i1 + 1 ≤ i ≤ t, f ′(Vi) = 2
for t+ 1 ≤ i ≤ t+ i2, and f ′(Vi) = 0 for t+ i2 < i ≤ k. So,

w(f ′) = i1 − (t− i1) + 2i2 = 2(i1 + i2)− t = 2.

We now verify that f ′ is a signed dominating function of G. For each
1 ≤ i ≤ i1 and the (only) vertex vi,1 ∈ Vi, f

′(NG[vi,1]) = f ′(V ) =
w(f) = 2. For each i1 + 1 ≤ i ≤ t and 1 ≤ j ≤ ni, f

′(NG[vi,j ]) =
f ′(vi,j)+f ′(V )−f ′(Vi) ≥ −1+2−(−1) = 3. For each t+1 ≤ i ≤ t+i2
and 1 ≤ j ≤ ni(= 2), f ′(NG[vi,j ]) = f ′(vi,j) + f ′(V ) − f ′(Vi) =
1 + 2 − 2 = 1. Finally, for each t + i2 + 1 ≤ i ≤ k and 1 ≤ j ≤ ni,
f ′(NG[vi,j ]) = f ′(vi,j) + f ′(V ) − f ′(Vi) ≥ −1 + 2 = 1. Therefore, f ′

is a signed dominating function of G, and thus γs(G) ≤ w(f ′) = 2.
By (3) we have γs(G) = 2.

2. |I1|+ |I2| ≤
t
2
.

(a) t = 0. In this case we can construct a signed dominating function
of G of weight 4 as follows: Assign +1 to ni+2

2
vertices in Vi for

i ∈ {1, 2} and ni

2
vertices in Vi for 3 ≤ i ≤ k; assign −1 to

all other vertices in V . Thus γs(G) ≤ 4, and by (5) we have
γs(G) = 4.

(b) t = 2 and k = 2. By applying Theorem 1 in [15] we obtain that

γs(G) =







n1 + n2 if min{n1, n2} = 1;
4 if min{n1, n2} = 3;
6 if min{n1, n2} ≥ 5.

(Note that the condition |I1| + |I2| ≤
t
2
excludes the situation

n1 = n2 = 1, in which case γs(G) = 2; nonetheless, this is
compatible with the formula n1 + n2.)

(c) t = 2 and k ≥ 3. Consider the function f ′ : V → {−1, 1} defined
as follows: Assign +1 to ni+1

2
vertices in Vi for i ∈ {1, 2}, to

n3+2

2
vertices in V3, and to ni

2
vertices in Vi for all 4 ≤ i ≤ k;

assign −1 to all other vertices in V . Thus f ′(V1) = f ′(V2) = 1,
f ′(V3) = 2, and f ′(Vi) = 0 for i ≥ 4. It is easy to verify that
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f ′ is a signed dominating function of G of weight 4, and hence
γs(G) ≤ 4. By (5) we have γs(G) = 4.

(d) t ≥ 4. Consider the function f ′ : V → {−1, 1} obtained as
follows: Assign +1 to ni+1

2
vertices in Vi for all 1 ≤ i ≤ t+4

2
,

to ni−1

2
vertices in Vi for all t+4

2
< i ≤ t, and to ni

2
vertices in

Vi for all t < i ≤ k; assign −1 to all other vertices in V . Thus
f ′(Vi) = 1 for 1 ≤ i ≤ t+4

2
, f ′(Vi) = −1 for t+4

2
< i ≤ t, and

f ′(Vi) = 0 for t+ 1 ≤ i ≤ k. It is easy to see that f ′ is a signed
dominating function of G of weight 4, and thus γs(G) ≤ 4. By
(5) we have γs(G) = 4. This also completes the whole analysis
for the case t is even.

The proof of Theorem 1 is thus completed.

Our theorem generalizes Theorem 1 in [15]. The following corollary is
also immediate from it.

Corollary 1. When min{n1, n2, . . . , nk} ≥ 2, we have 1 ≤ γs(Kn1,n2,...,nk
) ≤

6.

We next deal with the signed total domination number.

Theorem 2.

γs
t (Kn1,n2,...,nk

) =







3 if t is odd;
4 if t = 0;
2 otherwise.

Proof. Let G = Kn1,n2,...,nk
and f be a signed total dominating function

of G with w(f) = γs
t (G). Observe that f(N(vi,1)) = f(V \ Vi) for each

i ∈ {1, 2, . . . , k}. We investigate the following cases.

1. t is odd. For every i ∈ {t+1, . . . , k}, we have f(V \Vi) = f(N(vi,1)) ≥
1. For every i ∈ {1, 2, . . . , t}, since |V \Vi| is even, we have f(V \Vi) ≥
2. Summing up the k inequalities for i = 1, 2, . . . , k and noting that
γs
t (G) = f(V ) = 1

k−1

∑k

i=1
f(V \ Vi), we obtain that

γs
t (G) ≥

(k − t) + 2t

k − 1
=

k + t

k − 1
> 1.

As |V | is odd, there is γs
t (G) ≥ 3. We now prove that γs

t (G) ≤ 3.
Consider two further subcases:

(a) t = 1. Define a function f ′ : V → {−1, 1} by assigning +1 to
n1+1

2
vertices in V1,

n2+2

2
vertices in V2,

ni

2
vertices in Vi for all

7



3 ≤ i ≤ k, and assigning −1 to all other vertices in V . It is
easy to verify that f ′(V1) = 1, f ′(V2) = 2, and f ′(Vi) = 0 for
3 ≤ i ≤ k. Therefore, f ′ is a signed total dominating function
of G of weight 3, and hence γs

t (G) ≤ 3.

(b) t ≥ 3. Define a function f ′ : V → {−1, 1} as follows: Assign +1
to ni−1

2
vertices in Vi for all 1 ≤ i ≤ t−3

2
, to ni+1

2
vertices in Vi

for all t−3

2
< i ≤ t, and to ni

2
vertices in Vi for all t+ 1 ≤ i ≤ k;

assign −1 to all other vertices in V . Then, f ′(Vi) = 0 for all
t+1 ≤ i ≤ k, and among the t values f ′(V1), . . . , f

′(Vt), exactly
t−3

2
of them are −1 and the others are all +1. It is thus easy

to check that f ′ is a signed total dominating function of G of
weight 3. Hence γs

t (G) ≤ 3.

Combining parts (a) and (b), we have shown that γs
t (G) ≤ 3, and

thus γs
t (G) = 3 when t is odd.

2. t is even. For every i ∈ {1, 2, . . . , t}, f(V \Vi) = f(NG(vi,1)) ≥ 1. For
every i ∈ {t+ 1, . . . , k}, since |V \ Vi| is even, we have f(V \ Vi) ≥ 2.
Summing up the k inequalities for i = 1, . . . , k, we obtain:

γs
t (G) = f(V ) =

1

k − 1

k
∑

i=1

f(V \ Vi) ≥
2k − t

k − 1
> 1, (6)

and thus γs
t (G) ≥ 2.

Consider the following two subcases:

(a) t ≥ 2. Define a function f ′ : V → {−1, 1} as follows: Assign +1
to ni−1

2
vertices in Vi for all 1 ≤ i ≤ t−2

2
, to ni+1

2
vertices in Vi

for all t−2

2
< i ≤ t, and to ni

2
vertices in Vi for all t+ 1 ≤ i ≤ k.

Assign −1 to all other vertices in V . Then, f ′(Vi) = 0 for
all t + 1 ≤ i ≤ k, and among the t values f ′(V1), . . . , f

′(Vt),
exactly t−2

2
of them are −1 and the others are all +1. It is

easy to verify to f ′ is a signed total dominating function of G of
weight 2, implying γs

t (G) ≤ 2. Since γs
t (G) ≥ 2 by (6), we have

γs
t (G) = 2.

(b) t = 0. Due to (6) we have γs
t (f) ≥

2k
k−1

> 2. Since |V | is even, it
holds that γs

t (f) ≥ 4. A signed total dominating function of G
of weight 4 can be obtained by assigning +1 to ni+2

2
vertices in

Vi for all i ∈ {1, 2} and ni

2
vertices in Vi for all 3 ≤ i ≤ k, and

assigning −1 to all other vertices in V . Thus γs
t (G) = 4.

The proof of Theorem 2 is thus completed.
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Theorem 2 generalizes Propositions 1 and 4 in [14]. (We remark that
Proposition 1 in [14] has a mistake: It should be that γs

t (Kn) = 3 when n

is odd and at least 3.)
Finally we turn to the case of minus domination.

Theorem 3.

γ−(Kn1,n2,...,nk
) =

{

1 if ni = 1 for some i ∈ {1, 2, . . . , k};
2 otherwise.

Proof. Let G = Kn1,n2,...,nk
and f be a minus dominating function of G of

weight γ−(G). If ni = 1 for some i ∈ {1, 2, . . . , k}, then γ−(G) = f(V ) =
f(N [vi,1]) ≥ 1. On the other hand, the function f∗ defined by f∗(vi,1) = 1
and f∗(v) = 0 for all v ∈ V \ {vi,1} is a minus dominating function of G
of weight 1. Therefore, γ−(G) = 1 in this case. We will assume in what
follows that ni ≥ 2 for all 1 ≤ i ≤ k.

First, observe that the function f∗, defined by f∗(v1,1) = f∗(v2,1) = 1
and f∗(v) = 0 for all v ∈ V \{v1,1, v2,1}, is a minus dominating function ofG
of weight 2. Thus γ−(G) ≤ 2. We assume that γ−(G) ≤ 1, and thus f(V ) ≤
1. Fix an i ∈ {1, 2, . . . , k}. We have f(vi,1) + f(V \Vi) = f(NG[vi,1])) ≥ 1,
and hence f(V \ Vi) ≥ 0. Since ni ≥ 2 and f(V ) ≤ 1, there exists v ∈ Vi

such that f(v) ≤ 0. Therefore, f(V \ Vi) = f(NG[v]) − f(v) ≥ 1. Due to
the arbitrariness of i, we get:

f(V ) =
1

k − 1

k
∑

i=1

f(V \ Vi) ≥
k

k − 1
> 1,

contradicting with the fact that f(V ) ≤ 1. Thus, we have γ−(G) ≥ 2.
Since we have proved γ−(G) ≤ 2 before, it holds that γ−(G) = 2. This
completes the proof of Theorem 3.

Theorem 3 generalizes Theorem 1 in [5] and Theorem 2 in [15].
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