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Abstract

A d-dimensional array of real numbers is called monotone increasing if its entries are increasing along each dimension. Given
Ay, 4, a monotone increasing d-dimensional array with n entries along each dimension, and a real number x, we want to decide
whether x € A, 4, by performing a sequence of comparisons between x and some entries of A,, ;. We want to minimize the number
of comparisons used. In this paper we investigate this search problem, we generalize Linial and Saks’ search algorithm [N. Linial,
M. Saks, Searching ordered structures, J. Algorithms 6 (1985) 86—103] for monotone three-dimensional arrays to d-dimensions for
d >4. For d = 4, our new algorithm is optimal up to the lower order terms.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction

In this paper, we investigate the problem of searching monotone multi-dimensional arrays. Suppose we are given a
d-dimensional array of real numbers with n entries along each dimension

Ana =1aiy iy,..igli1 12, ... ig=1,2,..., n}.

We say that the array A, 4 is monotone increasing if its entries are increasing along each dimension. More precisely,
ifi) <j1,i2<j2,..., ig< ja thena;, iy, ... iy <aj ... j,- In other words, if P = [n]9 is the product of d totally ordered
sets {1, 2, ..., n}, then A, 4 is consistent with the partially ordered set P.

The search problem is to decide whether a given real number x belongs to the array A, 4, by comparing x with a
subset of the entries in the array. The complexity of this problem, denoted by t(n, d), is defined to be the minimum
over all search algorithms for A, 4 of the number of comparisons needed in the worst case. Note that for d = 1, this
problem reduces to searching a totally ordered set. In this case, the binary search algorithm is optimal and requires at
most [log,(n + 1)] comparisons in the worst case.
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We first briefly review some previous work. In [3], Linial and Saks presented some general results on the complexity
of the above class of search problems. In particular, they proved that for any finite partially ordered set P, the information
theoretic bound for the complexity is tight up to a multiplicative constant. In [2] they studied the problems for general
finite partially ordered set P and also gave more precise results for the case where P = [1]¢, for dimensions d >2. They
observed that for d = 2, it had been known that 7(n, 2) = 2n — 1 [1]. For d > 2, they showed that the order of t(n, d)
is O(n?~1). More specifically, they proved that for d >2,

ea(dn® ' Fom!™<t(n, d) <ci(dynd !,

where ¢ (d) is a nonincreasing function of d and upper bounded by 2, and ¢ (d) =+/(24/7)d /> +0(d~'/?). The upper
bound ¢ (d)n?~! was obtained by using a straightforward search algorithm which partitions A, 4 into n isomorphic
copies of A, 4—1, and then searches each copy separately. They also described a more efficient algorithm for d = 3 and
proved the following bounds on t(n, 3):

3n? <1( 3)<—3"2+ In
xT\n, B cn n.
2 2

In the above inequality, c is a positive constant, and so the bounds are asymptotically tight. An open problem left is
whether their search algorithm for d = 3 can be generalized to higher dimensions.

In this paper, we present new search algorithms for monotone d-dimensional arrays for d >4, from which we can
obtain

t(n,d) < nd=1 4 O(nd_z).

d—1
The above bound is tight for d = 4, up to the lower order terms.

The rest of the paper is devoted to the description and analysis of the new algorithms. We start with the case where
d =4.This special case best illustrates the main idea, and it is also easier to visualize the subspaces that are encountered
in the search algorithm. Then we describe the generalized algorithm for d > 4.

Before presenting the technical details, we describe some basic notation and convention that we will follow throughout
the paper. In general, we use capital letters to represent sets and small letters to represent numbers. The sets that we
need to consider are often subsets of A, ; for which some of the subscripts are fixed, and we use some simple notation
to represent them. For example, we use Q = {ay i, ,i5,i,} to denote a “surface” of the four-dimensional array A, 4 for
which the first subscript of « is fixed to be 1. It is understood that all other subscripts range between [1, n], and we
often omit the specification “is, i3,i4 = 1,2, ..., n” if it is clear from the context.

2. Searching four-dimensional arrays

In this section, we present a %n3 + O(n?) algorithm for searching monotone four-dimensional arrays. The algorithm
is optimal up to the lower order terms.

We start with alower bound on t(n, 4) which will be shown to be asymptotically tight later, followed by the description
of an algorithm for partitioning monotone two-dimensional arrays, which will be a useful subroutine for our searching
algorithm. Then, we will present the main idea and the details of our search algorithm for four-dimensional arrays.

2.1. A lower bound on t(n, 4)

Using the method in [2], we can calculate a lower bound on t(n, 4). Let [1] denote the totally ordered set {1, 2, ..., n},
and let

Di(n,4) = {(i1, i2, i3, is) € [n]*|iy + iz + i3 +ig=2n + 1},
Da(n, 4) = {(i1, i2, i3, is) € [n]*|iy + iz + i3 +ia =2n +2}.

Define D(n,4) = D1(n,4) U Dy(n, 4). As shown in [2], D(n, 4) is a section of [n]4, and a simple adversary argument
implies that t(n, 4) is lower bounded by |D(n, 4)|. Let

X ={(i1,i,i3,i2) € R2n+ 11} iy +ip + i3 +ig=2n + 1},
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Y ={(i1,i2,13,14) € X| i >n} fork=1,2,3,4,
Z=A{(i1, iz, i3, ia) € [n+ 11" i1 +ia +iz +is=n+1}.

Itis easy to see that | V| =|Z|=(4) fork=1, 2, 3, 4. Thus, | Dy (n, 4)| =| X | - ¢ _, |Yk|=(23n) —4(3)=

similarly, [Da(n, 4) = (*5) =4 ("1") = }@n* + ). Therefore,

4 n
t(n,4) =|D(n,4)| = |Di(n, )| + |Da2(n, 4)| = 3"3 -3

2.2. Partitioning two-dimensional arrays

In [2], Linial and Saks gave a simple algorithm for searching an m x n matrix (m, n > 1) with entries increasing
along each row and column. The algorithm needs at most m + n — 1 comparisons. We will refer to this algorithm as
the Matrix Search Algorithm. Since A, » is isomorphic to an n X n matrix, given an input x, we can adapt the Matrix
Search Algorithm to partition A, » into two subsets S and L using at most 2n — 1 comparisons, such that S contains
entries smaller than x and L contains entries /arger than x. For the sake of completeness, we give detailed description
of the new partition algorithm.

Algorithm. Partition two-Dimensional Array
Input

e A real number x.
e A monotone two-dimensional array A, » = {a;, ;,}.

Output

o If x € A, >, output (i1, ip) such that g;, ;, = x.
e If x ¢ A, 2, output a partition {u, v, S, L} of A, 2 with the following properties:
o u and v are two arrays each contains » integers such that i} <u[iz] iff a;, ;, <x and i> <v[i]iff a; ;, <x.
o Sand L form a partition of {(i1, i2)|i1, i» € [n]} such that if (i;, i) € S thena;, ;, <x, and if (i1,i2) € L
then a;, ;, > x.

Procedure

e Initially set S = L = ¢.

e View A, 7 as an n X n matrix and repeat comparing x with the element e at the top right corner of the current matrix.
o If x > e, then eliminate the first row of the current matrix and put their entries into S.
o If x <e, then eliminate the last column of the current matrix and put their entries into L.
o If x = e, then return this entry and exit.

e Stop when the partition is finished, thus also obtain « and v (see Fig. 1).

We will use the notation u, v, S, L throughout the paper. Sometimes we will introduce subscripts to them to represent
the dimension indices to be considered. Ignoring the indices, these four variables have the following useful relations:

S ={(i1, )1 <iy <uliz]} = {(i1, i) |1 <i2 <vlig]}, (D
L ={(i1, in)uliz] <ii<n}={(1, i2)|v[i1] <iz<n}. ()

Obviously, SN L = ¢ and S U L = [n]?, hence |S| + |L| = n?. In addition, | S| = u[1]+ - - - +u[n] =v[1]+- - - + v[n]
and [L| = (n —u[l]) +---+ (n —u[n]) = (n — v[1]) +--- + (n — v[n]).

Notice that when m = 0 or n = 0, we can “search” an m x n matrix using O comparisons. Therefore, based on the
Matrix Search Algorithm in [2], we have the following lemma that will be useful later.
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Fig. 1. u, v, S, L: partition of the monotone two-dimensional array A, ».

Lemma 2.1. For m,n >0, any m X n matrix with entries increasing along each dimension can be searched using at
most m + n comparisons.

Proof. If m=0 orn =0, the matrix is empty, thus needs no comparison. If m, n > 0, using the Matrix Search Algorithm,
we can search the matrix using at most m 4+ n — 1 comparisons. Therefore, the lemma holds. [J

2.3. Main idea of the search algorithm

The main idea of our algorithm for d = 4 is to first search the “surfaces” (three-dimensional arrays) of A, 4 and
then the problem reduces to searching a “smaller” array A, 7 4. At a high level, searching the surfaces consists of two
major steps:

e Step 1: Select eight special two-dimensional arrays. By using the algorithm Partition two-dimensional array, partition
each selected two-dimensional array into two subsets L and S, where elements in L are larger than or equal to x, and
elements in S are smaller than x.

e Step 2: Search the eight “surfaces” of A, 4. The subsets S, L obtained in Step 1 help to “cut” each surface into a
sequence of two-dimensional matrices that allows searching with less comparisons.

2.4. Description and analysis of the search algorithm

Now we are ready to present our search algorithm for d = 4. As explained in Section 2.3, the algorithm is recursive,
and reduces n by two for each recursion. Without loss of generality, we consider the case where x ¢ A, 4. We first
describe the algorithm and then analyze the number of comparisons needed.

Step 1: Apply the algorithm Partitioning two-dimensional array to divide each of the following eight two-dimensional
arrays into two subsets (the eight arrays are defined by fixing two of the subscripts to either 1 or n, thus reducing the
number of dimensions by two):

My =A{aiy i, 1.0} 2 St L1, MY =A{ai i1} ¢ ST, LY,
M> ={an ipiy1}: S2, Lo, M5 ={aiis,izn}: S5, L3,
M3 ={ainisis} : S3, L3, M3 ={an 1,5} S5, L3,
My ={ai, 1niy}: Sa, Lay,  Mj ={aj n1,i,}: Si. L.
The eight pairs of “mutually complementary” subsets S, L and S}, L} (k=1, 2, 3, 4) have the following properties:
Qjy iy 10 <X <aj jp1.n for (i1,i2) € S and (j1, j2) € Ly,

An,in,iz,] <X <dp j 3,1 for (ip,i3) € S» and (j2, j3) € Lo,
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1 n,is,is <X <Al js,js for (i3,i4) € §3 and (j3, j4) € L3,
iy nig <X <dj1njy for (ia,i1) € S4 and (j4, j1) € La,
Qjy,inn,l <X <dj jrn,l for (i1, i) € ST and (ji, j2) € LT,
Aliy,izn <X <Al jy, j3n for (i, i3) € S; and (jo, j3) € L;,
An,isiy <X <Qn,1,j3,js for (i3, i4) € Sék and (3, js) € L;,
iy iy <X <Qjnl,js for (ig,i1) € SI and (ju, j1) € LI.

In addition to the eight pairs of subsets, the algorithm also outputs uy, v and uj}, v}, corresponding to Sy, Lx and
Sy, Ly, respectively, with the properties given in Egs. (1) and (2). For each k, at most 2n — 1 comparisons are needed
to partition My (M ,f ). Thus, at most 8 x (2n — 1) comparisons are needed in this step.

Step 2: Search the following eight three-dimensional surfaces of A, 4 (each surface is defined by setting one of the
subscripts to either 1 or n, thus reducing the number of dimensions by one):

0= {al.iz,i3,i4}’ QT = {an,iz,i3,i4}v
Q2 = {ail,l,i3,i4}s Q; = {ail,n,i3,i4}»
03 ={aiir, 1} O3 ={aiyirnis}s

Q4 = {ail,iz,ij;,l}s QZ = {ail,iz,i3,n}'

By symmetry, we only need to show how to search Q1. The algorithm proceeds by fixing i3 = i; for i; =1,2,...,n

and searching each of the two-dimensional arrays {a .4}. A useful observation is that for each i ;, we can restrict

Li,ig,i
the search to a smaller matrix (in contrast to an n x n matrix) by leveraging on information obtained in Step 1.
Below, we explain the above observation and Step 2 in more detail. Consider an element a, inilis € 01.1f (iz,i5) €

2,13,1
. . . ./
S%, then we know thata, . . <a,. . <x.Hence,inorder fora, . . =x, it must be the case that (i, i;) € L%,
2 Lig,iz.is " Lin,ig,n Lio,iz.i4 3 2
. ./ . . . . .
or equivalently, u3[13] < ip<n. Similarly, we can conclude that in order for Ay iy iy =% it must be the case that
’ 9 37

(i/3, i) € L3, or equivalently, v3[ig] <i4<n. Hence, we obtain a constraint on the indices (i2, i4). By Lemma 2.1,
searching this restricted (n — u§[ié]) X (n — U3[i;]) matrix needs at most (n — u§[i;]) + (n — vg[i;]) comparisons.
Notice that n — u?[i;] is the number of entries (i3, i3)’s in L} with i3 = i;, and n — v3 [i/3] is the number of entries
(i3, is)’s in L3 with i3 = i3. Thus,

(n — u5lis]) + (n — vsliz)) = {(i2, i3) € L3lis = i3} + {3, ia) € L3liz = i3}

When i3 ranges over 1,2, ..., n, we obtain that the total number of comparisons needed to search Q1 is at most
N(Q1) = |L3| + |L3]| (see Fig. 2).

Similarly, if a, ;, i3,;, € QF equals to x, it must be the case that (i3, i3) € S> and (i3, i4) € S;‘, it follows that the
total number of comparisons needed to search Q7 is at most N(Q7) = [S2] + [S5].

Using similar arguments, the numbers of comparisons needed for searching the above eight three-dimensional arrays
are

N(Qn) = |L3| + L3,  N(Q)) =S|+ IS5],
N(Q2) = |[L4| +|L3], N(Q3) =1S3|+ IS;1,
N(Q3) = [Li| +|Lil,  N(Q3) = IS4l + ISTl,
N(Q4) = |La| +|LTI,  N(Q}) =I[Si1]+IS5].
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Fig. 2. Searching the three-dimensional surface Q1 = {ay i, i5,iy} Of Ay 4. (a) Partition of M;‘ ={a1,iy,iy.n} into 52 and L* (b) partition of
M3 ={ay n,iy,iy} into S3 and L3; (c) the ‘pyramid’ composed of a sequence of two-dimensional matrices to be searched.

Therefore, the total number of comparisons needed for searching these eight arrays is at most

4
S0kl + Lkl + IS+ L) =4 x 2n° = 8n?.
k=1

Steps 1 and 2 leave an (n — 2)4 array

Apoa=Aai, iyizisli1, 02,03, ia=2,...,n — 1}.
Hence, we have forn > 2,

t(n,4)<t(n —2,4) + 8n’ + 8(2n —1).
From this recursion we can get (see Eq. (4) for the derivation)

(n, 4)<3n’ +0(n?). 3)
3. Searching d-dimensional arrays

The algorithm for four-dimensional arrays can be generalized to higher dimensions (d >4). The main idea is quite
similar: the 2d “surfaces” ((d — 1)-dimensional arrays) of A, 4 can be searched using 2dnd2 + O(nd’3 ) comparisons.
We achieve this in two steps. First, select 2d special (d — 2)-dimensional arrays and partition each of them into two
subsets S and L. Second, we search the 2d “surfaces”. The subsets {S, L} will help cut some part of each surface, i.e.,
reduce the comparison number. In particular, if we fix (d — 3) subscripts, the resulting part is a smaller matrix (in
contrast to an n X n matrix). An a X b matrix can be searched using at most @ + b comparisons (Lemma 2.1), adding
them up for all the 2d “surfaces”, we can get the desired upper bound.

First we describe how to select and partition the (d — 2)- dlmensmnal arrays. Deﬁne M| = {a,l’,z, id € An dlia—1=
1, iz = n}. Consider the case where x ¢ M. For fixed i, = 12, i3 = 13, ey lg3 = ld 5 (where i 12, 13, .. zd 5 € [n]
are constants) we can get two integer arrays u[n] and v[n] such that

irigeeialiy= g _s=il, i igr=1ig=n <% fOr fisuliag-l,
irigeeeialiy= . ig_s=i', s ig=lig=n > % TOr i1 >ulid-2],
irigeeialiy=),ig_s=il) s igr=1ig=n <% TOr la—2<vli1l;

Qi i, ig |i2:i;,...,id73:i;73; i y=lig=n =% for iz_» > v[i1],
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by using the algorithm Partitioning two-dimensional array, at most 2n — 1 comparisons are needed for each fixed

i2, ..., iq—3. Thus using at most n¢=*(2n — 1) comparisons we can get two integer arrays u1 and v; of sizes n¢ =3 such
that

o Ifiy<uilin, ..., ig—2l, thena;, iy, isliy 1=1,ig=n <X.

Otherwise, Qi in,..ig Iid—1=1,id=’1 > X.

o Ifiy r<viliy, ... ig-3). thena; iy, iyliy_i=1,ig=n <X.

Otherwise, a;, i, ....iglig_1=1,ig=n > X.
Thus, we can partition 11972 into two subsets S| and L such that

° ai],iz,...,id|i,1,1=1,i[1=n < x for (ilv B id72) € Sl'
® aj i, . iglig_1=1,iy=n >x for (i1, ...,iq—2) € Ly.

Obviously, we have

o (i1,...,iq—2) € Syifand only if iy <uqlio, ..., ig—2] (Alsoig—a <viliy, ..., i4-3]).
e (i1,...,ig—2) € Lyifand only if i} > uqlia, ..., ig—2] (also iz—> > vi[iy, ..., ig—3]).

Next we describe the algorithm for searching d-dimensional arrays A, 4, for d >4. Without loss of generality, we
consider the case where x ¢ A, 4.

Step 1: Partition each of the following 2d (d — 2)-dimensional arrays into two subsets.
My ={aiy iy....iglik—2 = 1, ig—1 =n}: Sk, Lg,
M; = Aaiy iy....iglik—2 =1, ik—1 =1} S, LY,

k=1,2,...,d (here iy_> means i(x—2) mod 4> and ix—1 Means i(x—1) mod d)-
We get 2d pairs of mutually complementary subsets S, L and S}/, L} with the following properties:

ajy,....iq |ik—2:1»ik—1:n <X <dj,...j; |jk—2=1>jk—1=”
for (ig,...,ik+a—3) € Sx and (i, ---, jk+d—3) € Lk,
Qiy,..igliy_a=nix_1=1 <X <dji _jsljt_a=n,ji_1=1

for (ix,....ikta-3) € S; and (k. ..., jk+d—3) € L},

k=1,2,...,d (here i} y4—3 means i(4—3) mod d» €LC.).

For the pair Sy and L, we have two (d — 3)-dimensional arrays u; and vy such that, if iy <wug[ixs1, .., ik+d—3]
then (ig, ..., ix+q—3) € Sk else (i, ..., ix+qd—3) € Li; if igpq—3 <vglik, ..., ix+qa—a] then (ig, ..., ik1q—3) € Sk else
(ks -+ ikra—3) € Ly, k=1,2,...,d. Similarly, we have u}; and v for the pair S and L}, fork=1,2,...,d.

In this step, we obtain 4d (d — 3)-dimensional arrays uy, v, uz, v}f (k=1,2,...,d),using at most 2dnd_4(2n -1
comparisons.

Step 2: Search the following 2d (d — 1)-dimensional surfaces of A, 4, which are defined by fixing one of the
subscripts to either 1 or n.

Qk = {ail,...,id|ik = 1}7 Q;{k = {ail,...,idlik = n}7

k=1,2,...,d.
By symmetry, we only need to consider searching Q1 = {a1,,.....i,}-
If a1, i, € Q1 equals to x, we have (i3,...,iy) € L3 and (i2,...,iq—1) € L. For fixed i3 = i;, sy igo1 =

W . . . . N N N N
iy (where is,....i;_; € {1,2,...,n}), there exist two integers u = u§[13, cooyigland v =w3lis, ..., i, ;] such
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that only when u <i><n, (i2, i;, . ..,i;_l) € L;; only when v <iy<n, (ié, . ..,i;_l,id) € Ls3. Thus for fixed
i3 = i/3, e lgo1 = i/d—l’ only when u <ip<n and v <ig<n, al,iz,i;,...,i;_],id possibly equal to x. Searching this
(n — u) x (n — v) matrix needs at most (n — u) + (n — v) comparisons. Notice that n — u is the number of elements
(iny...,ig—1)’s in L; with i3 = i/3, ey g1 = i;ifl, and n — v is the number of elements (i3, ..., ig7)’s in L3 with
i3=is, ... ig—1 =iy . Thus (1 —u) + (n —v) = {(i2, ... ia—1) € Liliz=iq, ... ia—1 =i, |+ {3, ..., i) €
Liliz = ié, g1 = i;_1}|. When (i3, ..., ig—1) ranges over all elements in [n]d_3, we obtain that the total number

of comparisons needed to search Q1 is at most N(Q1) = |L3| + |L3].
Similarly for Q7 = {an.is.....i;}> we have N(Q7) = |S2| + |S3].
Using similar arguments, the numbers of comparisons needed for searching the above 2d surfaces are

N(Qp) = [Lksal + ILgiq |, N(Q) = ISk1] + 155401,

k=1,2,...,d (here Lyy> means L (x42)modd- €tC.).
Thus, searching these 2d (d — 1)-dimensional surfaces needs at most

d
D MLigal + 1LE |+ 1Skq1] + [Skol} =d x 20972 =2dn"—2
k=1

comparisons.
Steps 1 and 2 leave an (n — 2)¢ d-dimensional array

Apoag=Aai,. islit,....ia=2,...,n—1}.
Hence the generalized recursion is

(l,d)=1,
1(2,d) <24,

tn, d)<t(n —2,d) +2dn?® 2 +2dn*@2n — 1) for n>2.

From the recursion, for fixed d there exists a constant C and ¢ € {1, 2} (the value of ¢ depends on the parity of n) such
that

tn, d)<t(n —2,d) + 2dn®~? + 4dn?~3

<tn—4,d)+2dn 2+ (n —2)2) +4d(n? 3 + (n — 2)473)

SCH+2dn" 24+ (-2 24+ +4d(n? P+ (n—2) 3 4 4173

<CH+d(n+D2 40?2+ (n— D2+ 4 1972) 4 4dn2

n+2
<c+d></ 1172 dr + 4dn??
1

d
(n+2)7"" — —— + 4dni?

=C
ta_1 d—1
d
Therefore,
r(n,d)gd 1nd_1+0(nd_2), d=4,5,... . 4)

The following theorem summarizes our main results.
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Theorem 3.1. Forn>1andd>4,t(n,d)<(d/(d — 1)n?"" + O(n?=2).
In particular, for d = 4, %n3 —n/3<t(n,4)< %‘n3 + O(nz).

4. Discussion

In this paper we give an algorithm for searching monotone d-dimensional (d > 4) arrays A,, 4, which requires at most
d/d— Mnd=1 + 0mi-2) comparisons. For d = 4, it is optimal up to the lower order terms.

For d =5, let D(n,5) = {(i1, iz, i3, i4.i5) € [nPliy + iz + i3 + is + is = [3(n + D]} U {(i1, ia, i3, ig. i5) €
(nPli1 + is + i3 + is + i5 = L%(n + 1)] + 1}, then the best known lower bound on t(n, 5) can be shown to be
|D(n,5)| = %n“ + O(n?). However, applying the techniques in this paper, a %n“ + O(n?) search algorithm for
A, 5 has not been found (our algorithm requires %n“ + O(n®) comparisons in the worst case). It may be interesting to
tighten the bounds for d > 4.
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