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Quantum non-demolition measurement of single phonon state with nitrogen-vacancy
centers ensemble and superconducting qubit
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We propose a scheme to realize the quantum non-demolition single phonon detection and emission
based on the interaction between the NV ensemble and the superconducting flux qubit. The resonant
frequency of the flux qubit will change with the NVE absorbing a single phonon, then we can detect
the single phonon state through measuring the frequency shift of the flux qubit. The fidelity of the
absorbing process can reach a much high value. After the detection process, the NVE can emit
the absorbed phonon as we apply a driving pulse which is in reverse to the absorbing process. The
overlap between the input and the output phonon shapes can reach 98.57%. The scheme can be

realized under the realistic experimental condition.

PACS numbers: 63.20.kp, 63.20.dd, 03.67.Lx

I. INTRODUCTION

In quantum information processing, one of the key
challenges is how to realize effective coupling, or com-
munication, between distant qubits. Usually, the pho-
tons are used as flying qubits for quantum communi-
cations, or inducing effective coupling between distant
qubits. For example, in superconducting quantum circuit
systems, the microwave photon that is confined in trans-
mission lines cavity is used as quantum bus. Recently,
with the advances in the fabrication and manipulation of
the mechanical systems[1-4], an alternative way of using
phonon as quantum bus is widely studied [5]. The sur-
face acoustic wave (SAW) was successfully coupled with
superconducting qubits. The speed of SAW is 5 orders of
magnitude slower than the speed of light [6, 7]. There-
fore, the wavelength of SAW at GHz is also 5 orders of
magnitude smaller than the microwave light. In this way,
the single superconducting qubit addressing by SAW is
possible. There are many schemes which have been pro-
posed for researching and controlling the phonons, for ex-
ample, the phonon preparation [8-10], detection [8-14],
and realizing some functions by controlling and detect-
ing the phonons [15, 16] in various systems. In order to
further develop the phonon based quantum information
processing, powerful and efficient phonon detectors are
needed. The ultimate goal is to realize quantum non-
demolition(QND) measurement on single phonon state.
We proposed a scheme to realize the QND measurement
of the phonon number states with the NV centers ensem-
ble and the superconducting qubit.

The nitrogen-vacancy (NV) center, which consists a
substitutional nitrogen atom and adjacent vacancy in di-
amond, is one of the most promising system for solid-
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state quantum information processing. NV centers can
be microwave controlled with long coherence time even
at room temperature. The diamond lattice vibration will
generate phonons, which can be tightly coupled with the
NV center ensemble (NVE) [17, 18] and be cooled by the
NVE [19]. However, the phonon number QND measure-
ment hasn’t been realized in the NVE system.

The hybrid system that the NVE couples to the super-
conducting flux qubit can in principle be used for phonon
number detection and single phonon emission. The cou-
pling strength between the NVE and the superconducting
circuit can reach a strong regime [20-28]. In Ref. [? ],
in order to generate the entanglemnt between two NVEs,
they coupled with a big superconducting gap-tunable flux
qubit. In the hybrid system model, the frequency split-
ting between two of the NV center’s energy levels has
been adjusted to be equal to the resonant frequency of
the flux qubit.

In this work, we revisit the model and modified some
details as required which is shown in Fig. 1a. Here we in-
clude the coupling between the mechanical mode and the
NVE. In order to reduce the disturbance to the phonon
state, the superconducting flux qubit is suspended on
the top of the diamond which are very close to but not in
touch with each other. The energy levels in the NV cen-
ters can be adjusted by the magnetic field intensity which
acts on the diamond according to our demands. The
coupling strength between the NVE and superconduct-
ing flux qubit can be enhanced by a factor VN through
the collective excitation, which can reach the stronge cou-
pling regime, as well as the coupling between the NVE
and the single phonon. The single phonon can be ab-
sorbed by the NVE, which will induce the resonance fre-
quency shift of the superconducting flux qubit. Then we
can measure the single phonon state through probing the
frequency shift of the superconducting flux qubit.

The inverse process of the single phonon detection is
a emission process. The emitted phonon shape can be
controlled by regulating the driving pulse acting on the
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NVE. The similarity between the emitted and the ab-
sorbed single phonon can reach 98.57% if we inverse the
driving pulse when emitting compared with the absorb-
ing process. If the single phonon state is in quantum
state before absorbing, the size and shape of the phonon
will not be changed when emitting, this process is a quan-
tum non-demolition (QND) measurement process, which
realizes an ideal projective measurement that leaves the
system in an eigenstate of the phonon number [30-33].

II. MODEL

As schematically shown in Fig. 1(a), we consider a
diamond NVE fixed under a superconducting flux qubit
which consists of four josephson junctions. The flux qubit
and NVE are coupled to each other for the detection of
the state of the NVE, which are initially tuned to be
uncoupled.

With a zero magnetic field, the spin-triplet ground
state of the NV center splits into two energy levels,
Ms; = 0 and the nearly degenerate sublevels M; = +1
[34]. We apply an external magnetic field B.,; along
the crystalline direction [100] of the NV center [35] to
split the degenerate sublevels My = =+1, which results
in a three-level system denoted by [0) = |24, M, = 0),
| —1) =]PA, My = —1), | +1) = A, My = +1), respec-
tively. The schematic diagram of the NV center energy
structure is shown in Fig. 1(b).
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FIG. 1. (a) A schematic diagram of the phonon number de-
tection system, which consists a diamond NVE and a super-
conducting flux qubit. (b) The electron energy structure of
the NV center electron spin. € is the Rabi frequency of the
microwave drive. a,, is the phonon mode. b is the supercon-
ducting resonator mode. « is the NVE decay rate.

The NV centers exist in a diamond crystal and they
can sense the lattice vibrations. If there is a phonon
produced in the lattice, the NV center can absorb it when
the mechanical frequency and the energy splitting of the
NV centers are matched [36, 37]. For this system, the
phonon mode a,, with the frequency w,, couples to the
NV centers with transition of | — 1) to |+ 1). A classical
microwave field € (t) = £(t) e~ 01! drives the transition
| + 1) to |0) with a Rabi oscillation frequency Q () (wo1
is the frequency splitting between the levels |0) and | +
1)). The Rabi frequency 2 (t) can be written as Q (t) =

Qoo (t). Within a good approximation, we assume that
€ (t) increase gradually from zero with £ (0) ~ 0 to a finite
strength. we have « (t) o< €(t), then we can get Q (t) =
QUE (t), which implies that the shape of the amplitude
of the classical driving microwave field totally decide the
Raby frequency.

Neglecting the dissipation of the NVE system, the
Hamiltonian of the NVE system including the coupling
between the mode a,, and the output can be written as
(setting i = 1) [38, 39]

N
H :Z Gon (| + 1)i{=1]am + | — 1)i(+1|al)

N
+ 20 570y, (1) 4+ + 1).00)
i=1

+Awe
+i\/n/27r/

dwlal e(w) — ame’ (w)]
+Awe

+Awe
—|—/ dwlwe’ (w)e(w)). (1)

+Awe

Where G,, is the coupling rate for single NV center
and the phonon, which is typically small. e(w) denotes
the one-dimentional phonon modes which are free in the
diamond and couple to the phonon mode a,,,. We need to
consider the free propagating modes within a finite band-
width [we — Awe, we + Awe] that couple to the NV mode
with the carrier frequency w.. Within this bandwidth,
the coupling between e (w) and the NV is a constant ap-
proximately, and we denoted by +/k/27 for convenience.
k is the effective decay rate.

To obtain the relationship between the driving pulse
shape and the output phonon pulse shape, we first look
at a simple picture by neglecting the dissipation of the
NVE system and the coupling of the mode a,, to the
output. Initially, we can cool the NVE to the ground
state |0), and drive a 7 pulse between the state |0) and
| — 1) and then the NVE is in | — 1)®". We assume that
the phonon mode frequency w,, equals to w, (w, is the
frequency splitting between the levels |—1) and |+1)). In
the rotating frame, the Hamiltonian of the NVE system
is

N
H :Z G (| + 1)i(=1|am + | = 1)i(+1]af,)
Qt), o
+ ([0)(+1] + [ + 1)(0]). (2)

2
i=1

We map the operator | + 1);(—1| to the bosonic op-
erator. /Na' = Zf\;1| + 1)i(=1|, ataln)s1 = n|n)iq
means there are n NVs that are in the state | + 1), and
then the Hamiltonian can be written as follow, where
gm = \/NGm

We map the operators | + 1);(—1] and |0);(+1] to the
bosonic operators. v Naf = Zi\il |[+1);(—1], a’aln) ;1 =



n|n)41 means there are n NVs that are in the state |+1),
VNd = Zil |0);(+1], d'd|n)o = n|n)o means there are
n NVs that are in the state |0), and then the Hamiltonian
can be written as follow, where g,,, = VNG, and Q(t) =
VNQ(t).

Q(t
H' = gn(a'a,, +aal) + #(dJr +d). (3)
In the Dbases of |N)_1]/0)41]0)0|1)m, [N —
1)111)41[0)0[0)m, [N = 1)-1|0)41[1)0|0)m, where

the state |p)_1|q¢)+1]r)o|$)m represents that the numbers
of the NVs which are in the states | — 1), | + 1), and |0)
are p, ¢ and r respectively, and the number of phonons
in the diamond is s. The Hamiltonian can be written as
a matrix as follow in the three bases,

0 gn O
H =g, 0 %} (4)
0o &g

This Hamiltonian has the well-known dark state |D)
with the form |D) = ——28/2 N} _110)1]0)0|1)m +

g2, +[Q(t)/2)?
= %fl[g(t)_/2]2| — 1)-1|0)4+1]|1)0|0);,. The dark state

means, the state will remain on the state | D), if the driv-
ing pulse (¢) and the coupling strength satisfy the rela-
Q) /2 gm .
92, +1Q(t)/2)? 92, +10(t)/2)?
We analyze the effects of non-zero dissipation in section
IV when calculating the phonon detecting efficiency and
the overlap of the absorbing and emitting a single phonon
with the real lossy system.

tionship cosf = and sinf =

III. INTERACTION BETWEEN THE NVE AND
THE PHONON

To obtain the relationship of the pulse shape be-
tween the driving and the phonon, we first consider the
emitting process from state [N — 1)_1|0)41|1)0|0)s, to
INY_1]0)4+1]0)0|1)s, under idea conditions. The Hamilto-
nian of the system can be written as

Q(t
H=g, (aTam + aajn) + #(dT +d)

+z'\/%/

—Aw,e

+Awe
dw [aine (w) — ame’ (w)]

+Awe
w weT w)e(w)| .
el @)ew) ©)

Assume that, at the time ¢ = 0, the Raby fre-
quency Q(t) = 0, the NVE system are in the state
IN — 1)_1|0)4+1|1)0|0)s, after applying a classical driv-
ing pulse ¢ (¢), the Rabi frequency, which is proportional

to the intensity of the driving pulse, changes slowly and
is within the adiabatic approximation. Then we can ex-
pend the state |¥) of the whole system into the following
form [38]

(W) = ca|D) @ |o) + |N)-110)41]0)0|0)m © [¢1), (6)

where |¢g) denotes the vacuum state of mode e (w) in the
diamond, and

+Awe
161) = / duwe,et () do), (7)

—Awe

represents the single phonon output state. Initially,
cg =1, ¢, = 0and Q(0) = 0. Within the adiabatic
approximation, we would like to calculate the time evo-
lution of the whole NVE system state |¥) by substituting
it into the schrodinger equation i0;|¥) = H|W¥). The co-
efficients ¢4 and ¢, can be get, which satisfy the following
evolution equations:

+Awe
Cq = (—\/Ii/27TCOS€) / Codw, (8)
—Aw,e
Co = —iwcey, + \/K/2meq cosb. (9)

We can get the solution of ¢, as follow

ey (t) = \/fi/27r/o e" @ty (1) cos O (1) dr, (10)

substituting the solution into the equation of ¢4, leads to

rcosf [T sin[dw (t —7)]
™ /0 (t—1)

The bandwidth dw satisfies dwT > 1, where the oper-
ation time 7' characterizes the time scale for a significant
change of ¢4 and sin 6, so the above function satisfies a ¢
function

Cq = —

¢q (1) cosO (1) dr(11)

then we can obtain
Cq = —gcd (t) cos? 0, (13)

The solution of ¢4 and ¢, are

cqg = efgfot cosze(r)df, (14)

t
Co (t) — \/m/ efiw(tff)efg j[f cos? o(r)dr
0

-cosf (1) dr. (15)



The single-phonon pulse shape f (¢) can be obtained
by the Fourier transformation

+Awe ol )
dwe,, (T) e~ =T (16)
V /Awe
ki cos (t) e~ 5 Jo cos”6(r)dr (17)

If the Rabi frequency € (t), which is proportional to
the strength of the driving pulse, satisfies the function as
Q(t) = 2g,m exp [FL (t — %) /2}7 the output phonon shape
will be symmetric. We can figure out the output phonon
shape function as

VEy/1+exp (—2F)

f(t):exp[_ﬁ(t_%)/ﬂ—i—exp[ (¢ —%)/2}

(18)

the results is shown in Fig. 3 for /27 = 1.6 x 10°, T' =
2—'3. We assume that, in the absorption process, we know
the phonon shape in advance, such as the shape in Fig.
2. As the absorption process is the time reversal of the
emission process, and the phonon shape is symmetrical
in the time domain, if we reverse the temporal driving
pulse shape on NV centers in the absorbing process, the
phonon can be completely absorbed by the NVE [40]. If
the phonon shape is not symmetrical in the time domain,
it can also be completely absorbed as long as it is reversed
simultaneously with the driving pulse.

1000

0 0.5 1

t(s)

FIG. 2. The situation of the symmetric output phonon shape.
The red line is the driving pulse shape applying to the NVE,
and the black line represents the pulse shape of the output
phonon.

IV. QND SINGLE PHONON STATE
DETECTION

As schematically shown in Fig. 1, we consider a di-
amond NVE couples to a superconducting flux qubit,
which consists of four Josephson junctions. The gap
frequency of the flux qubit can be tuned by the mag-
netic field applied to it [29]. So we can tune the gap
frequency to be equal to w., which is the NV center fre-
quency splitting between the levels |0) and | — 1). Using
the Holstein-Primakoff (HP) transformation and map-
ing the operators to the bosonic operators as follows:
VNbt = vazl |0);(—1|, where the operators b and bf
obey the standard bosonic commutator [b, bw =1. We
assume that, initially, the NV centers are all in the state
| — 1), after absorbing the phonons, there are a small
quantity of NV centers being in the state |0), the num-
ber of which is far less than the total number N.

Regulating the splitting frequency of the flux qubit and
the driving pulse frequency, in the rotating frame, we can
get the interaction Hamiltonian of the coupling system as

follows [29]
N
Eﬁ::\/zig(wb;>+ba+). (19)

Where N is the total number of the NV centers con-
tained in the NVE, o4 = %(01 +ioy), 0, and o, are
usual Pauli operators in the basis of flux eigenstate which
stand for the clockwise and counterclockwise persistent
current. (b'h) < N means the number of the NV cen-
ters which are in the state |0) after absorbing phonons is
far less than the total number of NVE which are in the
state | — 1). ¢ is the effective coupling strength between
the NVE and the flux qubit which depends on the Bohr
magneton, the ground state Lander factor of the NVE
and the magnetic field produced by the flux qubit.

Then, we may add a detuning A in this transition,
where Hy = AbTb. The total Hamiltonian Hyoy = Hy +
Hj, the effective Hamiltonian is

H@,:Amb+,ﬁgg@%;+hag, (20)

in the rotating wave approximation, the Hamiltonian be-

comes
N o At —iAt
H, = 59 (blo_e>" +boye ). (21)

When the interaction strength of ,/%g is far small
compared with the detuning A, we can calculate the
time averaged effective Hamiltonian as [41] Hepp =

bTb — KUJFU, From the Hamiltonian we can

see that the resonant frequency of the flux qubit will be



affected by the states of NVE, which means frequency
shift is proportional to the excitation number in state
|0). If there are n NV centers absorbing n phonons and
jumping from state | — 1) to state |0), the frequency shift
of the flux qubit is f, = —& Zzn When the value of
b'b changes from n to m, the frequency shift changes by
Afs = ]\27—22 (n —m), where |n —m| > 1. After absorb-
ing the phonons, we can measure the frequency shift of
the superconducting flux qubit, and then, give a driving
pulse which is inverse to the absorbing process in time do-
main, the phonons will be emitted. Since the absorbing
processes are reversible, and the emitting process here is
the inverse process, ideally, the emitting phonons have
the same waveform with the input ones in case of the
input phonons are single phonon or in Fock state. This
measurement is a QND measurement.

When |n —m| = 1, which is the minimum shift in the
measurement process, the change of the frequency shift
takes the minimum possible value as

Ng®

Afs=Sa (22)

We set g = 2m x 2kHz, N = 8 x 10*, A = 2r x 4M H z,
which is with in the reach of the experiment feasibility
[42], the frequency shift Af, = Y& — 27 x 40kHz =
251k H z. If the frequency shift is much sharper than the
line width of o, mode, we can resolve it clearly. Current
designs has reached that the line width of o, mode is
less than 25kH z [43]. Therefore, in principle, the single
excitation from state | — 1) to state |0) can be detected
distinctly.

V. EFFICIENCY WITH SYSTEM DISSIPATION

We have analysed the dynamical evolution and got
the relationship between the driving pulse shape and the
emitting phonon shape in ideal condition, however, there
are various losses in the real systems. If we consider the
dynamical evolution of the NVE system with the condi-
tional Hamiltonian which include the possible losses, the
whole conditional Hamiltonian has following form:

H.= —z—|N —1)-1[1)41(0)0/0),

iU = 1) 2[0)a[1ol0h — i 2
+gm (a'ap, + aal)) + ﬂ(dJf +d)
+Awe
\/m/27r/ dw [al,e (W) — ame' (w)]
Awe

+Awe
+/ dw [weT (w)e(w)]. (23)

—Awe

Where g is the dephasing rate in state |0), vy denotes
the spontaneous emission of state | + 1), and ~,, denotes
the phonon dissipation in the single NV evolution.

For numerical simulations, we need to discretize the
field e (w) by introducing a finite but small frequency
interval dw between two adjacent mode frequency. Then
the number of the total modes we have is n = % +1,
the frequency of the jth mode w; which is denoted by e;
is given by w; = (j — "TH) dw. The Hamiltonian can be
transformed to the form:

H.= —z—|N —1)1[1)4110)0]0)

—iIN = 1)-1[0)41[1)0]0)n — i"ab
Q(t
+9m (aTam + aain) + L(dT +d)

+iKke Z \/_ [ m€j — ameﬂ

+ ; (wibwele;) (24)

where k. = /kdw/27. Similarly, we can expand the
state |¥) of the NVE system with the phonon pulse state

replace by |¢1) = >0, 5wbje;|vac>, which is
|¥ > = (c1|N)-110)+1]0)0[1)m + c2| N = 1) —1]1) +1]0)0]0)
+e3|N —1)-1]0) 11[1)0[0)m) @ |d0o)

+IN)-110)4110)0[0)m © [1)- (25)

Substituting |¥) into the schrodinger equation

10:|¥) = H|¥), we can get
él = —77m01 — ingQ + Ke Zgj, (26)

Jj=1
Q(t
¢y = —%02 —igmer — i 2( )03, (27)
Q(t

€3 = — 720 €3 —1 2()02, (28)
i)j = —ReC1 — igjwj, (29)
where Ej = Vwb;. We assume that, initially, there is

a single phonon state in the diamond, which shape is
shown as Fig. 2, and all of the NV centers are in the state
| — >whlchmeanscl—02—03—0 S b |* # 0. If we
would like to absorb the phonon effectively, the driving
pulse Q' (¢) should be the time reversal of Q () in Fig.
2, which is Q' () = g exp [k (—t+Z) /2], where T =
20/k. The shape control of the driving microwave pulse
can be easily achieved by modulating an arbitrary wave
generator. We set vo/2m = 0.16kH z, v, /27 = 0.16kH z
[44], v /27 = 0.16kHz [17, 45], g,n/27 = 0.96MH z,
and /27 = 0.32M H z. The numerical simulation results



of absorbing process is shown in Fig. 3a with the black
lines. Under the condition of strong coupling between the
NVE and the phonon, the process is quasi-adiabatic, the
value of ¢y is distinctly smaller than ¢; and c3. The first
half is the process that the free single phonon entering
the strong coupling area with the NVE plays a leading
role, and the later half is predominantly the absorbing
process. at time ¢ = T, the fidelity between the actual
state and the ideal state is 99.38%. As the dissipations
increase, the fidelity decreases obviously which is also
shown in Fig. 3a with the blue lines. The red lines in
Fig. 3a implies that, it will also reduce the fidelity of the
state if the coupling strength and the effective decay rate
% do not satisfy the adiabatic condition.

After absorbing the single phonon, we can apply a driv-
ing pulse Q(t) on the NVE, the phonon we have just
absorbed will then be emitted. The comparison of the
input and output phonon pulse shape is shown in Fig.
3b with the k = 0.32M Hz. The black line is the input
phonon shape, the red, blue and green ones are the out-
put phonon shape with g¢,,/2m = 0.96 M Hz, 0.64M H z
and 0.32M H z respectively. we can see that, the more
stronger the coupling is, the more overlap it has between
the input and output single phonon shape. When the
coupling strength ¢,,, /27 = 0.96 M Hz, the overlap can
reach 98.57%. In the first step, the NVE absorbs one
phonon from the diamond or not. And then, we can
detecting wether the single phonon state was absorbed
through the frequency shift of the coupled superconduct-
ing flux qubit. Finally, the NVE can emit the phonon
with nearly the same shape compared with the absorbed
one. In this process, the single phonon state has been
measured without changing the phonon shape, which is
a true QND measurement. The process of emitting can
act as a single phonon source. The whole courses includ-
ing absorbing, detecting and emitting a single phonon
can also serve as a single phonon memory.

VI. CONCLUSION

We have proposed a scheme to realize the QND single
phonon state detecting and emitting based on the inter-
action between the NVE and the superconducting flux
qubit. By analyze the dynamical evolution of the real
system, we are able to calculate the fidelity of the ab-
sorbing process and the overlap between the input and
output phonon number state, both of which can reach a
very high value. The emitting process can act as a single
phonon source and the whole courses including absorb-
ing, detecting and emitting a single phonon can also serve
as a single phonon memory. In future, the similar method
may also be used to realize the QND measurement for ar-
bitrary Fock states of phonons.
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FIG. 3. The numerical simulation results. (a) is the absorbing
process. The black lines represents the process with ~o /27 =
0.16kHz, v1/2m = 0.16kHz, ym /27 = 0.16kHz, gm/2m =
0.96MHz, and k/2m = 0.32M Hz. The blue lines show the
process with vo/27 = 1.6kHz, v1/2m = 1.6kHz, vm /27 =
1.6kHz, gm /27 = 0.96 M Hz, and k/2m = 0.32M Hz. The red
ones denote the process with ~o/2rm = 0.16kHz, v1/2m =
0.16kHz, vm/2n = 0.16kHz, gm/27 = 1.92MHz, and
k/2m = 0.64MHz. (b) is the emitting process, where the
black line represents the input phonon shape, and the red,
blue and green lines represent the output phonon shapes when
the coupling strength are at gm/2m = 0.96M Hz,0.64M H z
and 0.32M Hz respectively with the same value of kK =
0.32M H z. The overlap between the input pulse and the out-
put pulse are 98.57%, 98.32% and 94.38% for the red, blue
and green lines respectively.
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