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Abstract Optically levitated nano-particle with spins is a promising system for high-precision measurement and
quantum information processing. We theoretically analyze the ratio between the fluctuation of particle’s displacement
caused by spins in magnetic field and caused by molecular collisions of the residual air. When the ratio is larger than
unity, the displacement fluctuation of spins flipping can be remarkably detected. By theoretical analysis and numerical
simulation, we propose and validate a scheme for the detection of gradient of the magnetic field by levitating ferromagnetic
nano-particle, and also put forward a realizable detection scheme of the single spin by levitating nano-diamond particle
with single nitrogen-vacancy(NV) centers.
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1 Introduction
The pioneering work of Ashkin and co-workers in
1970s[1−3] has stimulated the investigations of the optical trapping of dielectric objects. Since then, the optical tweezers give rise to enormous research progress
in biophysics,[1,4−5] colloidal sciences,[6] micro-ﬂuidic
dynamics.[7] When the system is in high vaccum, the optically levitated particle can make quality factor potenitially reach 1012[8−11] and has high position measurement sensitivity due to the untethered feature of this
system.[8,12] Therefore it is a promising system for the
ground state cooling of the mechanical oscillator[13] and
the preparation of the macroscopic quantum state[8,14]
and other remarkable investigations.[10,12,15−19] Diﬀerent
material and diﬀerent scale particle levitated by optical tweezers (OT)[9−10,12] can be applied for searching
of non-Newtonian gravity,[20] the detection of gravitational wave[21] and the torsional mode by nonspherical
particle.[22−23]
The position measurement of the microparticle
trapped by OT has many technologies, for example, total internal reﬂection microscopy, dynamic light-scattering
(DLS)[24] and diﬀusing wave spectroscopy (DWS).[25−26]
Total internal reﬂection microscopy can achieve 1 nm spatial resolution and up to 1 µs temporal resolution.[27] Furthermore, DLS and DWS can have a spatial resolution
of sub-nanometers and a temporal resolution on the order of nanoseconds.[26,28−29] However, these techniques
∗ Supported

can only get ensemble averaged results using these techniques, thus, they cannot be used to measure the instantaneous velocity of a single microscopic particle.[30] For
better spatial and temporal resolution, balanced beam
detection is brought up and became the standard tool
to measure positions of microscopic particles for more
and more researches.[31−32] By improving this technology, the spatial resolution and temporal resolution respectively achieve 0.03 nm and 0.01 µs,[33] and it prompts
the direct observations that the instantaneous velocity of
microparticle[12,16] and the full transition from ballistic
regime to diﬀusive Brownian motion[12,16,34] in air or liquid. This technology is very helpful to the detection of
the single spin and the gradient of the magnetic ﬁeld.
Because of the reconﬁguration of the OT system, the
particle with the single spins trapped by OT is used for the
spin-optomechanical hybrid system for investigation.[9] In
the usual case, the negatively charged nitrogen-vacancy
center (NV− ) in diamond is a stable source of single spin or spin ensembles and it has stimulated substantial interest in quantum metrology,[35−36] quantum
information,[37−38] the fundamental principle of quantum mechanics[39−40] and nanoscale sensing.[41−42] It displays a long ground-state spin coherence lifetime at room
temperature[43] and can be considered as a stable optically
accessible qubit in bulk diamond,[44] and has been leveraged to spin reading and writing to nuclei.[45] Nowadays,
nanodiamond trapped with ensembles NV center[46] or
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single defect[47] by OT be used to the detection of the biological magnetic sensing.[48−49] Compared to diamonds,
the ferromagnetic material is also a good spin source,
which has high spin density, for example, the spin density
of yttrium-iron-garnet (YIG) is (2×1022 cm−3 )[50−51] and
is also suitable for the application of the experiment of superconductor quantum bit because its magnetic ordering
(Curie) temperature is as high as 559 K.[52]
By utilizing progressive detective technologies of displacement and spin-optomechanical hybrid system, we
have proposed a scheme for detecting the single spin and
the gradient of magnetic ﬁeld. In this spin-mechanics hybrid system, a ferromagnatic nano-particle or nanodiamond is trapped by OT, and the collision between the
residual air molecules and nano-particle results in the
Brownian motion of particle.[16] The temperature and the
pressure of the residual air aﬀect the displacement of the
particle trapped by OT. At the same time, the spin loading in the nanoparticle also prompts particle to move in
the magnetic ﬁeld gradient. In general, the displacement
ﬂuctuation of the particle caused by spin ﬂipping in the
magnetic ﬁeld is overwhelmed caused by molecular collision of the residual air, therefore the eﬀect of the spin
is not detected. In order to extract the position signal
caused by spin ﬂipping, lowing temperature, increment
of the gradient of magnetic ﬁeld, and spin number are
promising methods. Based on these method, the displacement ﬂuctuation ratio caused by spin ﬂipping and environments is introduced. Combining the theoretical analysis
and the numerically simulation, the displacement ﬂuctuation caused by spin ﬂipping plays a leading role to the environments when the ratio is larger than unity. Therefore,
the gradient of magnetic ﬁeld single spin can be detected
by this spin-optomechanics hybrid system.
This paper is organized as follows. In Sec. 2, we introduce the model of this system and deduced the ratio
of the particle’s displacement ﬂuctuation caused by spins
ﬂipping in the magnetic ﬁeld gradient and caused by collision between the particle and the residual air molecules.
In Sec. 3, we present the measurement scheme of the gradient of the magnetic ﬁeld by utilizing YIG nanoparticle
trapped by optical tweezers and veriﬁed by numerical simulation and theoretical analysis. In Sec. 4, the single spin
detection can be realised based on the nanodiamond with
NV center trapped by OT and we describe the methods of
promoting the displacement ﬂuctuation ratio of the particle caused by spin ﬂipping and collision between nanoparticle and residual air. The conclusion is presented the last
section in this paper.

2 Model
An optically trapped nanoparticle in non-perfect vacuum will exhibit Brownian motion due to collisions between the nanoparticle and residual air molecules in their
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three decoupled translational spatial dimensions.[22] When
the spins are loaded into the nanoparticle as shown in
Fig. 1, according to the Newton’s law, the equation of motion for the optically trapped micro-sphere without feedback cooling in x direction is[17]
k
Ftot
γ
,
(1)
ẍ(t) + ẋ(t) + x(t) =
m
m
m
where we can use the mass m of particle and the stiﬀness factor k due to optical
√trap to deﬁne the particle’s
oscillating frequency Ω0 = k/m without no damping.

Fig. 1 A nanoparticle loaded spins is trapped by lasers
and controlled by magnetic ﬁeld B. The particle stochastically moves in the focal plane, and the direction of magnetic ﬁled is along x direction.

In the experiment, the nanoparticle can be trapped by
the strongly foused beam. We can adjust the trapping
laser power Pt , the wave length of laser λ and the numerical aperture of the lens N A for trapping nanoparticle. In this paper, Pt = 0.1 W, λ = 1064 nm,
and N A = 0.8, so
√ we can get the oscillating frequency
Ω0 = (πN A2 /λ2 ) 12πPt /ρc((n2 − 1)/(n2 + 2))[17,53] for
diﬀerent material nanoparticles, where c is the light velocity and n is the refractive index of particle. For the
damping system, the Stokes friction coeﬃcient due to air
molecules is γ, and Ftot = Fmol + Fspin ,[50,54] Fmol =
√
ξ(t) 2KB T γ is the Brownian stochastic force due to residual air molecules. For convenience, we can set
√
Fmol
2KB T γ
Amol (t) =
=
ξ(t) ,
(2)
m
√ m
Fspin
N gmJ µB GB
Aspin (t) =
=
Sz (t) ,
(3)
m
m
where ξ(t) is a normalized white-noise process, N is the
number of spin in nano-particle, g and mJ are respectively the electron’s Lande g-factor and magnetic quantum number. µB is Bohr magneton, GB is the gradient of
the magnetic ﬁeld and the direction of GB is parallel to
the direciton of B, and Sz is the spin loaded in the particle, every spin has two state, up and down. In our paper,
we set the up state of spin is 1 and the down state is −1,
every spin can be aﬀected by the temperature of the particle, the interaction of spins and other reasons so that the
random ﬂipping. Therefore, the relaxation time of spin
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can be introduced for describing the random process of
the spin ﬂipping as follow
⟨Sz (t)⟩ = 0,

′

⟨Sz (t)Sz (t′ )⟩ = e −|t−t |/τc ,

The solution of Eq. (1) is:
(
)
u0
x(t) = e −(Γ/2)t x0 cos(Ωt) +
sin(Ωt)
Ω
∫ t
sin[Ω(t − s)]
+
A(s) e −(Γ/2)(t−s) ds , (6)
Ω
a
where√the cyclic frequency of the damped oscillator is
Ω = Ω20 − Γ2 /4 and Γ = γ/m, and Γ depends on temperature and the air pressure of the residual air in the
high vacuum from A1. It is obviously that ⟨x(t)⟩ = 0,
δx(t) = x(t) − ⟨x(t)⟩, so
∫
1 t sin[Ω(t − s)]
A(s) e −(Γ/2)(t−s) ds ,
δx =
Ω a
Ω
and ⟨δx⟩ ≡ 0 in the long-time condition. The correlation
function of displacement ⟨x(t)x(t + τ )⟩ can be given as
follow:

(4)

where τc is relaxation time. Hence at diﬀerent times t and
t′ , the correlation function of acceleration, Amol (t) and
Aspin (t), as follow:
⟨Amol (t)Amol (t′ )⟩ = A2mol δ(t − t′ ) ,
′

⟨Aspin (t)Aspin (t′ )⟩ = A2spin e −|t−t |/τc ,
⟨Amol (t)Aspin (t′ )⟩ = 0 ,

(5)

where the amplitude of acceleration caused by molecules
√
and spins are Amol =
2KB T γ/m and Aspin =
√
N gmJ µB GB /m[55] respectively.
1 ⟨
Ω2

∫ t∫

(
)
(
)
sin Ω(t − t′ ) sin Ω(t + τ − t′′ )
0
0
⟩
−Γ(2t+τ −t′ −t′′ )/2
′
′′
×e
A(t )A(t )dt′ dt′′ ,

⟨x(t)x(t + τ )⟩ = ⟨δx(t)δx(t + τ )⟩ =

99

t+τ

(7)

where τ is time interval. When τ approaches zero, this correlation function of displacement presents the variance of
displacement.
In Eqs. (6) and (7), A(t) is acceleration resulting from the force of molecules and spins, so the correlation function
of displacement ⟨x(t)x(t + τ )⟩ can be decomposed into two parts,
⟨x(t)x(t + τ )⟩ = Imol + Ispin ,
where
Imol/spin =

1
Ω2
×e

∫ t∫

t+τ

(8)

(
)
(
)
sin Ω(t − t′ ) sin Ω(t + τ − t′′ )

0
0
−Γ(2t+τ −t′ −t′′ )/2

⟨Amol/spin (t′ )Amol/spin (t′′ )⟩dt′ dt′′ .

(9)

According Eq. (9), Imol/spin is represented the displacement correlation caused by molecular collision of residual air or
by spin ﬂipping in magnetic ﬁeld. At ﬁrst, we give the displacements correlation of Imol ,
A2mol Ω[2Ω cos(Ωτ ) + Γ sin(Ωτ )] −Γτ /2
e
= Imol cos(Ωτ + ϕmol ) e −Γτ /2 ,
Ω2
Γ3 + 4Ω2 Γ
( Γ/2 )
KB T Ω0
=
and
ϕ
=
arctan
,
mΩ20 Ω
Ω

Imol (τ ) =
Imol

(10)

when τ is very short,
Imol (τ → 0) =

A2mol
KB T
=
,
2
(2ΓΩ0 )
mΩ20

(11)

the variance of the displacement only depends on the temperature for the trapped nanoparticle.
On the other hand, for the displacement correlation function caused by spin ﬂipping, Ispin is given
]
[ Γ √(Ω2 + Γ2 )2 − Γ2 Γ2
c
c
c
0
sin(Ωτ + ϕspin ) e −Γτ /2 + e −Γc τ ,
Ispin (τ ) = I0
ΓΩ0 Ω
from computation Eq. (9), where
( √N gm µ G )2
1
J B B
I0 =
,
m
(Γ2c + Ω20 )2 − Γ2 Γ2c
( 2Ω(Γ2 − Ω2 − Γ2 ) )
c
0
.
ϕspin = arctan
Γ(Γ2 − 3Ω20 − Γ2c )
For investigating the variance of the displacement caused

(12)

by spin ﬂipping, we set τ → 0, Ispin is simpliﬁed to
Ispin (τ → 0) =

τc (1 + Γτc )
ΓΩ20 (1 + Γτc + τc2 Ω20 )
( √N m gµ G )2
J
B B
.
×
m

(13)

For comparing displacements caused by molecular collision and spin ﬂipping, κ = Ispin /Imol is proposed as fol-
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low:
Ispin
N (mJ gµB GB )2
τc (1 + Γτc )
κ=
=
. (14)
Imol
KB T m
Γ(1 + Γτc + τc2 Ω20 )
The ratio κ of displacement correlation caused by spins
ﬂipping and by molecular collision determines which eﬀect
√
is the dominant role, and κ is the ratio of the displacement ﬂuctuation of the particle resulting from spin ﬂipping and molecular collision. When ratio is greater than
unity, the spins ﬂipping in magnetic ﬁeld prevail and the
signal of the particle’s displacement caused by spin ﬂipping can be detected, on the contrary, signal of the displacement caused by spin ﬂipping is covered up by molecular collision of residual air. From appendix A, Γ is relevant
to residual air pressure and temperature in this system.
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at the same time. Therefore the displacement ﬂuctuation
caused by spin ﬂipping in magnetic ﬁeld gradient should
be investigated anew.

3 Detection of the Magnetic Field Gradient
The increment of the spin number can enhance the spin
signal from Eq. (14), which is beneﬁcial for the detection of
the magnetic ﬁeld gradient. That is because the randomly
ﬂipping eﬀect of the spin can become strong after increasing the spin number. In this scheme, we take the YIG
nanoparticle for example and consider a YIG nanoparticle
trapped by OT and the spin can be aﬀected by magnetic
ﬁeld. Because of the ferromagnetism of the particle, we
can assume that the spins in YIG can be randomly ﬂipped
by the spin relaxation.
In the ﬁrst case, we take the 100 nm YIG nanoparticle
for example and there are 8.85×107 spins below the 273 K
in particle. These spins ﬂip collectively from one state to
another, therefore, the position of the nanoparticle moves
from one position to another. Figure 2 shows the ﬂipping
of the spin state and the displacement ﬂuctuation resulting
from molecular collision and spin ﬂipping. In this case, the
standard deviation of the particle’s displacement caused
by molecular collision of residual air (∆air ) is 0.40 nm
and GB = 10 kT/m. The standard deviation of the particle’s displacement caused by spin ﬂipping in magnetic
ﬁeld (∆B ) is 1.03 nm. κ1/2 is 2.58, the collective eﬀect of
the spin can be detective. From our simulation, the position of the particle changes synchronously with the spin
ﬂipping in Fig. 2(a). The inset of Fig. 2(a) shows the harmonic oscillation of the particle when the spins do not ﬂip.
In this simulation, the simulating time is 100 ms and simulating time-step is 1 µs. By numerically simulating, we
can obtain a series of sampling points, and every sampling
point corresponds diﬀerent displacement of nano-particle
at diﬀerent time. For any sampling point, we can get the
nano-particle’s displacement and count the number of occurrences of any displacement. Base on this result, we can
get the Fig. 2(b). In this case, we assume that all spins of
the nanoparticle ﬂip at the same time from the same state
to another. However, in the realistic case all the spins ensembles do not collectively ﬂip from one state to another

Fig. 2 (Color online) The spin of the YIG nanoparticle collectively randomly ﬂips and the position synchronously changes with spin state, and the position of
the YIG particle is statistically analysed. (a) shows the
every spin of YIG nanoparticle has the same property
of ﬂipping and the ﬂipping time is random, however, the
mean ﬂipping time is determined, 1 ms (blue curve). The
yellow curve corresponds to the changing of the position
of the particle. (b) The statistics of the position of the
particle and its ﬁtting. The radius of this YIG particle
is 100 nm and the temperature and the residual air pressure are respectively 10 mK and 10 Pa. The gradient of
magnetic ﬁeld is 104 T/m. The refractive index of YIG
is 2.2.

In the realistic case, the displacement ﬂuctuation
caused by molecular collision of residual air is not changed
for the determined environment, but the displacement
ﬂuctuation caused by spin ﬂipping in magnetic ﬁeld is relevant to the equivalent spin number in YIG. Every spin ﬂipping is random, therefore, the equivalent number of spin
up and spin down is random and less than 8.85×107 below
the 273 K. The eﬀect of displacement ﬂuctuation caused
by spin ﬂipping is so week that cannot be detected compared to previous case. In addition, the position distribution of particle can be detected as a Gaussian distribution and is not similar to two peaks distribution in Fig. 2.
For distinguishing the displacement ﬂuctuation caused by
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molecular collision and by spin ﬂipping, at ﬁrst, we can
theoretically and numerically compute the displacement
ﬂuctuation caused by the residual air molecular collision,
and then numerically compute the total displacement ﬂuctuation, at last, the displacement ﬂuctuation caused by
spin ﬂipping can be got from the diﬀerence between the
total displacement ﬂuctuation and the displacement ﬂuctuation caused by molecular collision. For increasing the
displacement ﬂuctuation caused by spin ﬂipping in magnetic ﬁeld, we can increase the gradient of the magnetic
ﬁeld, GB .
For the 100 nm YIG nanopartice, the state of the
spin ensembles are Fig. 3. This particle contains many
spins and every spin ﬂips randomly, therefore, the particle will randomly move in the focal plane. The oscillatory displacement of particle is determined by the
gradient of magnetic ﬁeld and the environments. When
the temperature and the residual air pressure are respectively 1 mK and 1000 Pa, ∆air and ∆B are respectively
0.18 nm and 2.0 nm by the statistical computation under
GB = 10 kT/m. These are depicted in Fig. 3.
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lision of residual air. The ﬂuctuation of the displacement
caused by residual air molecular is constant. However,
when the magnetic ﬁeld exists, the displacement of the
particle can be very larger than the thermal ﬂuctuation of
the particle. In this case, we can give the relation between
displacement ﬂuctuation of the particle and the gradient
of magnetic ﬁeld GB like Fig. 4. When GB is very small,
∆B is not much bigger than ∆air . However, when GB
increases to 104 T/m, ∆B and ∆air can be distinguished
signiﬁcantly. The larger gradient of the magnetic ﬁeld will
result in the bigger position ﬂuctuation. Considering the
determined environment, ∆air is not changed and we can
know that ∆B can be detected when GB ≥ 1 kT/m. There
are three styles line derived from simulation, ﬁtting and
analysis. From Eq. (14), the sensitivity to the gradient of
the magnetic ﬁeld is determined by
√
√
N (mJ gµB )
τc (1 + Γτc )
ηB =
.
(15)
mΩ0
Γ(1 + Γτc + τc2 Ω20 )
The sensitivity has positive correlation with the spin number. When a 100 nm YIG nanoparticle trapped by OT,
the position detective technology and statistical method
can give diﬀerent magnetic ﬁeld gradient, and the results
from numerical simulation and theoretical analysis can
match well. In Fig. 4, the ﬁtting result of sensitivity is
1.67 × 10−13 m/T (the dashed curve) and the analysis result is 1.95 × 10−13 m/T (the “+” symbol). They can
match better each other in a longer time statistics. The
inset ﬁgure(a) depicts that the displacement caused by
magnetic ﬁeld can be detected until GB ≥ 103 T/m, even
though the displacement caused by GB is smaller than the
displacement caused by residual airs.

Fig. 3 (Color online) The synchronously oscillation of
the nanoparticle with the ﬂipping of the spins ensemble.
The blue curve is the state ﬂipping of the spin ensembles
of the YIG nanoparitcle. The yellow curve shows the
changing of the position change of the particle. The inset is the oscillation of the particle in the short time. The
radius of this YIG particle is 100 nm and the temperature and the residual air pressure are respectively 1 mK
and 1 kPa. The gradient of magnetic ﬁeld is 104 T/m
and the refractive index of YIG is 2.2.

On the contrary, if we have statistically computed the
displacement ﬂuctuation caused by spin ﬂipping in the
magnetic ﬁeld, the gradient of the magnetic ﬁeld can be
got. Diﬀerent gradient of magnetic ﬁeld can stimulate different displacement ﬂuctuation, therefore, the correspondence between the displacement ﬂuctuation and the gradient of magnetic ﬁeld can be depicted. For this system,
when the magnetic ﬁeld does not exist, the particle’s displacement ﬂuctuation only results from the molecular col-

Fig. 4 The relationship between displacement ﬂuctuation of particle and the graident of the magnetic ﬁeld in
the environment of the temperature (1 mK) and the air
pressure (1 kPa). The inset (a) is the smaller gradient of
the magnetic ﬁeld and the inset (b) is the larger gradient
of the magnetic ﬁeld. The the circle, dashed line and ‘+′
line are respectively simulating results, ﬁtting results and
the analytical results. The refractive index of YIG is 2.2.
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4 The Detection of the Single Spin
A nanodiamond containing an NV center have one
spin, it also can be trapped by OT.[9] In the theoretical analysis, we can get the ratio of standard deviation
between xspin and xmol , the particle’s displacement can
be also simulated at the same time. The position of the
particle oscillates synchronously following the ﬂipping of
the spin in the NV center of the particle like Fig. 5(a).
The spin state ﬂips between state −1 and state 1, and
the particle synchronously oscillates in the region between
−10 nm and 10 nm.

Vol. 70

This represents the particle oscillates randomly between
two positions. The width of the position peak of particle results from the collision between the particle and the
residual air molecules. Figure 5(b) is the statistical and
ﬁtting results. In this case, ∆B and ∆air are respectively
3.44 nm and 2.38 nm, which match well with the theoretical results 3.49 nm and 2.25 nm from Eqs. (11) and
(13). It is easy to distinguish the displacement ﬂuctuation
caused by molecular collision and by single spin ﬂipping,
the single spin can be detected.
The statistical method shows two maximum counts
of detector about the position of the particle. These
maximums represent that the particle prefers staying the
greater probability positions to the other position. These
maximum positions are just caused by spin ﬂipping from
one state to another in the magnetic ﬁeld. At the same
time, if the spin stays in one state and the nanoparticle is
collided by the residual air, therefore, the nanoparticle has
the property of the Brownian motion near the maximum
position.
In the last example, the ratio κ1/2 is 1.5, although it
is enough for distinguishing the eﬀect between magnetic
ﬁeld and the residual air, we can get more signiﬁcant effect of the magnetic ﬁeld about the particle position by
adjusting other coeﬃcients. Hence, it is necessary to know
the property of κ about the trapping frequency (Ω0 ), the
relaxation time of spin (τc ) and so on.
In order to discuss the problem, we set :
(mJ gµB GB )2
,
(16)
KB T m
for Eq. (14). ϱ is independent of the coeﬃcients of the
trapping lasers which determines the trapping frequency,
Ω0 . Therefore, the investigation about the relationship
between κ and Ω0 is our ﬁrst subject.
ϱ=

Fig. 5 The synchronous oscillation of the nanoparticle with the ﬂipping of the single spin and the statistical
and ﬁtting results about the distribution of the particle’s position. (a) The blue curve is the spin state in the
nanoparitcle with NV center. The yellow curve shows
the changing of the position of the particle. The inset
is the oscillation of the particle in the short time. (b)
The statistical and ﬁtting results about the distribution
of the particle’s position. ∆B and ∆air are respectively
the displacement of the particle caused by the magnetic
ﬁeld and the residual air. The radius of this nanodiamond particle is 30 nm which contains only one spin,
and the temperature and the residual air pressure are respectively 1 mK and 0.5 Pa. The gradient of magnetic
ﬁeld is 106 T/m.

By utilizing the statistical and ﬁtting methods, we
can give the statistical property of the particle’s position
caused by molecular collision of residual air and the spin
ﬂipping of magnetic ﬁeld. In proper coeﬃcients, there
are two most probable positions of particle in the focal
plane, which can be detected by detector of the position.

4.1 Ω0 -dependence
From Eq. (14), κ is monotonous decreasing function
when increasing Ω0 , and ∂κ/∂Ω0 is as follow:
∂κ
2τc3 Ω0 (1 + Γτc )
= −ϱ
.
∂Ω0
Γ(1 + τc (Γ + τc Ω20 ))2

(17)

Equation (17) is eternity negative for Γ > 0 and τc > 0.
This presents κ decreasing with increasing of Ω0 for ﬁxed
τc .
Although κ declines with the trapping frequency Ω0 ,
diﬀerent relaxation time of spin also aﬀects the displacement of the particle caused by the gradient of the magnetic
√
ﬁeld. In order to compare ∆B with ∆air , κ is chosen in
√
Fig. 6. From this ﬁgure, κ is the decreasing function
with Ω0 which matches with Eq. (17). However, under
normal case, the trapping frequency must be larger than
80 kHz otherwise the particle would not be trapped for
the 30 nm radius of particle. Therefore, the inset of this
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ﬁgure shows the range of the trapping frequency 80 kHz
to 160 kHz. It is obvious that the longer the relaxation
time of spin is, the more signiﬁcant the displacement ﬂuctuation of spin ﬂipping in the magnetic ﬁeld gradient is.
√
Although κ is slightly more than 1, we can increase τc
in order to increase displacement ﬂuctuation caused by
spin ﬂipping by some method.[56−57] Nevertheless, when
√
the trapping frequency is larger, κ is not sensitive to τc .
This property can be veriﬁed by analysis of the relationship between κ and τc .

√
Fig. 6 The relation between κ and Ω0 about diﬀerent
τc . In this case, the radius of the nanodiamond particle
is R = 30 nm, the temperature is 1 mK, the residue air
pressure is P = 10 Pa. Diﬀerent curves represent diﬀer√
ent κ with diﬀerent τc . The units of inset is the same
with main ﬁgure.

4.2 τc -dependence
The relaxation time of spin can aﬀect the ratio between
Ispin and Imol as well. The derivative of κ with respect to
τc is
∂κ
(1 + Γτc )2 − τc2 Ω20
=ϱ
.
(18)
∂τc
Γ(1 + τc (Γ + τc Ω20 ))2
Equation (18) shows that κ has two critical points, τc0 =
−1/(Ω0 + Γ) and τc0 = 1/(Ω0 − Γ), which give some interesting characters for our investigation. In one case, when
the system is under-damping, Ω0 > Γ, and the space of
τc is divided into two range, i.e. τc ∈ (0, 1/(Ω0 − Γ)) and
τc ∈ (1/(Ω0 − Γ), +∞). They correspond to ∂κ/∂τc > 0
and ∂κ/∂τc < 0, respectively. In this case, κ increases
with the increment of τc until τc = 1/(Ω0 − Γ) and when
τc > 1/(Ω0 − Γ), κ will decrease.
In another case, when the system is over-damping,
Ω0 < Γ, κ increases with the increment of τc . The longer
the relaxation time of the spin is, the more obvious the
eﬀect of spin is. By analysis the second order derivative
of κ about τc ,
)
τc Ω20 (3 + 3Γτc + (Γ2 − Ω20 )τc2
∂2κ
∂2κ
=
−ϱ
,
<0
∂τc2
Γ(1 + Γτc + τc2 Ω20 )
∂τc2
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always stands up for the over-damping case. These two
case can be corresponded with Fig. 7. This ﬁgure intu√
itively shows that the relation between κ and τc . For the
under-damping case, Ω0 = 0.25Γ, this trapping frequency
is general case, Ω0 = 98 kHz. That is over-damping, κ
has a maximum value when τc is very short. Therefore
the relaxation time is not as longer as better. However,
√
for the under-damping case, κ increases with the increment of τc like the dashed line in Fig. 7, hence the larger
displacement of particle caused by magnetic ﬁeld can be
got by adjusting the relaxation of the spin.

√
Fig. 7 The relation between κ and τc about diﬀerent
Ω0 . In this case, the radius of the nanodiamond particle
is R = 30 nm, the temperature is 1 mK, the residue air
pressure is P = 10 Pa.

4.3 Environment Damping
In real system, environmental temperature and the
residual air pressure will aﬀect the damping coeﬃcient Γ
from Appendix A, and then aﬀect the ratio, κ. Therefore,
for convenience, we investigate straightforwardly the relationship between κ and Γ. ∂κ/∂Γ clearly shows that κ
decreases with the increment of the Γ as follow:
∂κ
τc (1 + Γτc )2 + τc3 Ω30
= −ϱ
.
(19)
∂Γ
Γ(1 + τc (Γ + τc Ω20 ))2
Because ∂κ/∂Γ is always negative for the arbitrary parameters. For getting more remarkable displacement of
the particle caused by spin ﬂipping, we can reduce the
temperature and the air pressure of the residual air. That
is because the reduction of the temperature is equivalent
to reduction of the ﬂuctuation of thermal displacement of
the particle and strengthening the eﬀect of the spin ﬂipping. The reduction of the air pressure will reduce the
friction of the particle with the residual air molecules, the
motion of the particle is more obvious. Although, the reducing residual air pressure can strength the signal of the
spin ﬂipping, the damping γrad resulting from the photon
shot noise will be primary and damping Γ from the interaction with residual air can be neglected at very low
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air pressure. In this case, we can introduce feedback cooling in order to solve this problem. Fortunately, ultrahigh
vacuum (P ∼ 10−8 mbar) is not strictly demanded in our
system, therefore, γrad is neglectly smaller than the damping Γ by computation from Ref. [11] so that shot noise is
unnecessarily considered.

ﬂuctuation resulting from spin ﬂipping, such as reducing
the trapping frequency, increasing the relaxation time of
the spin and reducing the temperature and residual air.
This spin-mechanics hybrid system with spin have provided a novel experiment platform for high sensitive measurement, macro-ground state cooling etc.

5 Conclusion

Appendix A: The Damping Factor in the High
Vacuum

In this paper, we have systematically investigated the
motion of the nano-particle loading spins trapped by the
optical tweezers in the high vacuum environment. Based
on this system, the theoretical analysis has been utilized
to study the displacement of the particle caused by molecular collision of the residual air and by spin ﬂipping under
the gradient of magnetic ﬁeld, as well as their ratio. This
theoretical analysis inspires a series of proposal about the
detection of the gradient of the magnetic ﬁeld and the
detection of the single spin. By utilizing theoretical analysis and the numerical simulation, we present and verify
the scheme of the detection of the gradient of the magnetic by trapping YIG nanoparticle. Similarly, this system also can be applied for detection of the single spin
by trapping the diamond nanoparticle with NV center.
By regulating the parameters, we can make the displacement ﬂuctuation of the particle caused by the spin ﬂipping in magnetic ﬁeld gradient more remarkable. At last,
we present the method about increasing the displacement
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