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Using the concept of non-degenerate Bell inequality, we show that quantum entanglement, the
critical resource for various quantum information processing tasks, can be quantified for any un-
known quantum states in a semi-device-independent manner, where the quantification is based on the
experimentally obtained probability distribution and beforehand knowledge on quantum dimension
only. Specifically, as an application of our approach on multi-level systems, we experimentally quan-
tify the entanglement of formation and the entanglement of distillation for qutrit-qutrit quantum
systems. In addition, to demonstrate our approach for multi-partite systems, we further quantify the
geometry measure of entanglement of three-qubit quantum systems. Our results supply a general
way to reliably quantify entanglement in multi-level and multi-partite systems, thus paving the way
to characterize many-body quantum systems by quantifying involved entanglement.

Introduction.—Quantum entanglement, the key re-
source for quantum communication [1] and quantum
key distribution [2–4], provides remarkable quantum ad-
vantage for quantum simulators and quantum comput-
ers over their classical counterparts [5, 6]. It also sup-
plies critical information about many-body physics, such
as the thermalization [7, 8], the many-body localiza-
tion [8, 9], and topological order [10–12]. Therefore,
efficiently quantifying entanglement is one of the main
tasks in quantum information and many-body quantum
physics.

Quantum entanglement witness [13] is widely used to
detect genuine entanglement of quantum systems. How-
ever, it is unsatisfactory for the following reasons: firstly,
certain accurate information about the target state is
needed [14], which prevents its application to unknown
states; secondly, from experimental aspect, the exact
knowledge on the measurement device needed by the
approach is impossible to obtain; lastly, but not least,
quantum entanglement witnesses usually only detect the
presence of entanglement, which is insufficient for many
applications such as classifying the topological phases in
many-body systems by entanglement [11, 12].

The device-independent (DI) method, initially in-
troduced in quantum key distribution [15] and self-
testing [16], can also be used to detect the entanglement
of a state, where the detection is based only on the corre-
sponding Bell-type correlations generated by locally mea-
suring the target state experimentally [17], and all the
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involved devices are regarded as black boxes (i.e. we do
not have to care about internal workings of the quantum
devices). As a result, this approach can overcome the
critical drawbacks of the entanglement witness method
mentioned above. In fact, the DI method has been
experimentally implemented to demonstrate dimension
witness [18, 19], Bell-inequality violation [20], random-
ness generation [21], and self-testing [22]. Furthermore,
measurement-DI [23, 24] and semi-DI schemes [25, 26],
where partial information on the target system is known
reliably, have also been extensively studied. For exam-
ple, semi-DI schemes assume that quantum dimension is
known reliably before characterizing the target unknown
quantum system.

In this paper, we experimentally demonstrate that the
semi-DI method can be utilized to efficiently quantify en-
tanglement in multi-level and many-body quantum sys-
tems. Particularly, since the foundation of our method
is Bell-type correlations, whose size is not determined
by quantum dimension directly, the number of quantum
measurements needed is very modest, implying that our
method is very efficient.

More specifically, with the help of the Collins-Gisin-
Linden-Masser-Popescu (CGLMP) inequality [27], we
quantify the entanglement of formation and the entan-
glement of distillation in qutrit-qutrit systems based only
on the experimentally obtained probability distribution,
demonstrating our approach on multi-level systems. In
addition, as a demonstration of multi-partite entangle-
ment quantification, we further quantify the geometric
measure of entanglement in 3-qubit systems by exam-
ining experimentally obtained probability distributions
with the Mermin-Ardehali-Belinskii-Klyshko (MABK)
inequality [28–30]. We would like to stress that our
method is general for multi-level and many-body sys-
tems, thus paves the way to study many-body physics
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through efficiently quantifying its entanglement.
Overview of the theory.—Suppose ρ is an n-partite

quantum state, for each set of local measurements ~x ≡
(x1, x2, ..., xn) (xi ∈ Xi, i = 1, 2, ..., n and Xi is the set
of von Neumann measurements on the i-th party) mea-
sured on each partite, their outcomes are denoted as
~a ≡ (a1, a2, ..., an) (ai ∈ Ai and Ai is the set of the
possible outcomes of the measurement xi). These local
measurements generate a quantum correlation expressed

as the probability distribution p(~a|~x) = Tr((
n⊗
i=1

Mai
xi

)ρ)

where Mai
xi

is the measurement operator with outcome
ai for the measurement xi performed on the i-th party.
For convenience, we denote the combination of these lo-
cal measurements as {M~x}. The probability distribution
p(~a|~x) can be directly obtained in experiment and can be
used to detect nonlocality. Here, we further use them to
quantify the entanglement of unknown quantum states
of known dimension, that is, in a semi-DI fashion.

To quantify entanglement of a multi-partite quantum
state, a general measure is needed and we choose the
geometric measure of entanglement (GME) [31, 32]. The
GME of a general quantum state ρ is defined by convex
roof construction as:

EG(ρ) ≡ 1− max
ρ=

∑
i pi|ψi〉〈ψi|

∑
i

pi sup
|φi〉∈sepn

|〈ψi|φi〉|2,

where sepn is the set of n-partite product pure states.
To obtain the GME from p(~a|~x), we need information

about two fundamental quantities: the maximal over-
lap between ρ and a pure product state |φ〉, and the
purity of ρ (it means how it close to a pure state, de-
fined as Tr(ρ2)). Fortunately, an upper bound for the
former, denoted as F̂ , can be directly fulfilled by nu-
merical approaches like the shifted higher-order power
method (SHOPM) algorithm [33] from the distribution
p(~a|~x) [34] (see Appendix B for more details). Mean-
while, a lower bound for the purity of ρ can also be ob-
tained directly from the distribution p(~a|~x), if one applies
the concept of non-degenerate Bell inequalities [35].

After choosing a set of local measurement ({M~x})
and the corresponding outcomes ({~a}), a general Bell
inequality can be expressed as I(ρ, {M~x}, {~a}) =∑
~a,~x c

~a
~xp(~a|~x) ≤ Cl, where c~a~x are real numbers and

Cl is the maximal classical value. Intuitively, if a
quantum state ρ remarkably violates the Bell inequal-
ity I(ρ, {M~x}, {~a}) ≤ Cl, we hope ρ can be certified to
be close to a pure state, i.e., the purity Tr(ρ2) is close to
1, like in the Clauser-Horne-Shimony-Holt (CHSH) in-
equality [36]. The concept of non-degenerate for Bell
inequalities is used to make this intuition strict. Explic-
itly, suppose the target quantum system has a dimension
vector ~d ≡ (d1, d2, ..., dn) (i.e. di is the dimension of the i-
th party), I(ρ, {M~x}, {~a}) ≤ Cl is called non-degenerate,
if there exist two real numbers 0 ≤ ε1 < ε2 ≤ Cq(~d)

(Cq(~d) is the maximal value of the Bell expression for
quantum systems of given dimension vector ~d) such that,
for any two orthogonal quantum states |α〉 and |β〉,
I(|α〉〈α|, {M~x}, {~a}) ≥ Cq(~d) − ε1 always implies that
I(|β〉〈β|, {M~x}, {~a}) ≤ Cq(~d)− ε2. In fact, many notable
Bell inequalities, such as the MABK inequality in qubit
systems and the CGLMP inequality in qutrit systems,
have been proved to be non-degenerate [34, 35, 37].

Suppose the Bell inequality I(ρ, {M~x}, {~a}) ≤ Cl
is non-degenerate with parameters ε1 and ε2, ρ has
an orthogonal decomposition ρ =

∑
i ai|ψi〉〈ψi|, and

I(ρ, {M~x}, {~a}) ≥ Cq(~d) − ε1, then, according to the
definition of the non-degenerate, it can be proved that
there exists ai such that ai ≥ 1 − ε1/ε2 (without loss of
generality, we suppose i = 1; see Appendix A for more
details) [34]. Particularly, when I(|α〉〈α|, {M~x}, {~a}) is
very close to Cq, it turns out that ε1 and ε2 can be chosen
such that ε1/ε2 � 1, implying that ρ is close to a pure
state [35], which is consistent with the intuition men-
tioned above.

With the estimations for F̂ and a1, if it holds that
F̂ ≤ a1, a lower bound for the GME can be obtained
as [34]

EG(ρ) ≥ max
c∈

[
F̂√
a1
,
√
a1

] a1 − c21− c2

1−

 F̂
√
a1
c+

√
1− F̂ 2

a1

√
1− c2

2
 .

Actually, in addition to the GME, one can also lower
bound the relative entropy of entanglement (REE) ER(ρ)

for ρ [38] by estimating a1 and F̂ . Indeed, with the
technique introduced in Ref.[? ], the information on a1
allows us to upper bound S(ρ), the von Neumann en-
tropy of ρ that plays a key role in many-body systems
[40]. Combining this result with the information on F̂ ,

ER(ρ) can be directly lower bounded using the relation
ER(ρ) ≥ −2 log2(F̂ )− S(ρ) [41].

Specifically, if ρ is restricted to a d × d-dimensional
bipartite quantum state, the entanglement of formation
(denoted as Ef (ρ)) [42] and the entanglement of distilla-
tion (denoted as Ed(ρ)) [42] can also be quantified in a
semi-DI manner. For this, first note that both of the two
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FIG. 1: Experimental setup for the semi-DI entanglement quantification of (a) qutrit-qutrit and (b) three-qubit entangled
states, both of which can be decomposed into an entangled source and a measurement apparatus. (a) An entangled photon
pair is generated from SPDC at a type-II cut periodically poled KTP (PPKTP) crystal embedded in a two-path Sagnac
interferometer and pumped by a continuous-wave violet laser (power is 4 mW, working at 404 nm). Qutrit-qutrit states are
encoded in the hybrid of the path and polarization degrees of freedom of the photons. The measurement settings for the
CGLMP inequality can be implemented via the configuration composed of a series of Phasers (combination of two QWPs and
an HWP), HWPs, BDs, and PBS. (b) Polarization encoded three-photon GHZ states are produced by combining two pairs of
entangled photons generated from two sandwichlike BBO crystals pumped by a ultraviolet laser (with a central wavelength
of 390 nm, a pulse repetition rate of 80 MHz and a power of 25 mW). LiNbO3 and YVO4 are used for spatial and temporal
compensations between horizontal and vertical polarizations respectively. IF: interference filter; HWP: half-wave plate; QWP:
quarter-wave plate; PBS: polarizing beam splitter; BD: beam displacer.

entanglement measures can be lower bounded by the co-
herent information of ρ defined as IC(ρ) = S(ρA)−S(ρ)
[43, 44], i.e., Ef (ρ) ≥ Ed(ρ) ≥ IC(ρ) [45]. Furthermore,
the coherent information IC(ρ) can be lower bounded by
upper bounding S(ρ) and lower bounding S(ρA) simulta-
neously from the correlation data p(a1a2|x1x2) (the di-
mension d of the bipartite system is known) [35]. As
a result, the entanglement of formation and distillation
can be lower bounded semi-device-independently.
Experimental implementation.—The experimental

setup to implement the trust-free entanglement quan-
tification for multi-level and multi-partite quantum
states is shown in Fig. 1. The setup mainly consists of
entangled photon sources and measurement simulations
for corresponding non-degenerate Bell-type inequalities.

In Fig. 1(a), we use a high-quality path-polarization
hybrid encoded entanglement source [46] to generate
desired entangled states beyond the qubit state space.
In particular, two-qutrit states of the form |Φ(β)〉 =

(|00〉 + β|11〉 + |22〉)/
√

2 + β2 with varied β are pre-
pared by means of the process of degenerate sponta-
neous parametric down-conversion (SPDC). Here, the
vertically-polarized (V) photon in the upper path is en-
coded as state |0〉, and the horizontally-polarized (H)
and vertically-polarized photon in the lower path are en-
coded as state |1〉 and |2〉 respectively. The real coeffi-
cient β is controlled by varying the angles of the half-

wave plates (HWPs) at 404 nm. In Fig. 1(b), two ultra-
bright beamlike EPR photon sources are used to gen-
erate the 3-partite Greenberger-Horne-Zeilinger (GHZ)
state |Ψ〉3 = (|HHH〉 + i|V V V 〉)/

√
2 [47]. Here an

HOM-interferometer ensures photons from different EPR
sources are indistinguishable in arrival time, frequency
and spatial degree of freedom, and the postselection on
two events |HHHH〉 and |V V V V 〉 results in a 4-photon
GHZ state. The desired state |Ψ〉3 can be obtained when
one of the photons acts as a trigger and a phaser properly
adjusts the relative phase between |HHH〉 and |V V V 〉.

Entanglement of qutrit-qutrit states.—The previously
introduced semi-DI entanglement quantification method
is general and can be applied for any multi-level and
multi-partite states. We first apply it on a d × d quan-
tum system. Here both Alice and Bob are required to
randomly perform two measurements on their qudits to
test a Bell-type inequality. If we choose the inequality
to be the 3-dimensional CGLMP inequality (or the Bell
inequality tailored to maximally entangled states [48]),
the involved four measurements have projection states
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FIG. 2: Results of semi-DI entanglement quantification for
qutrit-qutrit states, where β ∈ [0.3, 1]. (a) Experimental ob-
served Bell expressions of the CGLMP inequality and the in-
equality tailored for maximally entangled state are marked as
blue and red dots respectively, matching well with the theo-
retical result (blue and red lines). (b) Coherent information
as a lower bound of entanglement of the state |Φ(β)〉. Ex-
perimental results are marked as blue and red dots for the
two inequalities respectively, and the theoretical predictions
using our method are plotted in the blue and red lines. For
comparison, we also plot the exact coherent information of
perfect |Φ(β)〉 as the green line. The error bars in (a) are
smaller than the marker size.

admitting a general quantum-mechanical formula as

|o(0)〉 =
1√
3

(|0〉+ eiα1|1〉+ eiα2|2〉),

|o(1)〉 =
1√
3

(|0〉+ ei(α1+2π/3)|1〉+ ei(α2+4π/3)|2〉),

|o(2)〉 =
1√
3

(|0〉+ ei(α1+4π/3)|1〉+ ei(α2+8π/3)|2〉),

where the phases α1, α2 ∈ [0, 2π). As depicted in
Fig. 1(a), the above measurements can be realized via
placing five phasers (P), five HWPs, two beam displac-
ers (BDs), a polarizing beam splitter (PBS), and three
single photon detectors sequentially. Specifically, the P2,
P3 and P5 are set at α1 − α2, −α1 and −(α1 + π/2),
and the HWP1-5 are rotated at 45◦, 67.5◦, 72.37◦, 45◦

and 22.5◦. The P1 and P4 set at 0 are used for tempo-
ral compensation and the detectors D1-D3 record three
outcomes 0-2 respectively. Here the phaser consisting of
two quarter-wave plates (QWPs) and an HWP can add
an arbitrary phase between the H and V components.

As the first demonstration, we report our experimen-
tal results on the two bipartite Bell expressions in Fig. 2,
where the values of Bell expressions can be seen in
Fig. 2(a) and the lower bound for the coherent infor-
mation can be seen in Fig. 2(b). Here the class of states
we chosen is |Φ(β)〉 with β ∈ [0.3, 1]. As mentioned be-
fore, the coherent information is a lower bound for the
entanglement of formation and the entanglement of distil-
lation. In Fig. 2, our experimental data are marked with
coloured points, while the theoretical predictions (pro-
duce quantum correlations using perfect quantum states
and measurements, then apply our method if needed)
are given as the coloured solid lines. Specifically, the
blue points and line represent results for the CGLMP in-
equality, and the red points and line are for the inequality
tailored for maximally entangled states. For comparison,
we also plot the exact value of the coherent information
as green solid line in Fig. 2(b) . It can be seen that the
measured Bell expressions match well with the theoreti-
cal lines, implying high-precision preparations and mea-
surements of the qutrit-qutrit states. When choosing the
CGLMP inequality, we obtain a maximal coherent infor-
mation of IC = 1.01±0.09 for β = 0.79, chiming with the
trend of theoretical prediction. Additionally, the minimal
β in our experiment that we can set to certify entangle-
ment is 0.5, while theoretically the coherent information
should be positive when β is larger than βmin = 0.4223.
See the Appendix for experimental results or more details
on a1 and F̂ .

A blemish of the CGLMP inequality when used as an
entanglement quantifier is that the maximal violation is
not obtained by the maximally entangled state. This can
be avoided by utilizing the inequality tailored for max-
imally entangled states [48]. With this inequality, the
detected coherent information increases with the param-
eter β and a maximum of IC = 1.32 ± 0.07 is obtained
for maximally entangled qutrits, indicating a highly vis-
ible signal of entanglement beyond qubit systems. As
a cost, the region of detectable states narrows down to
about β ≥ 0.64, which is verified in our experiment, and
we observe successfully the existence of entanglement at
β = 0.7.
GME of the 3-qubit GHZ state.—Then, we apply the

method to quantify the entanglement of multi-partite
system. We test the 3-partite MABK inequality on a
3-photon GHZ state |Ψ〉3, where Alice, Bob, and Charlie
randomly choose one of two Pauli measurements (Pauli-X
and Pauli-Y) on their qubits. Single-qubit Pauli measure-
ments can be achieved by an assemblage of a phaser, an
HWP and a PBS. The measured statistics are recorded
and later used to calculate the corresponding MABK
expression, which allows us to lower bound the entan-
glement of the underlying quantum state. As shown in
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FIG. 3: Results on semi-DI entanglement quantification for
the 3-qubit GHZ state. To test the 3-partite MABK inequal-
ity, Alice, Bob, and Charlie randomly perform Pauli X or
Pauli Y measurements on their qubits. The coloured bars
are the experimentally observed probabilities that obtain dif-
ferent outcomes on different measurement settings, with the
corresponding theoretical predictions shown in gray edges.
‘A1B1C2’ means Alice and Bob perform Pauli X and Charlie
performs Pauli Y measurement, and ‘001’ means their out-
comes are -1, -1, 1 respectively. Light green and light blue
bars represent that the number of outcome 1 is odd and even
respectively. From these statistics, we obtain a value of the
MABK expression IMABK = 1.895± 0.013 and a correspond-
ing lower bound for the GME EG(|Ψ〉3) ≥ 0.169± 0.006.

Fig. 3, we list the measured statistics in coloured bars.
From these correlations, we obtain an MABK inequal-
ity expression value of IMABK = 1.895 ± 0.013 and a
GME of EG(|Ψ〉3) = 0.169 ± 0.006, while the theoreti-
cal predictions are 2 and 0.5 respectively. Here, despite

these mismatches, our results show enormous potential
of non-degenerate Bell inequalities in quantifying multi-
partite entanglement. The error bars of all the data are
calculated from 100 simulations of Poisson statistics.
Conclusion.—We have demonstrated semi-DI multi-

level and multi-partite entanglement quantifications in
a proof-of-principle experiment by preparing a class of
entangled photonic qutrits and tripartite photonic GHZ
states. Despite the detection loophole, our result, to-
gether with existing measurement-DI scenarios [23, 24,
49, 50], marks an important step towards complete DI
entanglement quantification of quantum systems.
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Appendix A: On the quantity a1

As shown in the main text, the quantity a1 is fun-
damental in quantifying the entanglement of unknown
quantum states from probability distribution in semi-DI
manner. In our experiment, the lower bounds for a1 are
obtained by applying the concept of non-degenerate Bell
inequality directly. For example, the results of a1 for
the qutrit-qutrit demonstration can been seen in Fig. S1,
where it can be seen that when the observed Bell value
approaches the maximal, a1 becomes closer and closer to
1.

Appendix B: On the quantity F̂

Suppose that the probability distribution p(~a|~x) is ob-
tained by measuring the target quantum state ρ with
local measurements {M~x}. Let |φ〉 be an n-partite
pure product states, and q∗(~a|~x) be the correlation pro-
duced by measuring |φ〉 with the same local measure-
ments {M~x}. Then there exist probability distributions
q∗i (ai|xi) such that q∗(~a|~x) =

∏n
i=1 q

∗
i (ai|xi), and for any

~x it holds that
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FIG. S1: Results of lower bounding a1 for the qutrit-qutrit
states |Φ(β)〉 with β ∈ [0.3, 1]. Experimental results are
marked as blue and red dots for the two inequalities respec-
tively, and the theoretical predictions (produce quantum cor-
relations using perfect quantum states and measurements,
then apply our method) are plotted in the blue and red lines.
The error bars are calculated from 100 simulations of Poisson
statistics.

F (|φ〉〈φ|, ρ) ≤ F (q∗~x, p~x) =
∑
~a

√
q∗(~a|~x)p(~a|~x),

where p~x ≡ p(·|~x), q∗~x ≡ q∗(·|~x), and the inequality comes
from the fact that any quantum measurement cannot
make the fidelity between two quantum states smaller.
This means F (|φ〉〈φ|, ρ) ≤ min

~x
F (q∗~x, p~x), and

F (|φ〉〈φ|, ρ) ≤ max
q

min
~x
F (q~x, p~x),

where the maximization is over product correlations q
and q~x ≡ q(·|~x). Combining this with the max-min in-
equality

max
q

min
~x
F (q~x, p~x) ≤ min

~x
max
q
F (q~x, p~x),

we have that

F (|φ〉〈φ|, ρ) ≤ min
~x

max
q
F (q~x, p~x).

Therefore, we eventually get an upper bound for the
fidelity between the target state and a pure product
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state, denoted as F̂ , based on the probability distribution
p(~a|~x) only. Indeed, once ~x is fixed, the inner maximiza-
tion can be computed using symmetric embedding [51]

and the shifted higher-order power method (SHOPM)
algorithm [33], yielding a correct answer up to numerical
precision with very high probability.
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