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We consider the problem of designing revenue-optimal auctions for selling two items and bidders’ valu-
ations are independent among bidders but negatively correlated among items. Abstractly, this setting can
be thought of as an instance with single-dimensional type space but multi-dimensional allocation space.
Such setting has been extensively studied in the literature, but all under the assumption that the items
are positively correlated. Under the positive correlation assumption, the optimal allocation rules are simple,
avoiding difficulties brought by ensuring Bayesian incentive compatibility (BIC) under multi-dimensional
feasibility constraints and by ensuring interim individual rationality (IIR) given the possibility that the
lowest utility point may no longer be at the boundary of the type domain. However, the nice properties no
longer hold when there is negative correlation among items.

In this paper, we obtain the closed-form optimal auction for this setting, by directly addressing the two
difficulties above. In particular, the first difficulty is that when pointwise maximizing virtual surplus under
multi-dimensional feasibility (i.e., the Border feasibility), (1) neither the optimal interim allocation is triv-
ially monotone in the virtual value, (2) nor the virtual value is monotone in the bidder’s type. As a result,
the optimal interim allocations resulting from virtual surplus maximization no longer guarantee BIC. To
address (1), we prove a generalization of Border’s theorem and show that optimal interim allocation is in-
deed monotone in the virtual value. To address (2), we adapt Myerson’s ironing procedure to this setting by
redefining the (ironed) virtual value as a function of the lowest utility point. The second difficulty, perhaps
a more challenging one, is that the lowest utility type in general is no longer at the endpoints of the type in-
terval. To address this difficulty, we show by construction that there exist an allocation rule and an induced
lowest utility type such that they form a solution of the virtual surplus maximization and in the meanwhile
guarantees IIR.

In the single bidder case, the optimal auction consists of a randomized bundle menu and a deterministic
bundle menu; while in the multiple bidder case, the optimal auction is a randomization between two extreme
mechanisms. The optimal solutions of our setting can be implemented by a Bayesian IC and IR auction,
however, perhaps surprisingly, the revenue of this auction cannot be achieved by any (dominant-strategy)
DIC and IR auction. In other words, we have witnessed the first instance where a Bayesian IC auction yields
strictly more revenue than any IC auction, resolving an important conjecture concerning whether there exists
a quasi-linear setting where the optimal revenues differ under the two different solution concepts.

1. INTRODUCTION

We consider a setting where a revenue-maximizing monopolist has two items for sale.
The bidders’ valuations are bidder-wise independent but negatively correlated item-
wise, concretely in the form of v} + av? = b, where v} and v? are the private valuations
of bidder : for the two items respectively and a, b are positive constant.
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We obtain in closed-form revenue-optimal auctions subject to Bayesian incentive
compatibility (BIC) and interim individual rationality (IIR) in this setting. For the case
of a single bidder, the optimal auction consists of two options: a randomized bundle (1/a
fraction of the first item together with the second item) as well as a deterministic grand
bundle. For the case of multiple i.i.d bidders, the optimal auction is a randomization
between two extreme allocations resulted from solving a relaxed seller’s problem. We
show that such allocation can be implemented by a BIC and (ex post) IR auction.

Perhaps surprisingly, the optimal revenue achieved by the auction above cannot be
achieved by any DIC and (ex post) IR auction. In other words, we have actually wit-
nessed the first setting, to our best knowledge, where optimal revenues differ with
respect to the two notions of IC, resolving a conjecture raised in a series of impor-
tant papers concerning revenue equivalence between Bayes Nash implementation and
dominant strategy implementation under quasi-linear utility [Gershkov et al. 2013;
Manelli and Vincent 2010; Yao 2015]. Given the importance of this conjecture, we pro-
vide an independent proof for the case where two bidders have i.i.d types both drawn
from uniform distribution on [0, 1].

To understand non-triviality of the problem and our technical contributions, let us
first recall Myerson’s approach for the single item case [Myerson 1981]. In Myerson’s
analysis, an important intermediate step is to show that the expected revenue equals
the expected virtual surplus, minus the sum of bidders’ utilities in their lowest types.
By pointwise maximizing virtual surplus (i.e., give the item to the bidder with the
highest non-negative virtual value), one can obtain an allocation rule whose interim
expectation (aka. allocation in the reduced-form) [Cai et al. 2012a,b] is monotone in
one’s virtual value. Together with the regularity assumption (or the so-called ironing
technique) that ensures the virtual value is further monotone in one’s type, one can
guarantee that the virtual surplus maximization allocation is monotone in bidder’s
interim type. In other words, the optimal allocation of the relaxed maximization prob-
lem (without considering IC and IR) satisfies IC. Noticing that a bidder must attain
his lowest utility at his lowest type, one can find, for any allocation rule, a payment
rule (aka. payment identity) that guarantees zero utility for the lowest type agents. In
other words, IR is ensured for any allocation rule with this payment identity.

In our setting, there are a number of essential differences. The first observation
is that the lowest utility point is not necessarily at the endpoints of the valuation
interval. It is also not easy to claim there is a fixed zero point no matter what other
bidders report. As a result, a clean payment rule cannot be derived from an ex post
type representation. This difficulty motivates us to adopt an interim representation of
the revenue formula, that is, to represent the revenue as a function of interim utility
and interim allocation.

However, to accommodate interim allocation feasibility contraints in the problem
formulation requires the so-called Border’s theorem [Border 1992], a neat sufficient
and necessary condition that characterizes exactly what set of interim allocation rules
can actually be implemented by an auction (ex post allocation). Introducing Border’s
feasibility condition complicates the relaxed seller problem, i.e., the problem of choos-
ing a virtual surplus maximization interim allocation without considering BIC and
ITR. It is no longer trivial that the resulting allocation is monotone in virtual value, a
key step in Myerson’s analysis that guarantees BIC. Our first technical contribution
is to ensure this is indeed the case. In particular, we put forth a surplus-maximization
version of Border’s theorem, that (1) remains to be a sufficient and necessary con-
dition of the implementability of an interim allocation rule; (2) ensures the optimal
allocation rule resulted from virtual surplus maximization (for any definition of vir-
tual value function) subject to Border feasibility being monotone in the virtual value.
With this generalization, together with a properly generalized ironing procedure (by
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defining virtual value as a function of both the actual type as well as the lowest util-
ity type), we ensure that the allocation resulted from the relaxed seller’s problem is
indeed monotone in bidder’s type.

A more challenging step is to guarantee IIR. Our strategy is to search through the
set of allocations from the previous step (the solutions that solve the relaxed seller’s
problem and satisfies the conditions sufficient for the ironing procedure to guarantee
optimal revenue) to find an allocation rule that ensures IIR and that the lowest utility
is indeed zero. That is, this allocation rule achieves an allocation-independent revenue
upper bound set by the relaxed seller’s problem, while guarantees both BIC and IIR.
In other words, this is the optimal allocation we look for. This step is established by a
characterization of the set of all optimal allocations from the relaxed seller’s problem,
a careful analysis of possible allocations, and extreme allocations in particular, for the
set of types that share the same virtual value and by establishing certain continuity of
the optimal allocation function.

1.1. Related work

Negatively correlated valuations are not uncommon in the literature. For example,
consider an instance of the well-known facility location game with two facilities [Lu
et al. 2010]: agents are interested in services from the two facilities, located at the
endpoints of a street. Each agent’s type is his/her location on the street, between the
two facilities. The cost (negative utility) to either facility, the same as in [Procaccia and
Tennenholtz 2009], is simply one’s distance to that facility, so his overall costs (as well
as valuations) sum up to a constant — the length of the street.

As mentioned, there have been extensive studies on extending Myerson’s technique
to settings with multi-dimensional flavor. [Armstrong 1996; Haghpanah and Hartline
2015] consider the aforementioned positive correlation setting, but restricted to the
single bidder case and unit-demand valuations. In their setting, a bidder’s type is rep-
resented by his valuation towards the more favored item and his valuation towards the
less favored item is simply his type multiplied a discount factor, private in [Armstrong
1996] and public in [Haghpanah and Hartline 2015]. To visualize, one can think of
this type domain as a ray from the origin on the two-dimensional plane. In [Armstrong
1996], it is shown that the optimal mechanism is simply to post a price for the higher
valued item. Moreover, he shows that such price is independent from the discount fac-
tor, allowing rays with different slopes to have a uniform optimal mechanism. Since
one can fully cover certain two dimensional distributions with such rays, the optimal
posted price mechanism is actually optimal for these two-dimensional distributions as
well. In [Haghpanah and Hartline 2015], the above result on rays is extended to curves
satisfying certain monotone conditions. These conditions are derived by first assum-
ing the optimality of the posted price mechanism and then inferring reversely under
what type of distributions is the posted price mechanism virtual-surplus-maximizing.
Comparing to these works, negative correlation adds additional difficulties in that the
lowest utility point is not necessary at the boundary type. In addition, comparing to
[Haghpanah and Hartline 2015] that focuses on a well-behaved subset of distributions,
we deal with the multi-dimensional feasibility directly without any assumption on the
type distribution.

[Levin 1997] considers a setting where the bidders valuations are positively cor-
related between the items and are both weakly increasing with respect to a one-
dimensional type. Levin shows that, under regularity condition, this case can be solved
using Myerson’s very method. Our work can be seen as a complement of Levin’s setting
to the negative correlation setting.

Extending the ironing technique to multidimensional domain dates back to the semi-
nal work by [Rochet and Choné 1998], where they study the single bidder case. They in-
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vent a sweeping procedure that properly generalizes ironing to multidimensions. Their
method is non-constructive, thus does not yield an explicit representation of the opti-
mal mechanism.

At a higher level, our work is within the agenda of multidimensional revenue max-
imization. In particular, our work is in the direction of exactly optimal mechanism
design [Cai et al. 2011; Daskalakis et al. 2013, 2015; Haghpanah and Hartline 2015],
orthogonal to those aiming for approximate optimality [Hart and Nisan 2012; Hartline
and Roughgarden 2009; Li and Yao 2013; Tang and Sandholm 2012, 2011; Yao 2015]

There are a number of papers that consider the equivalence between BIC and DIC
with respect to the objective of social welfare[Cremer and McLean 1988; d’Aspremont
and Gérard-Varet 1979]. For the objective of revenue maximization, [Manelli and Vin-
cent 2010] proves that in the independent private values model with linear utility,
the outcome in terms of interim allocation rule and interim payment rule of any BIC
mechanism, can also be obtained with a DIC mechanism (without any restriction on
IR). Since the interim allocation rule and payment rule are same under the two IC
notions, their work actually implies that any interim IR and BIC auction can be im-
plemented in an interim IR and DIC auction. However, do notice that their result does
not imply the equivalence between ex post IR and BIC mechanisms and ex post IR and
DIC mechanisms, because equivalence in interim utilities does not imply equivalence
in ex post utilities under the two notions of IC.

[Gershkov et al. 2013] extend the above work to general multi-dimensional, possi-
bly non-linear settings. They provide a setting where, under a restricted definition of
mechanism, the optimal DIC “mechanism” produces strictly less revenues than the
optimal BIC “mechanism”.

However, in their setting that sells two items to two bidders, any mechanism under
their definition must be restricted to only three deterministic allocations: sell the bun-
dle to the first bidder, sell the bundle to the second bidder, and sell one to each. So the
revenue optimal “mechanism” under their definition is not optimal under the standard
definition, because they preclude the possibility of reserving one or both of the items.

2. SETTING

A seller has two items for sale. There are n bidders interested in the items. For each
bidder i, his valuation (v}, v?) towards the two items are negatively correlated, satis-
fying v} + av? = b, where ¢ > 1 and b > 0. Now that v? = (b — v})/a, we can use a
one-dimensional variable t; = v} to denote bidder i’s type. We assume each ¢; is inde-
pendently, identically drawn from a differentiable density function f on [0, b]. In other
words, the probability density at valuation (¢;, (b —¢;)/a) is f(¢;).

By the revelation principle [Myerson 1981], it is without loss for the seller to focus
on direct mechanisms. Such mechanism first solicits a type profile t = (¢4, ...,¢,) from
the bidders and then specifies an allocation rule and a payment rule. We use ¢/ (t) >
0, (j = 1,2) to denote the probability that bidder i is allocated the j-th item, and
pay;(t) to denote his payment. For each item j, the allocation rule must satisfy the
feasibility constraint, i.e., > . ¢/(t) < 1,Vt. Bidder i’s utility in this case is w;(t) =
q; (£)t; + a7 (£)(b — ti) /a — pay;(t).

The seller’s goal is to design a direct mechanism (i.e., auction) that maximizes the
sum of payments (i.e., revenue) subject to Bayesian incentive compatibility (BIC) and
Interim individual rationality (IIR) constraints [Myerson 1981].

Bayesian incentive compatibility states that no bidder has any incentive to lie about
his valuation without knowing other bidders’ types. Formally,

%

b—t
Et—zi [qzl (t/u t—i)ti + qL2 (tlm t—z) T - Pay(t;'» t—i)] < Et—i [u’i (t’ia t—i)}
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Interim individual rationality states that a bidder never gets negative expected util-
ity by participating in the auction. Formally, F;_, [u;(¢;,t_;)] > 0. Interim IR is a weaker
concept than the standard ex post IR, which requires that a bidder never gets nega-
tive utility for any realization of type profile. Even though we have interim IR in the
problem formulation, the optimal auctions we obtain are indeed ex post IR.

It is convenient to have the following interim notations (aka. reduced forms).

Definition 2.1. We use qf (t;), i = 1,2 to denote _the expected _probability that bidder
i is allocated the j-th item at type t;. Formally ¢/ (t;) = E¢_,[q] (t;,t_;)]. Similarly, we
can define interim payment and utility pay; (¢;) and u;(t;).

Furthermore, for bidders with i.i.d type distributions, by [Maskin and Riley 1984],
it is without loss of generality to only consider mechanisms that are symmetric in
bidders. In this case, we simplify notation by dropping subscript i, i.e. ¢’ (t;) = ¢ (;),
pay(t;) = pay;(t;) and u(t;) = u;(t;). Furthermore we use ¢ to denote one bidder’s type
directly when there is no ambiguity.

It is well known [Hart and Reny 2012; Rochet 1985; Wang and Tang 2014] that the
BIC constraint is equivalent to that each bidder has a convex utility function, i.e.,
u”(-) > 0. On the other hand, given such a utility function, the allocation rule is given
by the gradient of the utility function,

, ou vt ou O? 1 q2(t)
W(t) = o T () + o (1) = (1)

a
The seller’s problem is formally defined as follows.

b p—
Maximize REV = n/ [t-q(t) + % @2 (t) —u(t)] - f(t)dt
0
st > g (t) <1Vte(0,0]",)=1,2

¢*(t)

u(t) > 0,u'(t) = ¢*(t) — ,u(t) > 0,Vt € (0,0

2.1. Border’s theorem

Note that in the seller’s problem, everything is defined in terms of interim notations
except for the feasibility constraints. Fortunately, the following theorem, well known
as Border’s theorem, allows us to equivalently convert the feasibility constraints into
interim notations. Theorem 2.2 and Lemma 2.3 are applied for the asymmetric case.
We use f; to denote the density function of bidder 7.

THEOREM 2.2. [Border 1991; Che et al. 2011; Daskalakis et al. 2015; Gopalan et al.

2015] There exists a feasible mechanism that implements the interim allocation rule q]
if and only if

Z/ a(t) fitydt <1 - [ - fi(H)dt) VS, i=1,...n
5 Jtes; i tes;

S, is any subset of type of player i. Here, S; C [0,b],i = 1...n.

In a symmetric setting, feasible constraint reduces to that the inequality always hold
when S;, Vi are the same. By Border’s Theorem, the seller’s problem is equivalent to,

b
Maximize REV = n/o [t q'(t) + Y () —u(t)] - f(t)dt
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VS, j=1,2

1-(1- fies F(1)

¢*(t)

,u"(t) >0

2.2. Monotonicity of the optimal solution of the relaxed seller’s problem

Recall Myerson’s techniques in the single-item case, revenue is expressed as the ex-
pected virtual surplus and the optimal allocation rule is to naturally allocate the item
to the bidder with the highest virtual value. A key property, perhaps also a trivial one,
is that the allocation rule is monotone with respect to the virtual value, i.e., higher vir-
tual value implies higher probability of being allocated. This property, together with
the regularity assumption (or the ironing technique in the irregular case), implies that
the interim allocation is monotone in bidder’s interim type. In other words, IC is guar-
anteed in the relaxed virtual surplus maximizing solution.

However, in our problem, such property is nontrivial because of the multi-
dimensional feasibility constraints, i.e., Border feasibility. Therefore, to extend My-
erson’s technique to this setting, an important step is to show that, the virtual surplus
maximizing allocation rule is still monotone with respect to the virtual value. Then,
with a generalized ironing technique that ensures virtual value is monotone in interim
type, we guarantee that the optimal allocation rule in the virtual surplus maximizing
solution satisfies the IC constraints.

The following lemma and theorem, in the form of generalizations of Border’s Theo-
rem, are for this purpose. The lemma and theorem may be of independent interest.

LEMMA 2.3. There exists a feasible mechanism that implements the interim alloca-
tion rule g; if and only if for any virtual value function 27 (¢) € [0, +00),

b +oo
Z/O qi(t)fi(t)xi(t)dtg/o 1—1:[(1—Li(t)zvfi(t)dt)dv

This theorem subsumes Border’s theorem. To see this, let 7 = 1, and z;(t) = 1,t € S,
and z;(t) =0,t ¢ S;.

PRrROOF. If the interim allocation rule is implementable, we have

b 400
S [ wswmwe =[5 [  awnnoad
+o00

/0 1— H(1 - /w>2u fi(t)dt)dv (1)

%

IN

The inequality follows from Border’s theorem. For the opposite direction, since ¢; satis-
fies Border’s condition by setting z;(¢) = 1, the interim allocation rule is implementable
by Border’s Theorem. 0O

From now on, we restrict to the i.i.d. bidders case. The following theorem states
that in the optimal solution of the relaxed seller’s problem that only considers Border
feasibility constraints, without IC and IR constraints!, interim allocation probability
q(t) is monotone with respect to virtual value z(¢). To formally state our result, the
monotone property must be stated with respect to a nonzero measure.

IThis problem is called the relaxed (seller’s) problem throughout the paper.
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THEOREM 2.4. In the i.i.d. bidders case, there exists a feasible mechanism that
implements the interim allocation rule q if and only if for any xz(t) € [0,7),

b v
/0 q(t)f(t)a:(t)dtg/o 1—(1—/I(t)zvf(t)dt) dv

When the bound is achieved, for any set C, D with nonzero measure,

Jrec AOF Ot fep a®)f(t)dt
Joce f)dt = [, op f(t)dt

min{a(t)} > max{a(t)} =

3. WARM-UP: THE SINGLE BIDDER CASE

In this section, we study the single bidder case. This case is easier because the feasi-
bility constraint is simply ¢'(¢), ¢*(t) € [0,1]. Another important reason why this case
is easier is that the lowest utility point is always at the lowest type (i.e., the lowest
valuation of the first item), avoiding complexities brought by IR and by optimizing the
location of the lowest utility point.

LEMMA 3.1. In the optimal mechanism, u(0) = 0.

PROOF. If u(t) > 0,Vt € [0,b], we can always decrease the buyer utility function by
simultaneously increasing the payment of every menu. We assume u(t*) = 0,t* € [0, b].
We first prove the payment when ¢ € [0, ¢*] must be less than or equal to g

pay(t) = ta'(6) + q(0) — u(t) < e (0) — ~a*(0)) + (1)~

ISERS

b
<0+ -¢'(t) <

The first inequality follows from w(¢) > 0. The second inequality follows from the fact
q'(t) — 1¢*(t) = W/(t) < 0 when t € [0,¢*], since u(t) is convex. The last inequality
follows from ¢2(t) < 1. The upper bound b/a is achieved only when (¢! (t), ¢*(t), u(t)) =
(1/a,1,0).

For any ¢'(t), ¢*(t) and u(t), consider the following allocation and utility function:

12—y | (1/a,1,0) t €[0,t*]
@) = { (@ (0), 22 () u(t)) t € (.0

This is indeed achieved by a mechanism where the paymentis b/a, t € [0,t*], which is
the largest possible payment for this interval as proved earlier. The payment remains
the same for ¢t € (t*,b]. As a result, the modified mechanism generates strictly more
revenue than the original mechanism, except when they are the same.

Furthermore, this modified mechanism clearly satisfies IR constraint by its defini-
tion and IR of the original mechanism. We complete the proof by showing it is IC.
Since u(t*) = 0 and u(t) > 0, t € [0,b], we have «/(t*) = 0. Since u is convex, we
have v”(t) > 0, t € (t*,b]. By definition, u”(t) = 0,t € [0,t*]. Combined together
u’(t) > 0, t € [0,0], i.e., IC is satisfied. Thus the optimal mechanism must be in this
form. In particular, «(0) = 0. O

3.1. The optimal solution
Because u(0) = 0, we can rewrite the revenue formula as follows,

b B t
REV = [0+ =20 - [ @)= L e)ds —ulf )
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b
= [@ 0= L2010 -1+ Pw) + Lo

Let h(t) = tf(t) + F(t) — 1 and apply the ironing technique of Myerson.
Definition 3.2. [Myerson 1981] For any z € [0, 1], let

F~l(2)
H(z) = /0 h(t)dt

and let H"(z) be the convex hull of H(z), i.e., the largest convex function that is less
than or equal to H(z). We define h'"(t),t € [0, b] such that

. Fl(z)
H"(2) :/ R (t)dt
0
LEMMA 3.3. The function %(z) is weakly increasing in z and the ironed virtual

A d
h;. (S ) is weakly increasing in t. 2

value function

It may be helpful to think of hfr(t(;) as the virtual value of type ¢ in our setting. The

above lemma claims that the virtual value is indeed monotone after ironing.

LEMMA 3.4. We have [, (¢ (1) — Z)n(t)dt < [ (g (t) — TR (t)dt. If for almost
every t, we have either H(F(t)) = H"(F(t)) or (¢'(t) — qzét))’ = 0, then the inequality
becomes equality.

Similar to Myerson’s analysis, the above lemma states that ironing does not hurt
revenue, i.e., the ironed revenue achieves the revenue upper bound computed as if h is
monotone.

PROOF.

/%ﬂwﬁwmmﬁ/%ﬂwf@Mme>
0 a 0

b t
[ @o- S ynEmans wo -0 [ neasy @
b
< - [@o-Wyw o+ o - hreon©
b 2 b 2
= [0 - = [@o- Do
0 0

The first term in (2) is less than or equal to the first term in (3). The second terms in
(2) and (3) are equal. The inequality becomes equality when (q!(t) — qT(t))’ H(F(t)) =
(gt (t) — @)’H”(F(t)) fails on zero measure. 0O
Going back to the problem, it becomes

b

1
Maximize REV = / (q*(t) — =¢*(t))h(t) + Ef(t)qQ(t)dt
0 a

a

2 % (2) exists for almost every point except for some breaking points.
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By Lemma 3.4, we have
b 2
REV < [0~ COyir iyt + 2 (0 )t
0 a a

Let s = max, {t|h7" () = 0}, then (¢' () — L)hir () < 0, we get

b 2 s
REV < / (q*(t) — qT(t))h"(t)dt + gf(t)qQ(t)dt +/0 %(t)qg(t)dt (4)
Since ¢! (t) < 1, € [s,b] and ¢*(¢t) < 1,t € [0, 5], we have
b s
REV < / (1— @)h”(t) + Mq2(t)dt+ Mdt (5)
s a a 0 a

- /bh"(t)dwr/ bI(t )dt+/b 7bf(t)_h”(t)q2(t)dt
s 0 s a

The coefficient of ¢° is nonnegative, since

hf(g) = O pta)) < max P57 (1)) < g 22 ()
= maxM = max () -1
R ANTO I TR
Since ¢*(t) € [0,1],¢ € [s,b],
REV</bh”(t)dt+/ bt )dt+/b bIH) = h(E) 4 (6)
s 0 s a

Construct ¢' and ¢? as follows,

woo - {15 <l

Using this allocation rule, inequalities (4) (5) (6) become equalities. ‘
Remember H''(-) is the convex hull of H(.). If H(F(t)) > H'"(F\(t)), curve

(2, H" (2 )) z € [F(t) — €, F(t) + €] must be a straight line for some e. Thus 8hf(§t) /Ot =

When 2 T t)) is equal for any two types s; and s, s; and s, must be both larger than

s, or both less than or equal to s. By definition, ¢*(t) — L) jg equal for the s; and s,.
Thus the ironing inequality (3) becomes an equality as well.
Then we get utility function and payment function:

0, tel0,s %, tel0,s
u(t) = { al(t ), t E Es,b]] pay(t) = { by (als e Esb]}

a

THEOREM 3.5. In the single-bidder case, the optimal mechanism consists of 2
menus: the first is a randomized bundle (1/a,1,b/a) and the second is a determinis-

tic bundle (1,1, % + =1%) where s = max, {t|h""(t) = 0}.
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4. THE N-BIDDER CASE

As mentioned, this case is more complicated for at least two reasons: Border feasibility,
as well as the fact that the zero utility point may not be at the lowest type. For any
t* € [0,b], we first rewrite the revenue formula as a function of t* and u(¢*). Later we
will pick t* such that it is the zero utility point.

4.1. Revenue formula

b B t 2 s
B a0+ 20 0 -u0) - [ @) - T sy

= /b(ql(t) o ))(tf(t) + F(t) — 1) + ¢*(t) OI) gy u(0)
0 a
0 a a
Where,
* tf(t)+ F(t t<t*
h(t, t7) = { t;%t;—i—FEt% 1S g
4.2. Ironing

By separating ¢' and ¢?, revenue formula (7) can be rewritten as

b
h(t,t*) b h(t,t%)
1 2 *

q () f(t + ¢ () f(t) (- — dt — u(t").

| s 5 + s - S5 - )
Now consider the relaxed maximization problem on the integral with only Border’s fea-
sibility. Since for different ¢*, the relaxed problem is different. Let ¢'(¢,t*) and ¢?(¢,t*)
denote the solution with respect to t*. Let u(t,t*) denote a still unfixed utility function

while keeping % =ql(t,t*) — @, t € [0, b]. By Theorem 2.4, in the optimal solu-

tion, ¢'(¢,¢*) and —q2(¢,t*) are monotone with respect to 2440 Thus ¢! (¢, t*) — @

@
is monotone with respect to hgf(’f) ). However hgf(’f)) might not be monotone in ¢, then

qi(t,t*) — @ might not be monotone in ¢, violating BIC.
To satisfy BIC, we hope the optimal solution of ¢ (¢,¢*) and —¢?(¢,t*) to be both mono-
tone in ¢. We apply a generalized ironing procedure to the coefficient function h(¢,t*),
RET(£,6%)

ensuring ironed virtual value B GR to be monotone in ¢. After ironing, equation (7)

becomes fob at(t)f(t) hi}((tt’;*) + @) f(t) (2 - hi;}t(’tt)*) )dt — u(t*). By Theorem 2.4, the up-
RIT(¢,6%)

f@)
T (4t%)
i 18
3

per bound is achieved when ¢! (¢,t*) and —¢?(¢, t*) are monotone with respect to

Hence, ¢'(t,t*) and —q?(¢,t*) are monotone in ¢ and BIC is satisfied. When

same, ¢!, ¢> are not fixed, the monotonicity will be clarified in the next section.
Define the following ironing function with respect to any given type t*.

Definition 4.1. For any z € [0,1], let

F(2)
H(z,t") = / h(t, t*)dt
0

3There is an exception when hz’;(é’)t ") is the same for several types, In this case, ¢' and ¢ are not fixed. How

to determine ¢! and ¢ in this case and to prove monotonicity will be clarified in detail in the next section.

112



H"(2,t*) is the convex hull of H (z,t*), i.e., the largest convex function that is less than
or equal to H(z,t*). We define h'" (s, t*) such that

, )
H’L'r‘(z7t>k) — / hll(t’t*)dt
0

The following two lemmas are exactly the same as the single bidder case. The sec-
ond part of Lemma 4.3 states that, when certain conditions hold, one can replace the
virtual value function h(t,t*) by the ironed one hi"(t,t*) in the revenue formula and
achieve the same revenue upper bound. However, in the n-bidder case, when the con-
ditions hold, there may be many possible solutions of ¢*(,t*) and ¢?(¢,t*). In the next
section, we will pick a specific pair of ¢*(¢,t*) and ¢?(t,t*).

LEMMA 4.2. The function % BH (z,t*) is weakly increasing in z and the virtual value

function h f((tt)t ) is weakly increasing in t.

LEMMA 4.3. We have [(q"(t) — ) (t, *)dt < [ (q*(t) — L) (¢, ¢*)dt. Further-

more, if for almost every t we have either H(F(t),t*) = H" (F(t),t*) or (¢* (t)— %&t))’ =0,
then the inequality becomes equality.

With the two lemmas, by Equation (7), we have
REV b 26 bf(t .
< / (¢"(t) — q—())h”(m )+q2(t)¥dt — u(t*)
0

bf(t) — h"(t t)

b
/ YO (1,17 + g2 (1) dt — u(t")

= [ [ e
BT (2,1)

Q)
L gt (s)f(s)ds < =0 [T (s) f(s)ds < U= then

BT (¢4 ) (h”(tt ))

R (U ), e
dt+ // ot dt — u(t*)

)/0t > 0. By Border’s feasibility constraint, we have

By Lemma 4.2, we have 9(

BT (1,17 b AT ()

E 1 _ F" 8 1 1 — 1 — F n a
REV _ (t) 27w )dt+/ ( ()" 95 )dt—u(t*) 8
0

n n ot a n ot
. P RIT(t,67) b B 9 BT (4,6%)
1 Fu><f@>ﬁ+1/1 (L —Fe)" 2C5m) ©
n ot a Jo n ot

Up to now, we have shown that, for any t*, there exist allocation functions ¢ (¢,t*)
and ¢(t,t*) such that (8) becomes an equation (thus, by Theorem 2.4, such allocation
function guarantees BIC).

It remains to prove there exist t*, together with ¢'(¢,t*), ¢?(¢,t*) and u(¢t, t*) found in
the first step, such that u(t*,t*) = 0, t* is the lowest point of u(¢,¢*) and (9) becomes an
equation, i.e. such t* together with ¢'(¢,t*), ¢*(¢,t*) and u(t,t*) ensure IR.

To sum up we show that there is indeed an IC, IR mechanism that achieves the
allocation-independent revenue upper bound (9) set by Border feasibility alone, in
which the lowest utility point is at type ¢*.

5. SATISFYING IR
We first state our main result of this section.
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THEOREM 5.1. There exists a type t*, allocation rule q¢'(t,t*), ¢*(t,t*
function u(t,t*) such that inequality (9) becomes an equality, also u(t,

2 *

Gut.t7) = g (t,17) - TG

The proof of Theorem 5.1 is divided into several steps. First, we provide a structural
characterization of the set of ¢!(t*,¢*) and ¢?(¢*,t*) from all possible solutions of the
relaxed problem. It turns out that, for each ¢*, there exists a closed interval (could be
a single point) such that any number in this interval corresponds to such a ¢*(t*,t*),

2 4%k g%

Similarly for ¢2(t*,t*) and ¢! (t*,t*) — %

Second, we show that, such value intervals of ¢! (t*, t*) for each t* seamlessly connect,

)
t

*

and utility
) > 0 and

2 4%k gk
as t* increases. Then the value intervals of ¢! (t*,¢*) — w seamlessly connect, as
t* increases. We then choose t* based on properties of the union of these intervals.

5.1. Finalizing the optimal allocation rule

To determine the value interval of ¢! (¢*,t*) for each ¢*, we need to investigate a set of
types around t* such that, for each type ¢ in this set, hi"(t,t*)/f(t) = hi"(t*,t*)/ f(t*).
In other words, these types have the same ironed virtual value as at type t*. However,
these types may have different interim allocation probabilities, i.e., ¢'(¢,t*) for these
types may be different. This is also different from the Myerson case where virtual
value is the unique identity to determine the interim allocation rule. In our case, the
set of types with the same ironed virtual value can be partitioned into several subsets.
The partition points are exactly those where the convex hull H*" touches H.

It can be shown that, the largest (rightmost point of the interval) value of ¢! (t*,t*)
is given by uniformly setting the highest possible interim probability for some subsets
and the lowest interim probability on the remaining subsets. The smallest (leftmost
point of the interval) value of ¢! (t*,¢*) is given similarly.

To make the above ideas formal, we now introduce several notations regarding how
to partition the set of types with the same ironed virtual value.

LEMMA 5.2. H(F(t*),t*) > H"(F(t*),t*), when t* € (0,b).

It says point (¢*, H(F(t*),t*)) is above point (¢*, H"(F(t*),t*)) when ¢* € (0,b). Thus
Iin (¢ %) > e (¢*,¢*). By this lemma, (¢, 4°) and (¢', ¢*) are well defined.

DEFINITION 5.3. For any t* € (0,b), we define
aHir _ 8HZT’

B ) = min (S (t) = S (F(0).1)
) = min (@ 4) = B (F().4)
Bt = ma (HY(2.t") = HY(F(1).1)
max E A 8HW *\ aH” *
) = max (S (et = S (F(0).4)

Look at Fig 1, I7""(¢,t*) is the leftmost point of the straight line segment on which
point (¢, H*"(t,t*)) lies. Similar for 15" (¢, t*), I7*** (¢, t*), 15" (¢, t*). Next we define the
interim allocation rule.

If (MDY S 0, B (F(1), 1) = H(F (), ). ¢ (t,1) = F (1), ¢2(t,1%) = (1 - F(1)".

R )\ . o RIT(tY) _ RIT(TtY)
If ( O )Y = 0, there are two cases: First, if JO = IO
there are two extreme allocations. One extreme allocation is to assign a
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ot

|1min |1max F(t*) |2min |2max

A %1
Qg —— q — — —

F(t*)

Fig. 1. Partition points and allocations

higher probability on [F~!(I5""(¢*,t*)), F~(15***(t*,¢*))] and a lower probability on
[F=H I (e, %)), FHI5™ (¢, t9))).

1 ) = )"
~1 * n lynin(t* t*)—lm’""‘(t*,t*)
t,t7) = A S OW s S L S
g (t,t) 1 (8 ) = (5 (7))
n lén.aa;(t*’t*)ilénzn(t*’t*)

, F(t) € [I7m(, t0), 15 (1))
, F(t) € I3 (e, ), Ipae(t*, 1))

1 (lflm'in(t*7t*))n7(lflw”;n(t*’t*))n . . %
PEIT T B i o G G R F(t) € [ (e, ), 17 (17, 17))
: P SR

R T CE e B L () F(t) € [lgn(te,t), 15 (¢, t7)]

The other extreme allocation is to assign a higher probability on
[lros (¢, t*), 15 (t*,¢*)] and a lower one on [[""™(t*,t*), 7***(¢,t*)). That is,

lmin t*7t* n__ lmin t*,t* n min " . max N N
l(2lé"'(i”(t*,)t)*)fl(i’%""(i*,t*))) , F(t) € [ (e, 1), 17 (¢, 17))

ql (t, t*) = 7; (lm,am(t* t*))ni(”n'in(t* t*))n
n ey F() € I, ), e (i, )]
L0 (% )™ = (1 =17V (% %)) . . ok
Pl — 4 ey PO € ), 1))
: Y T R e N
LSO P € pes (e, ), 1o (¢, 1)

Second, if hi}((tt’)t 0 #+ hir}t(;)’t*), we assign the same interim allocation probability to
all the types with same ironed virtual value.

* I (4,4 )) ™ — (1T (,8%))™ min *\ Jmazx *
g (s,47) = { LU TGO F(s) € Iins, 1), 1 (8, 1))

* L (R0 ) M € e A (R 2 ) min * max *
q2(8,t ) = { %(1 1 lgzgtmt(t?t)*)75%«”‘”2@713*(;t )) 9 F(S) € [ll (tvt )712 (tat ))

Let a denote a parameter in [0,1]. Consider ¢'(t,t*) = ag'(¢,t*) + (1 — a)¢'(¢,¢*) and
Pt t*) = ag?(t,t*) + (1 — Q)G (t, t%), t € [ (¢, %), 159 (t*,¢*)]. When H (F(t),t*) <

2 *

H(F(t),t*), we always have 9(q'(¢,t*) — %)/81& = 0. By Lemma 4.3, ¢*(¢,t*) and
q?(t,t*) still maximize the relaxed problem. ¢! (¢,¢*) and —¢?(¢,t*) are both monotone
in t, which guarantees BIC. When « goes from 0 to 1, ¢*(¢*,t*) can achieve any value

between the interval [¢!(t*,t*), ¢*(t*,t*)]. Furthermore, ¢! (t*,t*) — % can achieve
any value in the corresponding interval.
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We give example of ¢* when t* = 0. It is similar when for t* = b and ¢2. The differ-
ence between Definition 5.3 is that we assign a unique interim allocation probability
q'(t,0) = [I5*2¢(0,0)]"~* when t € [0,15*%*(0,0)]. ¢'(¢,0) is same as in Definition 5.3.
Then, as promised, we show the value intervals of ¢!(¢*,t*) are seamlessly connect as
t* increases. Let [k (t*), k2(t*)] denote the value interval for ¢! (t*,t*). We say intervals
seamlessly connect, if for any two types t*! < t*2, we have that ky(t*!) < ki(¢*?), and
U, [E1(t*), k2(t*)] is connected.

LEMMA 5.4. The value intervals of ¢ (t*,t*) seamlessly connect as t* increases.

Finally we can prove Theorem 5.1

PROOF. By Lemma 5.4, we know the value intervals of ¢'(t*,t*) — % also
seamlessly connect. If zero is in the union of value intervals, we assume it is

in the value interval of ¢!'(t**,t**) — M Choose a such that ¢'(t**,t**) =
O‘(le(t**at**) + (1 - a)zjl(t**,t**). Let ql(ta t**) = a(jl(t7t**) + (1 - a)ql(t7t**) fOI‘ t e
[Iin (e ) mraw (e ¢+*)), Similar for ¢2(t, t**).
2 - . W [ pkk gk s,k gk
Let u(t**,¢**) = 0 and 2%(t,¢**) = ¢* (¢, t**) — TLI) Since 2w (1, 1) = ¢! (1**,¢**) —

w = 0 and %(t,t**) is monotone in ¢, we have u/(¢t,t**) < 0, t € [0,¢**] and
u'(t,t**) > 0, ¢t € [t**,b]. Then u(t**,t**) is indeed the lowest utility point. The con-
structed ¢'(-,t**), ¢(-,t**) and u(-,t**) satisfies both IIR and BIC and achieves the
revenue upper bound in Equation (9) and is therefore revenue optimal.

If zero is below(above) the union of value intervals, we set t** = 0(b) and o = 0(1)
instead. The zero utility point will be 0(b). D

5.2. Implementation: the form of the optimal auction

Given type t*, interim allocation rule ¢*(¢,t*) and ¢*(t, t*), and expected utility function
u(t,t*) that in Theorem 5.1. We now describe the form of the optimal mechanism.
The optimal auction first computes and selects the bidders with the highest ironed

virtual value and compare this virtual value to a constant hi;((tti’; g

— If the two numbers are not equal, then the first item is uniformly allocated to the
highest ironed virtual value bidders; the second item is uniformly allocated to he
lowest ironed virtual value bidders.

— If the two values are equal, we randomize between two mechanisms. Let o denote a
parameter such that ¢!'(t*,t*) = ag'(t*,t*) + (1 — a)¢'(t*, t*). With probability « (a
constant that depends on ¢*), we run the following Mechanism 1:

— If there exist types in some interval [[5¥" (%, ¢*), 1579 (¢*, t*)], item one is uniformly
allocated to the bidders in this interval.

— If there does not exist such a type, item one is uniformly allocated to the highest
ironed virtual value bidders.

— The second item is allocated in the same way but with a different interval condi-
tion [I7m(¢*, %), 15V (¢, t*)).

—In Mechanism 1, when the ironed virtual value is equal to hl;((t;’)t *), there are
priorities for types in [[5"(¢*, t*), %% (t*, t*)] for getting item 1, there are priorities
for types in [I7""(t*, t*), [5¥i" (t*,t*)] for getting item 2.

With probability (1—«), we run Mechanism 2. Mechanism 2 is identical to Mechanism

1 except for different intervals.
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Roughly speaking, the auction needs to deal with the case where there are multiple
highest ironed virtual value bidders and needs to allocate among them delicately to
implement the optimal interim allocation rule.

Let (¢'(t), ¢%(t), pay(t)) denote the mechanism we construct. In fact Ey_.¢'(t;,t_;) =
q'(t1,t*)]. The payment rule is:

u(tz) b— ti .2
i 1)+ it g,y (B o) £ ()

This guarantees that u(¢;,t_;) is always nonnegative, and we have
U(ti)

tiq (t,,t*)—!— q?(t;, t*)

By Theorem 5.1, (¢*(t), ¢%(t), pay(t)) is indeed an optimal IR and BIC mechanism. By

[Manelli and Vincent 2010], there is a DIC and IIR mechanism that achieves the same

optimal revenue. However this mechanism in general does not satisfy DIC and ex post
IR at the same time. We will discuss this later in more details via an example.

pay;(ti,t—;) = (1 —

b
Et,iﬂ(ti;tfi) = Et, ( (tut )+

—t; . N
p q2(ti7t*i)) = u(ti7t )

6. AN EXAMPLE WHERE BIC DIFFERS FROM DIC IN REVENUE, UNDER EX POST IR
6.1. Two bidders with uniform distributions

There are two i.i.d. bidders with uniform valuation v! 4+ v? = 1, i.e. Fi(t;) = F(t;) =
t;, t; € [0,1]. If there is one such bidder, the optimal mechanism is trivial, i.e., to sell the
items in a bundle at price 1. In the two-bidder case, first of all, consider optimal BIC
and IIR mechanism. WLOG, we can restrict attention to bidder-symmetric mechanism
[Maskin and Riley 1984]. Note that if a mechanism is DIC and ex post IR, then there
is also a symmetric mechanism which is DIC and ex post IR.

By our approach, one can show that ¢* must equal % in the optimal BIC and IIR
mechanism. In the optimal symmetric BIC and IIR mechanism, we first prove the allo-
cation rule and the expected utility are fixed in certain subset of types. From Equation
(7), we have

T = [ awntg) + 200 )i - u(z)

2 2
< [ @O-fontg) + e (10)
< [@o-donreg o an

= [ OnT (5 + P00 - k(e )
0

21 t e [O 1/2] o B 2t t e [0, 1/4)
ot —1te(l/2,1 " (t)—{éfl igg//i?i]/‘l]

1 ¢
REV / [/ q*(s)ds +/ q*(s)ds]dt
2 (0,1/4)U[3/4,1] J¢ 0

By Border’s Theorem

/thl( s <

1
where, h(t,Z) {

and / s)ds < (12_t)
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RE V _/2 1— 1
<7 ‘/‘[O 1/4]U[3/4 1] - 2f ( t) d (12)

To attain the revenue upper bound 22, (10)(11) and (12) must be equaht1es

50

— Equality (10) requires u(§) = 0.

— Equality (11) requires ¢'(t) — q 2t)=0,te (4, 3).

—Equahty (12) requires ft s)ds = —2, 0 @ (s)ds = # for almost every ¢ ¢
[1,2]. This further implies When the lower type isin [0, 1]U[2, 1], the item is allocated

to the bidder with a higher type. In particular, ¢'(#;,0) = 1 and ¢?(¢;,0) = 0 for
€ (0, 1]. Interim allocation rule in some intervals is also fixed,

{ (,%) t te[0,1/4] U[3/4,1]
(t,3)=1—1t t€[0,1/4]U[3/4,1]

However, interim allocation rule in interval [1/4,3/4] is not fully fixed. The expected
utility function is fixed

1 S —t+t2te0,1/4uU[3/4,1
U(t72)={66 ! t§E1/4/,3]/ZJ)[/ |

We now show that there is a BIC and ex post IR mechanism that achieves the rev-
enue bound. In the following, we construct the ex post IR and BIC mechanism. The ex
post allocation rule is

1/2 t1 =ty or (t1,t2) € (1/4,3/4) x (1/4,3/4)
(t1,t2) { )

§(é (1/4,3/4) x (1/4,3/4)

1 t1 > to and (tl, to
0 ow.

Let g7 (t1,t2) = g3(t1,t2) = 1 — i (t1,t2) and ¢3(t1,t2) = q; (7517t2)
To satisfy the ex post IR constraint, the payment rule is a little tricky. We let it be
the valuation multiplies a factor 5(¢1) € [0,1], 1

pay(ti,tz) = ﬂ(tl)(Q}(tth)h + @3 (t1,t2) (1 —t1))

B u(t) B e 0, 1/4] U [3/4, 1]
Where’B“q1<t>t+q2<t><1—t>{o“ " te (/34

It is easy to verify that u;(¢1,t2) > 0 and E;,uq (t1,t2) = u(t1).
To see this mechanism is not DIC, consider the case when ¢t = 0. When ¢; € (0, 1], by
definition we have (¢ (t1,0), ¢3(t1,0)) = (1,0), and

o - wt €[0,1/4] U [3/4,1]
pay(ty,0) = (1 6(t1))t1—{0 H(1=t)? t1€(1/4,3/4)

For t; € (0,1], the allocation rule (qi (t1,0),q?(t1,0)) is constant (1,0), but pay} (¢1,0) is
not. In other words, in this interval, the agent wants to report a type between (1/4,3/4),
where the payment is zero.

THEOREM 6.1. No DIC and ex post IR auction achieves the revenue bound %

PROOF. Suppose by contradiction that there exists a such mechanism. Since u(3) =
0, ex post IR implies that Ul(%7t2) = 0 for type ¢t € [0,1]. In particular, u1(2,0) = 0.
When t, = 0, DIC constraint implies that du(t1,0)/0t1 = ¢'(t1,0) — ¢*(t1,0) = 1, t; €
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(0,1]. Thus u(t1,0) =t — %, t1 € (0,1]. However, ex post IR also requires u(t;,0) > 0,
contradicting the DIC constraint. O
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