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Abstract. We study the Boolean Satisfiability Problem (SAT) restricted
on input formulas for which there are linear arithmetic constraints im-
posed on the indices of variables occurring in the same clause. This can
be seen as a structural counterpart of Schaefer’s dichotomy theorem which
studies the SATproblem with additional constraints on the assigned values
of variables in the same clause. More precisely, let k-SAT(m,A) denote the
SAT problem restricted on instances of k-CNF formulas, in every clause
of which the indices of the last k − m variables are totally decided by the
first m ones through some linear equations chosen from A. For example,
if A contains i3 = i1 + 2i2 and i4 = i2 − i1 + 1, then a clause of the input
to 4-SAT(2,A) has the form yi1 ∨ yi2 ∨ yi1+2i2 ∨ yi2−i1+1, with yi being
xi or xi. We obtain the following results:

1. If m ≥ 2, then for any set A of linear constraints, the restricted
problem k-SAT(m,A) is either in P or NP -complete assuming P �=
NP . Moreover, the corresponding #SAT problem is always #P -
complete, and the Max-SAT problem does not allow a polynomial
time approximation scheme assuming P �= NP .

2. m = 1, that is, in every clause only one index can be chosen freely.
In this case, we develop a general framework together with some tech-
niques fordesigningpolynomial-timealgorithms for the restrictedSAT
problems. Using these, we prove that for any A, #2-SAT(1,A) and
Max-2-SAT(1,A) arebothpolynomial-time solvable,which is in sharp
contrastwith thehardness results of general#2-SATandMax-2-SAT.
For fixed k ≥ 3, we obtain a large class of non-trivial constraints A,
under which the problems k-SAT(1,A), #k-SAT(1,A) and Max-k-
SAT(1,A) can all be solved in polynomial time or quasi-polynomial
time.

Keywords: Boolean Satisfiability Problem, index-dependency, index-
width, bandwidth, dichotomy.

1 Introduction

The Boolean Satisfiability Problem (SAT) has received extensive studies since its
first proposed as a natural NP -complete problem in [7]. It is also well known that
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3-SAT is still NP -complete [7] while 2-SAT is linear-time tractable [3], where by
k-SAT we mean the the problem of deciding whether a given CNF formula with
exactly k literals in each clause is satisfiable. The counting class #P is introduced
by Valiant [18], and he proved in [19] that #SAT, the problem of counting the
number of satisfying assignments of a given formula, is #P -complete even on
instances of monotone 2-CNFs. The optimization version Max-3SAT, and even
Max-2SAT, have been shown to be APX-hard [2,10].

People thus became interested in examining the complexity of certain re-
stricted versions of SAT, such as Horn-SAT [11,20] and 1-in-3-SAT [16], where
the former is polynomial-time decidable while the latter is NP -complete. The
most significant step in this line of research is Schaefer’s dichotomy theorem [16],
which we will briefly review as follows. In most cases, the restrictions associated
with the SAT problem can be seen as a set of logical relations S = {R1, . . . , Rm},
where for all i ∈ {1, . . . , m}, Ri ⊆ {0, 1}k for some integer k ≥ 1. An R-clause,
written as R(x1, . . . , xk), is said to be satisfied iff (b1, . . . , bk) ∈ R where bi is the
assigned value to the variable xi. Any R-clause with R ∈ S is called an S-clause.
The problem SAT(S) is then defined to be the problem of deciding whether a
given set of S-clauses are simultaneously satisfiable. It is easy to see that many
variants of SAT, including the canonical k-SAT, Horn SAT and 1-in-3 SAT, fall
into this classification. Schaefer’s dichotomy theorem states that for every such
S, SAT(S) is polynomial-time decidable or NP -complete. Allender et al. [1] pro-
posed a refinement of Schaefer’s theorem considering AC0 isomorphisms instead
of polynomial-time reductions.

Roughly speaking, Schaefer’s dichotomy theorem accounts for the variants of
SAT problems for which certain constraints are imposed on the assigned values
of variables appearing in the same clause, while it does not directly consider the
structure of variables in the input formula itself. For illustration, the fact that
3-SAT remains NP -complete on instances in which every variable occurs at most
4 times [17], cannot be derived from Schaefer’s theorem. An interesting point
is that 3-SAT with each variable occuring at most 3 times is always satisfiable
[17]. This “phase transition” phenomenon is generalized to k-SAT by Kratochv́ıl,
Savický and Tuza [12]. (See [8] for a recent result for determining this threshold.)
Other examples include the NP -completeness of the Planar-3-SAT problem
[13], which is to decide whether a given 3-CNF formula with a planar incidence
graph is satisfiable.

In this paper, we initiate the study of SAT problems restricted on formulas for
which there are some pre-known constraints on the indices of variables occurring
in the same clause. This type of “index-dependency constraints” can be seen as a
structural counterpart of what is considered by Schaefer [16]. We focus on linear
arithmetic constraints, since they are the most natural ones we may encounter
in various scenes.

Besides its pure theoretical interest as being a comparison to Schaefer’s re-
sults, another motivation for studying this type of constraints on the clauses
comes from the generation of random CNF formulas for testing the behavior of
algorithms or other purposes. In practice, we usually use O(km log n) random
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bits, obtained by a pseudorandom number generator, to produce a random k-
CNF formula of n variables and m clauses. A dilemma is that, when the number
of formulas wanted is large, we cannot hope to get “good” random formulas if
the pseudorandom number generator is too simple, while it costs much more
time using a complex (but close to “true randomness”) generator. A natural
question is that to what extent we can relax the requirement on the quality
of randomness and still get good (or, hard) enough formulas. Can we still get
hard instances of SAT if the pseudorandom number generator is based on simple
linear arithmetic? Can we get hard formulas by first using only a few bits ob-
tained from a complex generator, and then performing some simple deterministic
steps? One of our results provides evidence to a positive answer of these ques-
tions, which essentially says that in a k-CNF formula only the indices of the first
two (or arbitrarily two, since the order doesn’t matter) variables in any clause
are “important”, and others can just be generated by simple linear arithmetic
operations (Theorem 5). It is thus interesting to study the complexity of these
types of restricted SAT problems.

We now briefly explain the model we use. More rigorous definitions can
be found in Section 2. Let f =

∧t
i=1

∨k
j=1 yai,j be a k-CNF formula, where

yl denotes either xl or xl. A simple way for demonstrating the linear con-
straints on indices is to introduce a matrix A and a vector b, and requiring
that A(ai,1, . . . , ai,k)T = b for all i ∈ {1, . . . , t}. But for convenience of our
proof, and without loss of generality, we adopt a more strict requirement that
in any clause, the first m indices can be set freely, while the last k − m indices
are totally decidable by the first m ones through some linear equations. More
precisely, there exists an integer m and a matrix A ∈ Z

(k−m)×(m+1) such that

∀i ∈ {1, 2, . . . , t}, (ai,m+1, . . . , ai,k)T = A(ai,1, . . . , ai,m, 1)T.

For instance, when A =
(

1 1 0
2 −1 −3

)

, every clause has the form (yi ∨ yj ∨ yi+j ∨
y2i−j−3), with yl denoting xl or xl. Since subtraction is allowed to define an arith-
metic constraint, we assume that the variables can be indexed by any integer,
not necessarily positive.

We refer to the problem of deciding whether a given k-CNF formula of this
form is satisfiable as D-k-SAT(m,A). When m = k it degenerates to the classical
k-SAT problem. Other variants like Max-k-SAT(m,A) and #k-SAT(m,A) can
be defined similarly.

Our Contributions. We systematically study the complexity of such classes of
SAT problems. In the first part of this article (Section 3), we prove a dichotomy
theorem for the case m ≥ 2. More precisely, for any k ≥ m ≥ 2 and A ∈
Z

(k−m)×(m+1), D-k-SAT(m,A) is either in P or NP -complete, assuming P �=
NP . We also prove that for any k ≥ m ≥ 2 and A ∈ Z

(k−m)×(m+1), #k-
SAT(m,A) is #P -complete and Max-k-SAT(m,A) does not have a polynomial
time approximation scheme, unless P = NP .

The second part (Section 4) of this paper is devoted to the case m = 1, where
things become subtler. We develop a framework for designing polynomial-time
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algorithms for the SAT problems restricted on this case. First, we define a new
parameter on the formulas, which we call the index-width (see Section 2 for the
definition). Roughly speaking, it captures how “far away” two variables in the
same clause can be from each other, under some ordering of the variables. We
compare it to the existing definition of bandwidth [14] (also referred to as the
diameter in [9]). We show that small index-width implies small bandwidth if the
considered formula has large “index-dependency” (or, in our notation, m = 1).
Moreover, a “layout” of the formula achieving a good (small) bandwidth can be
constructed efficiently if its index-width is small. (In fact, we are able to prove
that the two measures have the same magnitude up to some constant factor when
m = 1. However, we will not present the proof in this version.) This guarantees
that the algorithm in [9] for solving variants of SAT, which takes the bandwidth
as a parameter, runs in polynomial time. With a slight modification, we can
apply it to the weighted maximization version as well.

The reason that we define a new width parameter, but not directly use band-
width, is that this new concept is easier to handle. To get an intuitive idea,
the bandwidth cares a lot about the clauses of a formula, while the index-width
deals mainly with the variables themselves. Although two arbitrary formulas on
n Boolean variables may have very different structures of clauses, their variables
can, without loss of generality, be regarded as the same set {x1, x2, . . . , xn}. By
arguing on the index-width, we are able to handle a large class of formulas at
the same time. Another reason is that this definition is well related to the index-
dependency, since they both consider the indices, or more generally, the integers.
We are then able to use tools from number theory and combinatorics to obtain
desired results.

Keeping the ideas in mind and the techniques at hand, we first show that
for any A ∈ Z

1×2, WMax-2-SAT(1,A) (the weighted version of MAX-SAT)
and #2-SAT(1,A) are both polynomial-time solvable. This is in sharp contrast
with the hardness results of general #2-SAT [19] and Max-2SAT [10]. We
then consider the case where m = 1 and k = 3. We show that there is a large
(and surely non-trivial) class of A ∈ Z

2×2 for which both WMax-k-SAT(1,A)
and #k-SAT(1,A) can be solved in polynomial time. This is harder to prove
than the previous case k = 2. We then generalize the results to the case k > 3,
showing that a large and natural class of A makes the problems solvable in
DTIME(npolylog(n)), which is generally believed not to contain any NP -hard
problem. We also believe that, besides the obtained results, the concept of index-
width and the techniques used are of their own interest.

Due to space limitations, several proofs are omitted and will appear in the
full version of this paper.

2 Preliminaries

In this paper [a, b] denotes the integer set {�a	, �a	 + 1, . . . , 
b�}. We use log x
to denote the logarithm base 2 of x. Z is the set of all integers, Z

+ is the set of
all positive integers and Z

a×b is the set of all a × b integer matrices. Let A[i, j]
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denote the element of a matrix A at the crossing of the i-th row and the j-th
column.

Let X = {xi | i ∈ Z} be an infinite set of Boolean variables indexed by
all integers. Without loss of generality, all Boolean variables considered in this
paper are chosen from X . For all i ∈ Z, we write yi to represent a literal chosen
from {xi, xi}. Define an index function I as I(yi) = i for all i ∈ Z.

A clause is the disjunction of literals, which can be seen as an ordered tuple.
A CNF formula (or simply CNF) is the conjunction of clauses, and a k-CNF
is a CNF in which all clauses have exactly k literals. For a clause c, let I(c) =
{I(x) | x ∈ c} be the set of indices occurring in c, and I(c, i) be the index of
the i-th literal of c. For a CNF f , let I(f) =

⋃
c∈f I(c). Define the index-width

of f as:
W(f) = max

c∈f
max

i,j∈I(c)
|i − j|.

Observe that the index-width of f is just the maximum difference between any
two indices in the same clause of f . This concept is a dual analog of the band-
width of a formula [14], whose definition will be restated below in a more helpful
form. Given a CNF formula f =

∧m
i=1 ci, a layout of f is an injective function

l : {c1, . . . , cm} → Z (or, a relabeling of the clauses). The bandwidth of f under
layout l is defined as the minimum integer k s.t. whenever a variable or its nega-
tion appears in two clauses ci and cj , the inequality |l(ci)− l(cj)| ≤ k holds. The
bandwidth of f is the minimum bandwidth of f under all possible layouts.

Definition 1. Let k ≥ m ≥ 1 be two positive integers and A ∈ Z
(k−m)×(m+1).

Define k-CNF(m,A) to be the collection of all k-CNF f such that for any clause
c ∈ f , it holds that (I(c, m + 1), . . . , I(c, k))T = A(I(c, 1), . . . , I(c, m), 1)T.
With a little abuse of notation, we also use k-CNF(m,A) to denote a formula
chosen from this set.1

Definition 2. Let k ≥ 2, m ∈ [1, k] and A ∈ Z
(k−m)×(m+1). An instance of

k-SAT(m,A) consists of a string 1n as well as a formula f ∈ k-CNF(m,A)
with I(f) ⊆ [−n, n]. The goal is to find an assignment to {xi | i ∈ [−n, n]}
that satisfies f , or correctly report that no such assignment exists. Define D-
k-CNF(m,A), Max-k-CNF(m,A), WMax-k-CNF(m,A) and #k-CNF(m,A)
to be the decision version, the optimization version, the weighted optimization
version and the counting version of k-SAT(m,A), respectively.2

3 Dichotomy Results for k-SAT(m, A) When m ≥ 2

3.1 Dichotomy Theorem for 3-SAT(2,A)

We examine the complexity of variants of 3-SAT(2,A). In this case A is just a 3-
dimensional integer vector (a, b, c), and every clause of an instance has the form

1 For example, any clause of a formula f ∈ 4-CNF(2,

(
1 1 0
2 −1 −3

)

) has the form yi ∨
yj ∨ yi+j ∨ y2i−j−3.

2 In our notation, D-k-SAT(k, ∅), Max-k-SAT(k, ∅) and #k-SAT(k, ∅) correspond to
the canonical problems k-SAT, Max-k-SAT and #k-SAT, respectively.
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yi ∨yj ∨yai+bj+c. It is easy to find some special vectors A for which 3-SAT(2,A)
degenerates to 2-SAT: When A = (0, 1, 0) or (1, 0, 0) it is obvious, and when
A = (0, 0, c) it suffices to examine the two 2-SAT instances where xc is set to
0 and 1 respectively. Therefore 3-SAT(2,A) can be solved in polynomial time
under these choices of A.

It is somehow surprising that they are the only possibilities that 3-SAT(2,A)
is polynomial-time solvable, assuming P �= NP . For convenience we define
EasyA = {(0, 1, 0), (1, 0, 0)}∪{(0, 0, c) | c ∈ Z} which consists of all easy cases.

Theorem 1. Let A ∈ Z
1×3. Assuming P �= NP , D-3-SAT(2,A) is in P if

A ∈ EasyA, and is NP -complete otherwise.

We also obtain the following inapproximability results of the corresponding op-
timization problems.

Theorem 2. Let ε > 0 be any positive constant. Then, for A ∈ Z
1×3, it is

NP -hard to approximate Max-3-SAT(2,A) better than

– 21/22 + ε if A ∈ {(0, 1, 0), (1, 0, 0)};
– 43/44 + ε if A ∈ {(0, 0, c) | c ∈ Z};
– 23/24 + ε if A ∈ Z

1×3 \ EasyA.

Finally, we have the following hardness result for the counting version.

Theorem 3. #3-SAT(2,A) is #P -complete for any A ∈ Z
1×3.

3.2 Results for k > 3 and m ≥ 2

In this subsection we consider the cases where k ≥ 4 and m ≥ 2. The following
two theorems are not hard to prove given Theorem 1.

Theorem 4. Let k ≥ m ≥ 3 be two integers and A ∈ Z
(k−m)×(m+1). Then

D-k-SAT(m,A) is NP -complete.

Theorem 5. Let k ≥ 3 and A ∈ Z
(k−2)×3. Assuming P �= NP , D-k-SAT(2,A)

is in P if all row vectors of A are in EasyA, and is NP -complete otherwise.

Combining the above statements and noting that the preceding hardness results
also carry over to the case k > 3, we obtain:

Corollary 1. Let k ≥ m ≥ 2 and A ∈ Z
(k−m)×(m+1). Then,

– D-k-SAT(m,A) is either in P or NP -complete, assuming P �= NP ;
– #k-SAT(m,A) is always #P -complete;
– Max-SAT(m,A) does not admit a polynomial time approximation scheme

(PTAS) unless P = NP .

4 Tractability Results for m = 1

We now turn to the case m = 1. A little surprisingly, we will show that for any
A ∈ Z

1×2, all the variants of 2-SAT(1,A) defined previously are polynomial-time
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solvable. For k ≥ 3, there is a large class of non-trivial choices of A ∈ Z
(k−1)×2

for which the variants of k-SAT(1,A) can all be solved in polynomial time or
quasi-polynomial time (DTIME(npolylog(n))). In this short version, we will fo-
cus on the case k ≤ 3. We also assume without loss of generality that every input
formula has pairwise different clauses, since otherwise we can easily detect and
remove redundant clauses (and add the weight to another clause when dealing
with Max-SAT). We first define the following subsets of Z

1×2:

A1 :=
{(

0 b1

a2 b2

)

∈ Z
2×2

}
⋃

{(
a1 b1

0 b2

)

∈ Z
2×2

}
⋃

{(
1 0
a2 b2

)

∈ Z
2×2

}

⋃
{(

a1 b1

1 0

)

∈ Z
2×2

}
⋃

{(
a1 b1

a1 b1

)

∈ Z
2×2

}

;

A2 :=
{(

1 b1

1 b2

)

∈ Z
2×2

}

; A3 :=
{(

a1 0
a2 0

)

∈ Z
2×2

}

;

A4 :=
{(

a1 b1

a2 b2

)

∈ Z
2×2 | b1b2 �= 0 and (a1 − 1)/b1 = (a2 − 1)/b2

}

;

A := A1 ∪ A2 ∪ A3 ∪ A4.

Theorem 6. For any A ∈ Z
1×2, the problems 2-SAT(1,A), WMax-2-SAT

(1,A) and #2-SAT(1,A) are all polynomial-time solvable.

Theorem 7. For any A ∈ A , the problems 3-SAT(1,A), WMax-3-SAT(1,A)
and #3-SAT(1,A) are all polynomial-time solvable.

We will make use of the index-width of f to prove the two theorems. The fol-
lowing lemma is needed.

Lemma 1. Fix k ≥ 3 and A ∈ Z
(k−1)×2. Given any formula f ∈ k-CNF(1,A),

we can construct a layout for f in polynomial time under which f has bandwidth
O(W(f)).

Proof. Let f ∈ k-CNF(1,A). We construct a layout l for f as follows. For any
ordered clause c = (yi1 ∨ . . . ∨ yik

) ∈ f , let l(c) = 2ki1 + r where r ∈ [0, 2k − 1]
depends on the polarity of literals of c in the obvious way (2k possible cases in
total; recall that i2, . . . , ik are fixed after i1 is chosen). This is a valid layout
since f contains no duplicated clauses. Furthermore, suppose xi or its negation
appear in both c1 and c2. Let j = I(c1, 1) and k = I(c2, 1). By definition, we have
|j− i| ≤ W(f) and |k− i| ≤ W(f), and therefore |l(c1)− l(c2)| ≤ 2k|j−k|+2k <
2k+1(W(f) + 1). Thus, f has bandwidth O(W(f)) under layout l. ��
Given any k-CNF formula f , we can first apply Lemma 1 to get an equivalent
formula f ′ with bandwidth O(W(f)), and then use the algorithms in [9] (see
Theorem 3 in [9]) to solve SAT, Max-SAT and #SAT on f . Furthermore, their
algorithm can be modified to solve the weighted version WMax-SAT. Thus we
obtain the following lemma.

Lemma 2. SAT, WMax-SAT and #SAT can be solved in time nO(1)2O(W(f))

on any input formula f with I(f) ⊆ [−n, n].
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Lemma 2 implies that we can solve variants of SAT efficiently on instances with

W(f) = O(log n). Since for any A =
(

1 b1

1 b2

)

and f ∈ 3-CNF(1,A) it holds that

W(f) ≤ max{|b1|, |b2|, |b1 − b2|} = O(1), we have:

Corollary 2. The result of Theorem 7 holds for all A ∈ A2.

Given Lemma 2, a natural way for efficiently solving SAT on f is to find a family
of injective mappings {Fn} where Fn : [−n, n] → [−n′, n′] for some n′ = nO(1),
such that the new formula f ′, obtained by replacing all indices in f with their
images under Fn, obeys W(f ′) = O(log n). Notice that the injectivity of Fn

is important since it ensures the SAT-equivalence of f and f ′. Now we prove
Theorem 6 using this idea.

Proof (of Theorem 6). Let A = (a, b) and f ∈ 2-CNF(1,A) with I(f) ⊆ [−n, n].
Construct a directed graph G = (V, E) with V = {vi | i ∈ [−n, n]} and E =
{(vi, vj) | j = ai + b, j �= i}. Every vertex in V has in-degree at most 1 and
out-degree at most 1. Now we prove that every connected component is a chain
(a single vertex is regarded as a chain of length 0). If this is not the case, then
there exists a connected component that is a cycle, which indicates the existence
of t distinct integers i1, i2, . . . , it, t ≥ 2, such that il+1 = ail+b for all l ∈ [1, t−1]
and i1 = ait + b. Note that in this case a �= 1. Simple calculations show that
i1 = b/(1 − a). We then reach a contradiction, since i2 = ai1 + b = i1.

Thus, E is a collection of disjoint chains. We give an arbitrary ordering on
the chains. For every i ∈ [−n, n], let q(i), r(i) be the integers such that i is the
r(i)-th node on the q(i)-th chain. For every edge (vi, vj) ∈ E, we have q(i) = q(j)
and |r(i) − r(j)| = 1. Now define a function Fn as Fn(i) = (2n + 2)q(i) + r(i)
for all i ∈ [−n, n]. This is an injective function since r(i) ≤ 2n+1. We construct
f ′ by replacing all literals yi in f with yFn(i). It is easy to see that W(f ′) ≤ 1,
and by Lemma 2 we are done. ��
Lemma 3. The result of Theorem 7 holds for all A ∈ A1.

Proof. It is obvious that for any A ∈ A1, 3-SAT(1,A) can be reduced to 2-
SAT(1,A′) for some A′ ∈ Z

1×2. Other variants can be treated analogously. ��

Next we deal with A =
(

a1 0
a2 0

)

∈ A3, trying to find a family of injective

mappings {Fn} as suggested above. There is a simple construction of {Fn}
when |a1|, |a2| ≥ 2 and a1 and a2 are co-prime, in which case every integer m
can be uniquely represented by an integer-tuple (m1, m2, m3) such that m =
a1

m1a2
m2m3, a1 � m3 and a2 � m3. For all m ∈ [−n, n], let Fn(m) = m3n +

m1(�log n	+1)+m2. Since |m1|, |m2| ≤ �logn	, this is an injective mapping for
large enough n. The corresponding tuple associated with a1m is (m1+1, m2, m3),
so we have |Fn(a1m) − F(m)| = O(log n) and similarly |Fn(a2m) − F(m)| =
O(1), giving us the desired result. However, this method fails if a1 and a2 are
not co-prime. In the following, we will attack the general case using a different
approach.
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Lemma 4. The result of Theorem 7 holds for all A ∈ A3.

Proof. Fix a1, a2 ∈ Z \ {0}. Let f ∈ 3-SAT(1,
(

a1 0
a2 0

)

) with I(f) ⊆ [−n, n], n ≥
2. We construct an undirected graph G = (V, E) (note that in the proof of
Theorem 6 we use a directed graph) as follows: Let V = {vi | i ∈ [−n, n]}, and
E be the set of all (vi, vj) such that i and j can appear in the same clause of

a 3-CNF(1,
(

a1 0
a2 0

)

) formula. By our construction, (vi, vj) ∈ E indicates i = λj

for λ ∈ {a1, a2, 1/a1, 1/a2, a1/a2, a2/a1}. Notice that the graph G actually only
depends on a1, a2 and n.

Suppose G has connected components {Gi = (Vi, Ei) | i ∈ [1, c∗]}, c∗ ≥ 1.
Inside each component Gi, we pick an arbitrary vertex v (which we call the
root of Gi) and define l(v′) for all v′ ∈ Vi to be the the length of the shortest
path between v′ and v (note l(v) = 0). Then for all possible values t and all
v′ ∈ Vi with l(v′) = t, say, l(vi1) = . . . = l(vim) = t, we define r(viq ) = q for
all q ∈ [1, m] (notice that the order of vertices in this list can be arbitrary).
Finally let c(v′) = i for all v′ ∈ Vi. In this way we have defined three functions
c(·), l(·) and r(·) on V , which can be computed in polynomial time using simple
breadth-first-search algorithms. Intuitively, v is the r(v)-th node with distance
l(v) to the root of Gc(v), and (c(·), l(·), r(·)) can be seen as a new indexing on
the vertices in that (c(v), l(v), r(v)) = (c(v′), l(v′), r(v′)) implies v = v′. We next
prove two lemmas bounding l(v) and r(v) from above.

Lemma 5. There exists c1 > 0, which is independent of n, such that l(v) ≤
c1 log n for all v ∈ V .

Proof. For any vi ∈ V , let vj be the root of Gc(vi) and P is (one of) the short-
est path(s) between vj and vi. For any edge (vt1 , vt2) ∈ P , we have t2 = λt1
where λ ∈ {a1, a2, 1/a1, 1/a2, a1/a2, a2/a1}, implying that i = jau1

1 au2
2 for some

u1, u2 ∈ Z and obviously l(vi) ≤ |u1| + |u2|. Let {p1, . . . , pt} be the set of
all prime divisors of a1 or a2. Due to the fundamental theorem of arithmetic
(see e.g. Chapter 3.5 in [15]), we can assume a1 = (−1)r0

∏t
l=1 prl

l and a2 =

(−1)r′
0
∏t

l=1 p
r′

l

l where r0, r
′
0 ∈ {0, 1} and r1, . . . , rt, r

′
1, . . . , r

′
t ∈ Z

+ ∪ {0}. Note
that p1, . . . , pt, r0, . . . , rt, r

′
0, . . . , r

′
t are all constants that only depend on a1 and

a2. Suppose i/j = (−1)s0
∏t

l=1 psl

l where s0 ∈ {0, 1} and sl ∈ Z for any l ∈ [1, t].
We have |sl| ≤ c log n for some constant c because pl ≥ 2. Substituting them
into i = jau1

1 au2
2 gives

r0u1 ⊕ r′0u2 = s0 and ∀l ∈ [1, t] : rlu1 + r′lu2 = sl ,

where “⊕” denotes the modulo-2 addition. We know that there exists a so-
lution u = (u1, u2) to these equations, and l(vi) ≤ |u1| + |u2| for any so-

lution (u1, u2). If there exist l1, l2 ∈ [1, t] s.t.
∣
∣
∣
∣
rl1 r′l1
rl2 r′l2

∣
∣
∣
∣ �= 0, we will get a

unique solution of (u1, u2) = (
∣
∣
∣
∣
sl1 r′l1
sl2 r′l2

∣
∣
∣
∣ /

∣
∣
∣
∣
rl1 r′l1
rl2 r′l2

∣
∣
∣
∣ ,

∣
∣
∣
∣
rl1 sl1

rl2 sl2

∣
∣
∣
∣ /

∣
∣
∣
∣
rl1 r′l1
rl2 r′l2

∣
∣
∣
∣) and hence
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|u1|, |u2| ≤ O(|sl1 | + |sl2 |) ≤ c′ log n for some constant c′. Otherwise all equa-
tions but the first one (which only reflects whether the number is positive or
negative) become equivalent. From the property and general formulas of linear
diophantine equations over two variables (see, e.g. Chapter 3.7 in [15]), we know
that there exists one solution for which |u1|, |u2| ≤ O(s1) ≤ c′′ log n for some
constant c′′. Therefore l(vi) ≤ 2 max{c′, c′′} logn. ��

Lemma 6. There exists c2 > 0, which is independent of n, such that r(v) ≤
c2(log n + 1) for all v ∈ V .

Proof. Let vi ∈ V and vj be the root of Gc(vi). From the proof of Lemma 5, for

any edge (vt1 , vt2) ∈ E where t1/j = ae1
1 ae2

2 , we have t2/j = a
e′
1

1 a
e′
2

2 for some
(e′1, e

′
2) ∈ {(e1+1, e2), (e1−1, e2), (e1, e2+1), (e1, e2−1), (e1+1, e2−1), (e1−1, e2+

1)}, from which follows |e′1| ≤ |e1|+1, |e′2| ≤ |e2|+1 and |e′1 + e′2| ≤ |e1 + e2|+1.
Define h(vi) = mini/j=a

u1
1 a

u2
2 ;u1,u2∈Z

max{|u1|, |u2|, |u1 + u2|}. Since h(vj) = 0
and h(vt2) ≤ h(vt1) + 1 for any edge (vt1 , vt2) ∈ E, we have h(vi) ≤ l(vi).

On the other hand we prove l(vi) ≤ h(vi) as follows. Assume (u∗
1, u

∗
2) witnesses

h(vi); that is, i/j = a
u∗
1

1 a
u∗
2

2 and h(vi) = max{|u∗
1|, |u∗

2|, |u∗
1+u∗

2|}. We have either
(1) u∗

1u
∗
2 ≥ 0, and obviously l(vi) ≤ |u∗

1| + |u∗
2| = |u∗

1 + u∗
2|, or (2) u∗

1u
∗
2 < 0, in

which case l(vi) ≤ max{|u∗
1|, |u∗

2|} (for example, if u∗
1 > 0, u∗

2 < 0 and |u∗
1| ≥ |u∗

2|,
we have a

u∗
1

1 a
u∗
2

2 = a
|u∗

1 |−|u∗
2|

1 (a1/a2)|u
∗
2 | and thus |u∗

1| edges suffice to connect vi

and vj ; other cases can be proven similarly). So l(vi) = h(vi).
Note that r(vi) is at most the number of vertices at the same level with

vi. For any fixed value l(vi), the number of pairs (u1, u2) satisfying l(vi) =
max{|u1|, |u2|, |u1 +u2|} is at most 2(2l(vi)+1)+2(l(vi)+1) = 6l(vi)+4. Thus
r(vi) ≤ 6l(vi) + 4 and the result is straightforward by Lemma 5. ��

We continue the proof of Lemma 4. Define Fn : [−n, n] → Z as Fn(i) = c(vi)·n+
l(vi)·�c2	(�log n	+2)+r(vi) for any i ∈ [−n, n], where c2 is the constant ensured
by Lemma 6. By Lemmas 5, 6, there exists N0 > 0 such that for all n > N0, we
have l(vi) · �c2	(�log n	+2)+r(vi) < n and F(i) ≤ n3. Using the idea of division
with remainders, we have Fn(i) = Fn(j) ⇔ i = j, showing the injectivity of Fn

for n > N0. Furthermore, for any two indices i, j appearing in the same clause
of f , we have c(vi) = c(vj), |l(vi)− l(vj)| ≤ 1, |r(vi)− r(vj)| ≤ O(log n) and thus
|Fn(i) − Fn(j)| ≤ O(log n) holds. Lemma 2 then again gives us a polynomial-
time algorithm. Finally, we can just perform the exhaustive search when n ≤ N0,
since N0 is a constant. ��

By a simple reduction to 3-SAT(1,
(

a1 0
a2 0

)

), we can also prove that Theorem 7

holds for A ∈ A4. Hence, combining with Lemmas 3,4 and Corollary 2, Theo-
rem 7 follows.

We note that the above proofs rely on the existence of {Fn}, whereas in some
cases the non-existence of such mapping can be proved. Such an example is

given by setting
(

a1 b1

a2 b2

)

=
(

1 1
2 0

)

, for which it is provable that the formulas
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have index-width Ω(n/ log n) under any relabeling of the variables. We omit the
details.

Finally, we mention the following theorem for the case k > 3, the proof of
which is omitted from this short version. It basically follows a similar line as
above, with some more careful (and more complicated) analysis in dealing with
the parameters.

Theorem 8. Let A ∈ Z
(k−1)×2 with k ≥ 4. Then the problems k-SAT(1,A),

WMax-k-SAT(1,A) and #k-SAT(1,A) are

– solvable in polynomial time if A[1, 1] = A[2, 1] = . . . = A[k − 1, 1] = 1;
– solvable in time nO(logk−3(n)) if A[1, 2] = A[2, 2] = . . . = A[k − 1, 2] = 0.

5 Discussions and Open Problems

We list several interesting questions that are left for future work.

• Can we decide the complexity of 3-SAT(1,A) for every A ∈ Z
1×2? It is tempt-

ing to conjecture that 3-SAT(1,A) is polynomial-time solvable for every A.
However, proving this requires new techniques and insights into the struc-
ture of the instances. More ambitiously, can we characterize the complexity
of k-SAT(1,A) for every k ≥ 3 and A ∈ Z

(k−1)×2?
• Can we design polynomial-time approximation algorithms for 3-SAT(2,A)

for some A ∈ Z
1×3 \ EasyA with performance guarantee better than 7/8

(the tight approximation threshold for 3-SAT)? Can we achieve faster exact-
algorithms for the index-dependent SAT variants?

• Can we prove threshold behaviors for random instances of k-SAT(m,A)
similar to that of random k-SAT? (Here the “random instances” should be
defined carefully.)
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