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We report a numerical observation where the infinite-temperature out-of-time-order correlators
(OTOCs) directly probe quantum phase transitions at zero temperature. This is in direct contrast
to common intuition where quantum effects are washed away by strong thermal fluctuations at high
temperature. We compare numerical results with exact analytic solutions and find that the effect
is not a coincidence. Instead, it is generic and highly robust as long as the underlying system can
be mapped to a 1D Majorana chain. Using the Majorana basis, we find that this is a topological
phenomenon, where infinite-temperature OTOCs probe zero temperature topological phases via the
detection of the topological degeneracy in the entire spectrum. This insight leads to a new family of
interacting and nonintegrable systems whose dynamics do not show scrambling. Our results reveal
an interesting interplay between topological order and information scrambling, suggesting new ways
to utilize the scrambling of quantum many-body systems.

I. INTRODUCTION

Out-of-time-order correlators (OTOCs) have become a
widely-appreciated tool to measure the correlation build-
up in space and time, and hence quantitatively charac-
terize information scrambling in interacting many-body
systems [IHB]. Started off as a theoretical tool to un-
derstand quantum information in a black hole [0, [7] its
impact quickly expanded to a wide variety of subjects
including but not limited to: quantum chaos [8HI2],
many-body localization [3] 10, T3HI5], quantum integra-
bility [9} 12} [16] I7], quantum criticality [I8] and recently
symmetry-breaking quantum phase transitions [19] [20].

An OTOC at infinite temperature 8 = 1/T = 0 is
defined as,
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where W and V are set as local operators. In the second
line, we sum over a complete basis of the Hilbert space
of dimension M, while in the third line, we use a ran-
dom state |1)p,) drawn from the Haar measure [I5] 21] to
approximate 3 = 0 infinite-temperature state [22].

In this paper, we observe in multiple model systems
a sharp change in the saturation value of the infinite-
temperature OTOC, F, if W and V are chosen to be
degrees of freedoms localized near the edge of the sys-
tem. The location of this jump coincides with the phase
boundary of the corresponding quantum phase transition
if the same system is cooled down to zero temperature.
It is worthwhile to emphasize that the infinite tempera-
ture OTOCs are effective tools for detecting chaos where
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the entire energy spectrum is needed [8H12, [15]. Hence it
is surprising and highly not obvious that this correlator
can also directly probe zero temperature physics of the
ground state, such as quantum phase transitions. Let
us first lay out one example to motivate our study. We
consider a 1D XXZ chain,

Jx
H= JZ (Ufaizﬂ +olol + JUfoJrl) )

At T = 0, the model has three quantum phases separated
by two quantum phase transitions both between a gapped
Ising phase and a critical XY-phase where the spectrum
is gapless [23].

We employ Haar-distributed random states [ty) and
obtain Fig. [1| for various cases of the XXZ model. Due
to its intrinsic symmetry, the J, > 0 region of this model
can be mapped exactly to J, < 0, and vice versa. There-
fore, OTOCs at infinite-temperature only depend on the
absolute value of J,. We observe a non-zero minimum
signal in the XY-phase whereas the OTOC monotoni-
cally increases in the Ising phases (|.J,/.J| > 1) approach-
ing to ' ~ 1 as |J,| — oo when the spin operators at
the edge of the chain W =V = o%,,, are used (blue-
circles line). However, when the periodic boundary con-
dition is set (yellow diamonds line) or a spins in the bulk
of the chain W = V = of . are chosen (green left-
pointing arrows), the OTOC does not really differentiate
between the two phases, because the transition point is
smoothed out consistent with predictions from Ref. [19].
Therefore, for bulk degrees of freedom or a closed sys-
tem without boundary, the infinite-temperature OTOCs
are featureless and do not reveal any information about
zero-temperature quantum phases or phase transitions.
Based on our numerical observation, we ask two ques-
tions: What is the underlying physics that lets the out-
of-time-order correlator at infinite temperature be accu-
rately sensitive to the ground state physics and capture
the phase transition? Is this a generic feature?
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FIG. 1. Long-time average of OTOC for XXZ model for edge-
spin operators W = V' = 04, in blue circles and its (later ex-
plained) degenerate subspace contributions in orange squares;
for bulk-spin operators of,; with periodic boundary chain
(pbe) in yellow diamonds and its degenerate subspace contri-
butions in purple hexagons; with open boundary chain (obc)
in green left-pointing arrows and the degenerate subspace con-
tributions in light-blue right-pointing arrows. System size is
N = 14 and the time of averaging is ¢ = 800 [1/J].

It turns out that the observed boundary effect is not
an accident. Instead, it is the key to understand the
relation between the information scrambling at infinite
temperature and the quantum phases at zero tempera-
ture. We find that this phenomenon arises in any sys-
tem as long as the system can be exactly mapped to a
Majorana chain (i.e. a 1D superconductor) and through
this mapping, the quantum phase transition is mapped
to a topological phase transition (TPT). Hence the edge
OTOCs are in fact detecting the presence/absence of the
Majorana zero-energy modes. Previously, the OTOC of
the integrable Ising model [I6] and XX-chain [24] are
analytically studied, which required periodic boundary
conditions [25] and hence double-OTOCs [I6, 24]. Our
study indicates that OTOCs of edge operators contain
new information, which is not accessible by the bulk op-
erators. This is one key observation of our manuscript.
Furthermore, the observation is highly robust where the

J

qualitative features remain invariant even if the extra
terms are introduced to the Hamiltonian to break the
integrability and/or symmetries.

This counter-intuitive result hints to a deep and funda-
mental connection between information scrambling and
topological order regardless of temperature. In addition,
it opens up new avenues to dynamically detect and study
topological phases through utilizing information scram-
bling as an order parameter. The dynamical detection
of topological order has been under intensive investiga-
tion in terms of different dynamical quantities, e.g. bulk
observables [26], two-time correlators [27], survival prob-
abilities [28] of zero-energy modes. In addition to that,
the topological insulators and superconductors have been
studied [29H33] and classified [34] according to their non-
equilibrium dynamics rather in an analogy to the clas-
sification tables for topological states of matter [35] su-
perposed with the notion of dynamical quantum phase
transitions [36H38]. Thus, understanding if the informa-
tion scrambling has fundamental restrictions when topo-
logical order exists is a puzzle left at the intersection of
many sub-fields.

In Sec. II, we are going to detail our numerical obser-
vation around its corresponding Majorana chain and dis-
cuss about the connection between infinite temperature
scrambling and T = 0 topological order with quantita-
tive arguments. Later in the section, we are going to
show how the topological order is encoded in the satu-
ration regime of OTOCs. In Sec. IIT and IV, we discuss
the robustness of this relation via breaking the integra-
bility and changing the boundary conditions. We will
also demonstrate that the relation does emerge at any
temperature.

II. TOPOLOGICAL EDGE PHYSICS ENCODED
IN THE OUT-OF-TIME-ORDER CORRELATORS
A. XXZ Model in Majorana Basis

We rewrite the Hamiltonian of the XXZ model in the
Majorana basis in a rotated frame:

H = J; {(1 — 202@) (1 - 2cj+1ci+1> - (ci + CI) (ci“ - c}LH) + % (ci — CI) (ci“ + c;rﬂﬂ , (3)

where we applied Jordan-Wigner (JW) transformation
via the mapping [25],

of =— H (1 - 2cj-cj) (ci + cj) , (4)

i<i
of =1— QCjci,
ol =—i H (1 — 26}@) (ci - cj) :

J<i

(

Now we write Eq. [3]in terms of Majorana fermions de-
fined as ag;—1 = ¢; + c;r- and agj = —1i (cj — c;) [39):

H=-J E (@2i-102i02i4102i12 + 102i—102i4+2)
i

+iJ, Za2ia2i+1o (5)
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In this basis, the XY (Ising) phase is mapped to a gapless
(topological) phase, and the quantum phase transition
becomes a topological transition. The topological phase
is characterized by two Majorana zero-modes localized
at the two ends of the chain. These topological Majo-
rana modes can be seen by looking at the J, > J limit,
where Eq. 5| converges to the Kitaev chain [39]. In this
limit, edge Majorana fermions a; = 1 and asy = 2 are
loosely connected to the rest of the chain and hence cause
zero-energy modes in the spectrum. The zero-energy Ma-
jorana modes remain topologically protected, regardless
of perturbations or interactions, for the entire topological
phase. The existence of two Majorana modes at the two
ends of the chain (y; and v2) indicates that a zero-energy
non-local fermion d = Wr% can be defined. Because of

its zero-energy nature, for an eigenstate of the Hamilto-
nian [¢g), another degenerate state 1) = d|¢o) must
exist with an opposite fermion parity. Therefore, the
edge modes are responsible of the degenerate subspaces
forming not only in the ground state, but throughout the
entire spectrum (23] [39].

As a result, if we use the Majorana basis and choose
the control parameters such that the system is in a topo-
logical phase at T = 0 (i.e. one topological zero-energy
Majorana mode at each end), the OTOC with edge op-
erators at § = 0 is always large (close to unity, Fig. (1)
given the same control parameters. Whereas 5 = 0 edge
OTOC remains small (close to 0 or —1 depending on the
model) in the topologically trivial phase (i.e. no zero-
energy Majorana modes at the ends). This observation,
along with the robustness of the edge feature, suggests
that the Majorana zero-energy modes localized at the
edges are the origin of non-zero infinite-temperature edge
OTOCs: infinite-temperature OTOCs with edge oper-
ators detect T = 0 phase transition via detecting the
presence or absence of the edge Majorana zero-modes
that are associated with the quantum phases at 7" = 0.
This, in the end, leads the way to non-decaying infinite-
temperature OTOCs and hence non-scrambling systems
even when the Hamiltonian is manifestly interacting and
non-integrable.

In the next sections, we analytically and numeri-
cally show that this effect can be understood based on
the topological degeneracy. For a conventional quan-
tum phase transition based on a spontaneous symme-
try breaking, the ordered phase has multiple degener-
ate ground states (two for Ising symmetry breaking),
while the disordered phase in general expects one unique
ground state. This difference in ground state degener-
acy can be detected in zero-temperature OTOCs [19].
At infinite temperature however, the contributions from
the entire energy spectrum need to be summed over,
and thus the infinite temperature measurements includ-
ing OTOCs are not expected to be sensitive to the ground
state features, e.g. ground state degeneracy and quantum
phase transitions associated with it. However, certain
TPTs have a totally different scenario, e.g. the topo-
logical phase of a Majorana chain, as explained above.

The two-fold degeneracies that arise for the entire en-
ergy spectrum (in contrast to a conventional phase tran-
sition where degeneracy only arises in the ground state
in general), causes the infinite-temperature OTOC to be
sensitive to the zero-temperature physics.

We make use of the dynamical decomposition method
to decompose the OTOC into topological and non-
topological parts when the edge modes exist. This
method was shown to be useful in proving the connection
between OTOCs and symmetry-breaking phase transi-
tions [19]. We will show that this method also provides us
a direct and easy-to-calculate tool to determine if a sys-
tem possesses topological order and the transition bound-
ary between topologically non-trivial and trivial phases.

B. Dynamical decomposition method

The idea behind the method is to decompose the time-
average of a dynamical quantity in mutually exclusive
parts that reflect different physics by either being the
leading order term or the corrections in the dynamical
quantity via some assumptions [I9]. For example, in Ref.
[19] the assumptions are stated accordingly so that the
decomposition reveals the ground state physics being the
leading order term to the OTOC saturation value. There-
fore, we could gain insight about the relation between
scrambling and symmetry-breaking phase transitions via
determining how and when the OTOC could be used to
dynamically detect the quantum phases. In this sense,
the method helps us to see what physics is at play in a
complicated dynamical correlation function, e.g. OTOC.
Now we are going to provide another example of the dy-
namical decomposition method: topological contribution
being the leading order term in the (infinite temperature)
OTOC saturation.

According to the dynamical decomposition, each cor-
relator can be reduced to a combination of two basic
constituents: eigenstate expectation values (EEV) that
is the operator in the eigenbasis and the eigenstate oc-
cupation numbers (EON) that is the projection of initial
state on the spectrum [40H42). While in its most gen-
eral format, the method requires the exact eigenstates
and hence is numerically limited to exact diagonalization
computations, the method can prove useful to derive an-
alytical expressions for OTOCs when eigenstates have
closed forms, e.g. via Bethe ansatz. We write the dy-
namic equation for the degenerate spectrum as,

Fity= Y > aarcens (6)
0,0",¢,¢" Kk ,B,y,y T
x exp [~i(Elsr] = Ejg,a] + Efp0) — Elgr 4t
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The initial state is |1(0)) = Z@,a Ci9,a] ‘w[g’a]>, with
eigenstates |1/J[97a]> where the symbols represent de-
generate manifold § and the state o within, respec-



tively. Both the long-time saturation value and time-
average of Eq. [f] could be obtained under the constraint
E[T,K] - E[97a] + E[¢:V] — E[¢r7,y/] = 0. If we focus on
an infinite-temperature initial state, [6,a] = [¢', 8] be-

cause T = [1ho) (Vo] = 2 o lcpp.01l* [¥10.0]) (Yi0.09| and
|
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Alongside the assumption on the initial state, (i) infinite-
temperature OTOC, we choose (ii) the ansatz on the ma-
trix elements of the operator as [Wig a9/, |2 < 1 where
6 # 6’ for the entire spectrum. This operator ansatz is
more strict than the one used in Ref. [19] whose opera-
tor ansatz exerted an assumption only on the eigenstate
where the phase transition is expected to happen. So, the
relaxation in the initial state condition comes at a cost
of making the operator condition tighter, reflecting an
interesting trade-off between our two conditions. Later
we will further elaborate on the necessity of the initial
state assumption.

Under the assumptions (i)-(ii), the OTOC saturation
dynamically decomposes into a topological leading or-
der term FyP and non-topological corrections. In the
topologically non-trivial phase, due to the degenera-
cies throughout the spectrum caused by the zero-energy
modes, the fluctuations are suppressed between the ma-
trix elements in all subspaces, implying |[Wig,qajp0,5| ~
O(1). Hence the operator ansatz in the topologi-
cally non-trivial phase takes the form [Wig ,j0,4° >
[Wio,a10",8] |2. Therefore, we derive the leading order term
in this phase as,

Ft(? = (8)
WM 220 e Wio,0116.71Wi0.4116.41Wi6,47116,71 Wie 16,00

The operator ansatz in the topologically non-trivial phase
simultaneously guarantees that the OTOC Eq. [7]is dom-
inated by the topological contribution Eq. (8. Simi-
lar to a disordered phase in a symmetry-breaking phase
transition, in the topologically trivial phase the fluc-
tuations are expected to exist between the matrix el-
ements in any subspace, leading to the absence of or-
der [Wig,aji0,8| ~ 0, and hence FiY ~ 0. Then the
non-topological correction term dominates the OTOC,
while the operator ansatz |W[97a][9/75]\2 < 1 still guar-
antees bounded non-topological correction term. As we
will detail in the following sections, this is almost always
the case in non-integrable systems, since the operator
ansatz is a looser version of a Eigenstate Thermalization
Hypothesis (ETH) criteria: |Wyg| > |Wye/| for a non-

lcio,0]/*> = 77 In order to simplify the expression fur-
ther, we assume hermitian operators and W = V since
we focus on detecting the order and phase transitions.
Then the saturation value is,

Wig,al10.,Wio.4110,71Wio.116,71 W1, 7]16.0)

TWigr 1111 Wi, 116,00 (7)

(

degenerate spectrum, implying that the off-diagonal ele-
ments are suppressed compared to the diagonal elements
[42]. For a degenerate spectra where the topological order
can form, the dynamical decomposition of OTOC into
topological and non-topological contributions provides a
similar condition to the second criteria of ETH [42H44].
Then, as it could be anticipated, the integrable systems
do not necessarily have a bounded non-topological cor-
rection term, given that the ETH criteria are generally
violated for these systems [42H44]. Hence we predict
that the topological order could be concealed by the in-
tegrability in integrable systems. To conclude, since (i)
Eq. captures the degenerate subspace contributions
throughout the spectrum and (ii) when the corrections
remain bounded, the topological order and hence a TPT
should be dynamically detectable via OTOC saturation
value of an operator that satisfies the operator ansatze
in topologically trivial and non-trivial phases at infinite-
temperature.

C. Transverse-field Ising Model

Here we use an exactly solvable model to demonstrate
the role of topology in the OTOC. The Hamiltonian for
the transverse-field Ising model with open boundary con-
ditions is,

N-1 N
H=-JY ojoj, +hY ol 9)
j=1 j=1

Let us first take a look at the OTOC saturation value de-
rived from the real-time dynamics at 5 = 0. When we set
the OTOC operators to one of the edge spin operators in
z-direction, o7, we obtain the lines with green-circles and
light-blue diamonds for N = 14 and N = 50, respectively
in Fig. The simulation with N = 50 spins is per-
formed with matrix product states (MPS), (see Appendix
A for details). Here the error bars stand for the extend
of oscillations in time, as we time-average the real part
of the OTOC signal in a time interval of £ = 710 ~ 7.85
[1/J]. We observe that the curve steadily diverges from
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FIG. 2. Transverse-field Ising model results. (a) The OTOC saturation values of the edge spin operators o}, calculated via the
topological OTOC Eq. |8lat N = 14 (purple-circles); for BAG Hamiltonian with Majorana edge modes at N = 14 (blue right-
pointing triangles) and N = 100 (red left-pointing triangles); exact form derived from the two-point correlators (solid-orange)
both in logarithmic and linear scales (inset); the real-time OTOC dynamics (green circles) at N = 14 and (light-blue diamonds)
at N = 50 where we used MPS (see Appendix A) in the inset with linear scale. (b) The OTOC saturation values of the bulk spin
operators og at N = 12 for a time interval t = 510 ~ 7.85 [1/J] (blue circles: real-time dynamics, red-squares: the topological
OTOC Eq. [8) and 6% at N = 14 for a time interval t = %103 ~ 800 [1/J] (orange diamonds: real-time dynamics, purple crosses:
the topological OTOC Eq. [§). (a)-(b): the initial state is set to 8 = 0 state. (c) The zero-temperature OTOC saturation values
(initial state is set to the ground state) of of operator with open boundary condition in a time interval ¢ ~ 7.85 [1/J]: the
real-time dynamics Fy; (blue-circles), the dynamical decomposition theory prediction Fye, (red-squares) and the ground-state
manifold contribution in this result Fys (orange-diamonds) (App. A); contrasted with periodic boundary conditions of o3
operator in a time interval ¢ ~ 20 [1/J]: Fy¢ (purple-circles), Fyeq (green-squares) and Fgs (light blue-diamonds). All curves in

(c) are at N = 14.

unity to Fo ~ —1 when h < 1 [J] and stays at Foo ~ —1
at h > 1 [J], hence marking the point h ~ 1 [J] as a tran-
sition point. On the contrary, when we choose a bulk
spin operator, of, this feature disappears (blue-circles at
N = 12 and orange-diamonds at N = 14 in Fig. . The
line with blue-circles in Fig. demonstrates a drop in
the saturation value well before the transition point when
time is short enough ¢ ~ 7.85 [1/J]. While increasing the
size (to N = 14) and the time interval of averaging (to
t ~ 800 [1/J]) results in even steeper decline to zero and
a steady Fo, = 0 value for any higher magnetic field h.
This observation clearly reflects that the physics captured
by edge- and bulk-spin operators are different; curiously
enough a similar observation to what we presented for
the XXZ model earlier. To further show how the real-
time OTOC dynamics look like, we contrast the curves
belonging to o operator (blue-solid and orange-dotted
for h = 0.1 and h = 0.9, respectively) with the curves of
o (red-dashed and purple-dotted dashed for A = 0.1 and
h = 0.9, respectively) for a chain of N = 12 in Fig.
Notice how the order in time-average (or the saturation
value) of the signal is captured when an edge operator
is utilized, whereas a bulk operator results in a decay
for smaller h and a damped-oscillatory behavior around
zero for larger h values. Now let us explain these different
behaviors of OTOC.

Eq. [9 can be rewritten in Majorana fermion represen-
tation with no interactions between Majorana fermions,

N-1 N
H=—iJ Z a2;A2;+1 — ihza2j71a2ja (10)
j=1 Jj=1

where we used Eqgs. When the field h is set to zero,
the edge operators a; and asx remain unpaired and hence
totally localized at the edges. Turning on the field lets
the localized Majorana modes exponentially decay into
the chain. Let us first show what the doubly-degenerate
spectrum in Eq. corresponds to in Ising model Eq. @
The non-local fermion operator d could also be written

Kcl + c’{) + (cN - c}r\,)}

1
=—|-0f+i ||a“?ay ,
V2 ! ITN

J<N

d:m:i
V2 V2

(11)

where we used Egs. in the second line. Note
that the operator Eq. forms degenerate subspaces
spanned by the states that are dictated by Ising sym-

metry Z, eg. o) = o5 (NN +10N) and i) =
% <|T>®N - |¢>®N> for the ground state manifold.

We construct the Bogoliubov-deGennes (BdG) matrix
for Eq. and obtain the zero modes to calculate Eq.
in a doubly-degenerate spectrum. The main quan-
tity to calculate is Wig o)(0,4] = <1/1[97a]’ w |1/1[977]> where
|j6,4]) and |tg.a]) are even and odd parity states in a
doubly-degenerate subspace. Then ’1/1[9ﬁ]> =d ’1/)[9’04> =

f(h) (%) |¥(9,01), Where f(h) is a function of mag-

netic field h and f(h = 0) = 1/v/2, however de-
creases as h — 1 (h = 1 is the critical point in Eq.



The quantity that we need to calculate becomes

<z/1[97a]| W f(h) (71 + iv2) ”(/J[g’a]> /\/§ We expect the ef-
fect to appear when we use edge spins, hence

W =o0f= (clJch{) = (12)
W =03 = H (1 - 2c;cj) (cN + c}fv)
J<N
=P (cN — C}LV) = Py, (13)

where P = va <1 — 2c;[-cj> is the parity operator. Egs.

show the operator W in Ising, Dirac and Majorana
bases, respectively. If we work with the operator Eq. [I2]

(Yio,01] f(R)™ <%+\/§ZW> |Y10,01) = 2{/(;), (14)

where we utilized (71»)2 = T and —7;’}/1’72’1/1[97a]> =

- |1/)[97a since |1/)[97a]> is an odd-parity state. Similarly
for Eq.

. 1+ 472 2f(h

if (h) (V1o,a1) P2 (W) |i6,01) = J\‘}i)7 (15)
where we additionally use P‘?/)[g7a]> = — |1/)[97aa. At
h =0, Wg,ajj0,y] = 1 for each 6 and . Thus Eq. [§|reads
Fiy = 1, successtully showing that there is no scram-
bling at this limit. For general f(h) which we calculate
with numerics, we obtain F° = [Wig qjjo,|* = f(h)*/4.
The lines with blue right-pointing triangles and red left-
pointing triangles in Fig. [2a] show this result calculated
with Majorana edge modes of BAG Hamiltonian at sizes
of N =14 and N = 100 sites, respectively. These curves
should be compared with the degenerate subspace con-
tributions in OTOC F;7, Eq. |8} calculated for the Ising
chain at N = 14 in Fig. (purple-squares). The curves
at N =14, Fpn; and F}7 as well as N = 100 match well
up to the transition point where finite-size effects show
up. The difference between the curves F,,; of N = 14
and N = 100 at the transition point can be seen in the
logarithmic scale of Fig. as a demonstration of the
finite-size effects. Therefore the OTOC clearly exhibits
Majorana edge physics, encoded in the degenerate sub-
spaces of the energy spectrum. We can further derive an
analytical expression for this topological contribution to
OTOC. Ref. [27] studies two-point correlators of edge
Majorana fermions Cy(t) = (| W(t)W |¢) in its satu-
ration regime and finds that this correlator is a direct
indicator of the topological phase and the transition in
the Kitaev chain (and hence the Ising chain). We apply
the dynamical decomposition to this correlator and find
that it saturates at,

1
Coo = i Z Z Wig,a110.41W6.4)16,0] 5 (16)
0 o,y

in the ordered phase for a 8 = 0 initial state. Therefore,
we see that a two-point correlator will always reduce to
Majorana edge physics at the infinite-temperature with

1 m——
\)
\ S e
\ ~
\ ~
1 ~
0551 7y +
i 1\ ~
\ ;oY A ~
\ ! ~
4 | r\ el
—~ \ ' 1 1 % /7 N\ ~
-+ H 1 1 ] \ ’ . -—
SO O S R S A W AN St
H ’
|‘ H \ ! \\/ \.7
I v ! -
WY
W — i h =01
-0.5 7 — ol h—01
of,h=0.9
—==0i,h =009
-1 :
0 2 4 6 8
t

FIG. 3. The OTOC dynamics F(t) with respect to time for
transverse-field Ising model with open-boundary conditions
when the initial state is an infinite-temperature state. The
blue-solid and the orange-dotted lines are the OTOC of edge
o} operator for h = 0.1 and h = 0.9, respectively. The red-
dashed and the purple-dotted dashed lines are the OTOC
of edge 0§ operator for h = 0.1 and h = 0.9, respectively.
The OTOC dynamics of edge and bulk operators demonstrate
different physics.

no conditions on the operator W. Ref. [27] provides a
simple functional form of Eq. Coo=1—h2forh<J
and Co, = 0 for h > J. We substitute this analytical
result into Eq. and obtain Wiy ,jj9,a) = V1 — h? for
h > J in the topologically non-trivial phase. Therefore,
we straightforwardly calculate the topological contribu-
tion to OTOC in its time-average: Fi> = (1- h2)2. The
solid-orange line in Fig. is the exact result, match-
ing perfectly with our other calculations until the phase
transition point, where it continues to match with F,;
calculation at N = 100. Hence, we see that our Ising
model calculations of topological contribution to OTOC
suffers from the finite-size effects at the phase boundary.

Having demonstrated the point (i) that is the OTOC
captures the order in topologically non-trivial phases ver-
ifying the Eq. , we study the point (ii) in detail: does
non-topological correction remain bounded and hence,
can we accurately mark the TPT point? We observe
that OTOC Eq. [7] reduces to the topological leading
order term (Eq. [8) only when A < 0.2 (green-circles
and purple-squares in Fig. . Starting from h ~ 0.2
[J], as we increase the field strength, non-topological cor-
rection starts to increase and eventually dominates the
OTOC saturation. Exactly where the topological contri-
bution approaches to 0 and hence pointing to the TPT
that is about to happen, the OTOC itself, approaches
to Fo ~ —1. To understand the relation between this
behavior and the integrability of the system, we plot the
matrix elements |[Vz,|? for various § in the spectrum at
different h values in Fig. [l The first four subfigures
(a)-(d) are for an edge spin operator of, whereas the
rest (e)-(h) are for a bulk spin operator. Deep in the



topologically non-trivial phase, h = 0.1, we see that the
operator ansatz is satisfied [Vig 1ji0.411% > [Vig.41107,4 17
for an edge spin (blue-circles). For a bulk spin, the
operator ansatz is valid only in the ground state sub-
space, hence it is actually [Vii,ji1,411% > Vi1 1009117
the condition put forward by Ref. [19] for the dynami-
cal detection of symmetry-breaking phase transitions via
OTOCs. This is how the edge spins preserve the topo-
logical order in the OTOC throughout the spectrum,
while the bulk spins can preserve only the symmetry-
breaking order. Closer to the transition point, h = 0.8,
the order |V[(97.y][9,,yf]|27 expectantly, decreases while the
off-diagonal matrix elements |Vig ,jer.,/|> grow, which
is a signature of integrability. Eventually the operator
ansatz in the topologically non-trivial phase starts to
break down, hence explaining how the OTOC saturation
starts to be dominated by an integrability effect over the
topological contribution. Note that this breakdown in
the operator ansatz does not happen in the bulk spin
at a ground state, Fig. [del The red-squares at h = 0.8
exhibit |V[1,7][1,v’]|2 > |V[1,7][9/77/]\2, though clearly get-
ting weaker as we approach the transition point. To
demonstrate how the operator dynamics reflect itself in
the OTOC saturation value, we plot Fig. [2d where the
purple-circles show the real-time OTOC dynamics and
the green-squares are the theory predictions for zero-
temperature OTOC (when the initial state is set to the
ground state). The blue-diamonds are the leading-order
term which is the ground state subspace contribution to
the saturation value. The OTOC saturation captures the
symmetry-breaking phase transition from ordered to dis-
ordered phases as originally shown in [20] and explained
in [19].

In the topologically trivial phase, h = 1.5, the oper-
ator ansatz is still satisfied |Vv[9).y][9/7»y/]|2 < 1, though
being borderline: |[Vig ,jjer,4/|> ~ 0.1. This could be seen
in orange-diamonds in Figs. However more impor-
tantly, we realize only a certain number of off-diagonal
matrix elements are non-zero and the rest is zero up to
machine precision in Figs. alf4d] Additionally, the num-
ber of non-zero off-diagonal matrix elements match with
the system size, meaning that there are 12 nonzero ma-
trix elements in N = 12 and etc., as seen in Fig. at
different system sizes for a ground state. Even though
the operator ansatz is still borderline for a bulk spin in
a ground state, Fig. by no means these matrix el-
ements are the only non-zero ones where we observe a
scattering rather than a clear arc pattern of matrix el-
ements of Figs. We relate this unusual order in
the off-diagonal matrix elements of an edge spin in an
integrable system to the ‘integrability order’. This ef-
fect seems to dominate the topologically trivial phase by
letting us observe that the OTOC saturation value Eq.
[7 always converges to F, ~ —1 regardless of the inter-
val of time-averaging which implies that the temporal
dephasing does not occur, consistent with integrable sys-
tems. The same effect also causes the breakdown of the
operator ansatz while approaching the TPT point, pre-

viously discussed (red-squares in Figs. possess the
same arc pattern). Hence the topological order in Fig.
is increasingly shadowed by an ‘integrability’ order as h
increases.

Now interestingly we also observe that the integrabil-
ity order is independent of the initial state. Even the
operator ansatz for the detection of symmetry-breaking
phase transitions is violated, when an edge spin is cho-
sen (Fig. as seen in Fig. The theory prediction
(red-squares) and the ground state subspace contribution
(orange-diamonds) start to mismatch deep in the ordered
phase, h > 0.2. Therefore, the OTOC does not reduce
to the ground state physics for an edge spin even for
zero-temperature, meaning the OTOC cannot dynami-
cally detect the ordered and disordered phases. Instead,
it detects the integrability order that build up as h in-
creases. We note that this is the case in any eigenstate for
an edge-spin: Fig. compares the off-diagonal matrix
elements |Wg,|? for a variety of 3. Note how these ma-
trix elements possess an order with the same strengths.
This is the underlying reason why an infinite temperature
and zero temperature OTOC of edge spins could give the
same saturation behavior seen in Figs. [2a] and

In conclusion for the section, the OTOC saturation
value of an edge operator and hence the information
scrambling, when edge modes exist, can capture the
topological order at infinite temperature up to non-
topological corrections depending on the model. This
connection that we probe further encourages us to ex-
plore the interplay between topological order and scram-
bling in interacting and non-integrable systems, since the
integrability order could outcast the topological order.

III. THE INTERPLAY BETWEEN
TOPOLOGICAL ORDER AND SCRAMBLING

Could we find a model whose OTOC saturation
regime encodes mostly and preferably only the topolog-
ical physics? In other words, is there a model where a
local operator at the edge of the system perfectly sat-
isfies the operator ansatz, so that the corrections to the
OTOC remain bounded for any field h? Having observed
that the integrability shadows the topological contribu-
tion to OTOC in the integrable Ising model, we propose
to break the integrability and study a non-integrable ver-
sion of Ising model,

N-1 N-2 N
_ z __z z __z xT
HffJE O'j(fj+17A§ 0’j0’j+2+h§ of, (17)
j=1 j=1 j=1
N-1 N-2
= —iJ E a2j02j5+1 + A g A2;A2;+4+1A2;4+202;+3
Jj=1 Jj=1

N
- ihzazjqazj, (18)
j=1
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FIG. 5. The non-zero off-diagonal elements of an edge spin
[Wsa|? (a) for B = 1 ground state for various system sizes
N = 10 (blue-circles), N = 11 (red-squares), N = 12 (orange-
diamonds) and N = 13 (purple-dots); (b) for various f =
1 (blue-circles), 8 = 250 (red-squares), 8 = 500 (orange-
diamonds), 8 = 1500 (purple-asterisks) and 8 = 3000 (green-
pentagons).

where A is the next-nearest neighbor coupling between
spins in Eq. and breaks the integrability of the model.
The strength A introduces interactions between Majo-
rana fermions in Eq. [I§

We study the OTOC saturation value for long times,
e.g. t ~ 800 [1/]J] to guarantee the temporal dephas-
ing. Fig. [6a] shows the OTOC saturation values of
real-time dynamics when the operator is set to edge-
spin of for sizes N = 12 (orange-circles) and N = 14
(purple-squares). The quantum phase transition point
is he = 1.14 [J] for weak interactions A = 0.1, as de-
noted by the black line. We see the effect of finite size

as the dip signature shifts towards the phase transition
point with the increasing system size N. The topologi-
cal contribution, Fy7 can also be seen in Fig. @ at the
blue pentagrams and red-diamonds. As we increase the
system size, the data shows a shift to the right towards
the phase transition point, as well as an increase in the
topological contribution. We plot the topological contri-
bution of system sizes ranging from N = 10 to N = 15
in logarithmic scale in Fig. Note that the decrease
in the logarithmic scale reveals that F}, continues to de-
crease in h as a power-law when Fy, S 0.1, approaching
to the phase transition point. This steeper decline to
zero that is visible only in logarithmic scale, is a sign of
disappearing degeneracies in the spectrum as h increases,
and hence a sign of finite-size effects. Additionally, given
that we introduce cut-offs in the computations of sums
in the theory Eqs. (7)-(8) for efficient computation (see
App. A), the data in Fj, are slightly underestimated.
Therefore Fy, in Figs. |§| are a lower bound to the ex-
act values without a cut-off. The power-law decrease in
F}, demonstrates regularly increasing slope for the topo-
logical contribution to OTOC in h as N increases. The
parameters read b = —34.75, b = —38.4, b = —42.39,
b= —43.71, b = —45.63 and b = —50.7 for N = 10 to
N = 15, respectively in fitting Fy, o ah® where a is a
constant. Hence we expect that in thermodynamic limit,
the topological contribution of non-integrable model with
weak integrability breaking gives a similar trend to the
topological contribution of the integrable model, Fig.
On the contrary, the OTOC saturation of a bulk spin in
Fig. [6D] behaves drastically different: as we increase the
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FIG. 6. Non-integrable transverse-field Ising model results of small integrability breaking term A = 0.1 [J]. The OTOC
saturation values of a Hamiltonian with (a) an edge spin in linear scale, (b) a bulk spin in linear and logarithmic (inset) scale
and (c) an edge spin in logarithmic scale. In (a) blue pentagrams and red diamonds show the topological OTOC, F}, whereas
the orange circles and purple squares show the OTOC saturation value, F.o at N = 12 and N = 14 system sizes, respectively.
Black line shows the TPT point, h. ~ 1.14 [J]. (b) Red pentagrams, purple diamonds and light-blue crosses show F}, whereas
the blue circles, orange squares and green triangles show F for N = 12, N = 13 and N = 14, respectively for a bulk spin.
(¢) The topological OTOC Fi, of an edge spin for system sizes ranging from N = 10 to N = 15 (blue-circles, red-diamonds,
orange-squares, purple-pentagrams, green-triangles and bordeaux-hexagrams, respectively). All curves have open boundary

conditions and a time interval of ¢ ~ 800 [1/J].

system size, both F, and Fj, approach to zero for all
h, and hence gets even farther away from the transition
point.

In conclusion, via breaking the integrability weakly
OTOC saturates to a value mostly dictated by its topo-
logical contribution. Increasing the interaction strength
to A = 0.5 [J] lets even more clear match happen be-
tween Fo and Fi7 in Fig. for both the edge spin
(blue-circles F, and red-pentagrams Fj,) and a bulk spin
(orange-squares Fo, and purple-diamonds Fy,). Fig.
shows the OTOC saturation and its topological contri-
bution for a bulk spin with increasing system size. We
observe that the topological order decreases as the system
size increases, pointing to vanishing order in thermody-
namic limit for a bulk spin. Unlike in the case of weak in-
tegrability breaking, increasing the interactions destroys
the topological order in the edge spins as well. Fig.
similarly demonstrates the saturation value and its topo-
logical contribution for different system sizes. The first
observation is that Fy, approaches to the phase transition
point, h. ~ 1.6 that is denoted by the black line, as N
increases. However, the topological order decreases as N
increases. This observation is detailed in Figs. [8] where
we focus on the interval A < 1 in logarithmic and linear
scales. Hence, we conclude that increasing the interac-
tions, expectantly, delocalizes the Majorana edge modes
and the vanishing topological order is captured via the
OTOCs. The effect of interactions is best observed when
the scrambling decay trends of edge spin operators in
Figs. [6a] and [Ta] are compared. When the interactions are
zero or weak, the decay has a polynomial form (a — h?)?,
whereas as the interaction strength increases, the decay
transforms into an exponential form ~ aexp(bh).

The OTOC saturation value indeed becomes an order

parameter for the topologically non-trivial phase: even
though this order parameter could be highly nonlocal
in the Dirac fermion representation, it is local in spin
description. Further, it is supposed to stay local for a
weakly-interacting chain in thermodynamic limit based
on the observation of increasing topological order with
the system size (Fig. . This observation tells us that
the scrambling in the system is negligible when the topo-
logical order exists and hence the initially local operator
o7 continues to be local throughout the time-evolution.
Therefore, we demonstrate how topologically-protected
degrees of freedom fight against being scrambled, either
completely preventing or restricting the operator spread-
ing and thus exhibiting a clear interplay between the
topological order and scrambling. An interacting and
a non-integrable system, e.g. our model under study in
this section, is always expected to scramble down to zero
where the decay rate depends on the global conservation
laws existing in the Hamiltonian. However, our results
indicate that this does not always need to be the case
and the scrambling can be severely hindered by the topo-
logical protection of the information spreading. In this
context, our findings confirm our intuition and current
understanding on the information scrambling in quan-
tum many-body systems [45]. Further they imply that
the topological protection might work against the scram-
bling not only due to the internal thermalizing dynamics
of the system, but also the scrambling due to the detri-
mental effects of an environment [46], 47].

In conclusion for the section, the non-integrability
provides a better reduction to topological contribution
in OTOC saturation value via making sure that the
operator at the edge sufficiently satisfies the operator
ansatz. This renders the OTOC saturation value an or-
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FIG. 7. Non-integrable transverse-field Ising model results of large-integrability breaking term A = 0.5 [J]. (a) The OTOC
saturation values of a Hamiltonian with an edge spin (blue-circles: Fo, red-pentagrams: Fi,) and a bulk spin (orange-squares:
Fs, purple-diamonds: Fi,) at N = 12 system size. (b) A detailed look at the bulk spin shows a regular decrease as the system
size increases. The OTOC saturation Fo and the topological contribution Fy, for N = 12 (blue-circles and red-pentagrams),
N = 13 (orange-squares and purple-diamonds) and N = 14 (green-triangles and light-blue crosses). (c¢) Unlike in the case of
small-integrability breaking, the OTOC saturation for edge spin also decreases with the system size: Fo, and Fi, for N = 12
(blue-circles and red-pentagrams) and N = 14 (orange-triangles and purple crosses). Black line shows the TPT point, he ~ 1.6
[J]. All curves have open boundary conditions and a time interval of ¢ ~ 800 [1/]].
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FIG. 8. A detailed look at the OTOC saturation dynamics of
an edge spin. (a) Fig. [7c|focused at the interval of 0 < h < 1
[J] to demonstrate the decline in both F. and Fi, as the
system size N increases. (b) The topological contribution Fj,
of Fig. is shown in linear scale to demonstrate the decline
even in small h values.

der parameter for the topological order. The OTOC of
weakly interacting systems tend not to decay, a reflec-
tion of the preserved topological order in the system. On
the contrary, strongly-interacting systems show informa-
tion scrambling more in accordance with the strongly-
interacting Majorana fermions.

A. The XXZ model revisited

Now we go back to our observation on XXZ model
stated in the introduction and calculate Fi7, the topo-
logical contribution Eq. The lines with red-squares,
purple-dots and light-blue right-pointing triangles plot
Fg for an edge-spin o7 (obc), a bulk-spin of (pbc) and
a bulk-spin oZ (obc) operators, respectively in Fig.
When the periodic boundary condition is set, the topo-

FIG. 9. The OTOC saturation values of real-time dynamics
(blue-circles) and its topological contribution (red-squares) in
the transverse-field XXZ-model with respect to hy/J. where
J. =10 [J] and h; is the strength of the transverse-field. The
inset shows the topological contribution in logarithmic scale.

logical contribution is always zero regardless of the J,
coupling strength. The signal in OTOC with an edge
spin operator that we presented earlier in the text has
the major contribution from the degenerate-subspaces in
the Ising phases. Even though this model has interac-
tions in its Majorana representation Eq. it is still an
integrable system which explains why its OTOC satura-
tion value does not completely match with its topological
contribution in a long-time evolution. The edge modes
in the XXZ model are always interacting due to the cou-
plings in other axes, hence the signal is always Fo, < 1,
approaching to Fi, ~ 1 at the limit of J,/J > 1 where
the edge modes are increasingly localized. The topo-



logical contribution in the XXZ model becomes zero in
the XY-phase consistent with a gapless phase. As ex-
pected, when a bulk spin is chosen in open-boundary
chain we still observe the effect of exponentially decay-
ing edge modes towards the middle of the chain as a
slight increase of F;J’ in the transition to Ising phases
from XY-phase (right-looking triangles). To make our
argument even stronger, we add a transverse-field to the
Hamiltonian Eq. and break the total spin conserva-
tion as well as the integrability of XXZ-chain. Fig. [J]
shows the OTOC dynamics (blue-circles) and the topo-
logical contribution (red-squares) of an edge-spin oper-
ator with respect to the transverse-field strength h,/J,
when J, = 10J is set for open-boundary condition. No-
tice how Fig. [9]is similar with the edge spin results of Fig.
[6al the non-integrable Ising model. This similarity is in-
tuitive when we compare the Majorana representations of
XXZ- and non-integrable Ising models, Eqs. [B{I8] The
integrability-breaking term with A strength in Eq.
corresponds to the couplings in X- and Y-axes with J
strength in Eq. b} both introducing interactions between
Majorana fermions. When we additionally add h, to
the XXZ model and see if there is a transition occurring
in h;, we reproduce the OTOC of non-integrable Ising
model and hence observe a TPT in the transverse-field
XXZ-model. We further note that without a transverse-
field, the XXZ model has an OTOC that mostly reduces
to its topological contribution even though it is an inte-
grable model. In this sense, the XXZ model has a more
clear dynamical signature of the topological order than
the integrable Ising model, which is shadowed by the in-
tegrability order.

IV. ROBUSTNESS OF THE TOPOLOGICAL
ORDER AGAINST SCRAMBLING

In the final section of our paper, we focus on how ro-
bust the relation between scrambling and the topological
order is. We study this question in two different path-
ways: i) How does the temperature affect our results?
ii) Could OTOC capture the topological order when the
boundary conditions are different?

A. Topological order in finite-temperature OTOC

We study if the topological order can be detected at
finite-temperatures where we set the model to weakly-
interacting non-integrable Ising model, A = 0.1 [J]. We
observe that the trend captured for the infinite tempera-
ture OTOC persists for finite temperatures in Fig. [I0] for
T =5[J] and T =1 [J]. The finite-size scaling in F}, sug-
gests that the TPT point can be marked in the thermo-
dynamic limit at any temperature. Hence the interplay
between the information scrambling and the topological
order is not limited to infinite-temperature OTOC, and
the initial state condition in the theory could be loosened.
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FIG. 10. The finite temperature OTOC saturation Foo (red-
circles N = 11 and purple-diamonds N = 12) and its topo-
logical contribution Fy, (blue-squares N = 11, orange penta-
grams N = 12, green dots N = 13 and light-blue hexagrams
N = 14) for non-integrable Ising model with A = 0.1 [J]. (a)-
(b) are for temperature 7' = 5 [J] and (c)-(d) are for 7' =1 [J]
where (a)-(c) are in linear scale and (b)-(d) are in logarithmic
scale to demonstrate the decline towards the TPT where no
degeneracy is left in the spectrum. All figures are generated
for a time interval of ¢t = 800 [1/J].

We note that in principle any initial state can reveal this
relation as long as the edge operator satisfies the operator
ansatz.

B. Zero-energy Modes Localized at the Edge of the
‘Wall

When we drive an edge with an additional constant
field in the x-direction, hy = h + 6 [J] while the rest of
the spins have h; = h [J], we localize the zero-energy
mode right at the edge of the wall instead of the edge of
the spin chain. Fig. [T1]shows the OTOC of edge and the
second spins where we moved the zero-energy modes via a
constant drive both for integrable and weakly-interacting
non-integrable Ising models. We observe how the OTOC
of the edge spin now cannot capture the topological order
and decays expectantly, whereas the second spin presents
almost identical results to our benchmark results dis-
cussed in the previous sections. Note that the integrabil-
ity order persists even for a spin not at the edge of the
chain. The blue-circles in Fig. show the integrability
effect of matrix elements discussed previously. Addition-
ally the orange-diamonds in Fig. point to the oscilla-
tory OTOC behavior for the edge spin in the integrable
model, whereas the oscillations do not persist when we
break the integrability in Fig. In conclusion, the de-
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FIG. 11. The zero-energy mode localized at the second spin
(edge of the wall) with a drive field of hy = h 4+ 6 [J] only
applied to the first (edge) spin. (a) The non-integrable Ising
model with A = 0.1 [J] and (b) the integrable Ising model at
N = 13: When the OTOC saturation is calculated with an
edge spin o7 (Foo blue-circles and Fyp, with red-triangles) and
the bulk spin o5 where the zero-energy modes are expected to
localize (Fs orange-diamonds and Fi, with purple-squares).
The OTOC decays to zero for the edge spin operator o7,
since the zero-energy modes are not localized at the edge of
the chain when the boundary is driven.

tection of topological order via OTOCs demonstrates ro-
bustness against the change in the boundary conditions.

V. CONCLUSIONS AND DISCUSSIONS

We put forward an interesting numerical observa-
tion on the XXZ model, where we showed the infinite-
temperature OTOC, namely a correlator that probes the
quantum chaos in interacting many-body systems, is also
susceptible to ground-state phase transitions. We proved
that its origin is Majorana edge modes existing in the sys-
tem with a systematic study of first the integrable and
then the non-integrable Ising models. The integrable
Ising model provided us the opportunity to study the
topological contribution to OTOC saturation value ana-
lytically and from different perspectives. The integrabil-
ity order appeared in the OTOC saturation value of the
integrable Ising model encouraged us to break the inte-
grability and hence study the effect of interacting Majo-
rana edge fermions. We found that the OTOC saturation
value at any temperature, but more fascinatingly at infi-
nite temperature, can detect both the topological order
and the TPTs up to finite-size effects. Increasing the in-
teraction strength delocalizes the Majorana zero-energy
modes and the topological order that can be captured
for finite sizes might not be visible for a system in the
thermodynamic limit. Our conclusions in principle can
be generalized to higher dimensions for topological states
with similar fraction excitations and topological degen-
eracy, although the numerical verification is yet to be
found.

In principle, this probe allows experimental detec-
tion of quantum phase transitions and topological states
without a need to cool down the system to ultra-low
temperatures whether it is the OTOCs, Eq. [§] or two-
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point correlators, Eq. [16] [27]. In particular, the infinite-
temperature OTOCs are experimentally more appealing
to zero-temperature OTOCs [4§], since it can be chal-
lenging to prepare a ground state as the initial state in
certain experimental platforms.

The interplay between information scrambling and
topological order, though just started to be explored, is
an intuitive one. It is well known that the entanglement
entropy of a ground state has a universal topological con-
tribution in topologically non-trivial phases [45] [49] 50].
Moreover, the connection between OTOCs and the en-
tanglement entropy of the time-evolved states has been
discussed too [5Il 52]. Hence here we make another
connection which also relates a dynamical quantity to
a static property of the Hamiltonian. Our results ren-
der the OTOC saturation value as a useful signature to
study the TPTs when the zero-energy modes are local-
ized not only at the edge of a chain but also at the edge
of a wall in the bulk. Since the OTOC saturation value
stays in the order of F' ~ 1, it shows a restricted operator
spreading which in turn protects the locality of the spin
operators for some h, where the topological order is dom-
inant in the OTOC saturation. This observation lets us
wonder about the potential use of information scrambling
when we discuss storing data in topologically protected
degrees of freedom [53, [54]. This is an interesting fu-
ture direction that requires systematic study on how the
edge modes affect the information spreading possibly via
OTOC wavefronts [12, 15 21]. In particular, introducing
the spatial correlations back to OTOC and studying how
information spread is restricted by topological order via
spatial-temporal correlations would be an exciting next
step at the intersection that we have just started to ex-
plore. We emphasize that new robustness tests of OTOC
in capturing the topological order could be developed in
the future, e.g. answering the question if disorder can
enhance the detection of topological order via informa-
tion scrambling. Answers to such questions could bring
closer the exciting idea of topologically-protected quan-
tum memory via localized operators [54] in clean or dis-
ordered quantum many-body systems.

Appendix A: Methods Explained

To determine the degeneracy in the spectrum, we need
to characterize the uncertainty in energy, AE. This
means that we define an energy window around each en-
ergy level with AF as [E,, — AE, E,, + AE] where we
assume that the states remain in this window are de-
generate with the state whose associated energy is F,,.
This process defines an energy resolution and in a way
coarse-grains the energy spectrum.

As discussed in Ref. [19], the energy resolution is
related to the interval of the time-evolution. Longer
time-evolution translates to finer energy resolution, re-
solving the smallest energy differences in the spectrum,
TAFE ~ 1, where T is the total time of the evolution.



Hence anytime we simulate a system with a finite time
interval, we define an energy resolution as AE = J5.
In return, the parameter AFE determines the degener-
ate subspaces in the spectrum and hence helps us to de-
termine the Fy contribution (sometimes called as the
topological OTOC in the main text) in the OTOC sat-
uration value. Note that this reverse relation between
the time interval and energy resolution also implies that
any degeneracy lifting (possibly due to finite-size) will be
eventually captured by a long-time evolution.

We prefer calling an equation derived by the dynamical
decomposition as a framework equation. If the operator
in the eigenbasis W, g can be calculated analytically for
an integrable system, that would present us the analyt-
ical expression of its OTOC saturation value. However,
one can numerically derive the matrix elements W, g too
and use them in the framework of dynamical decompo-
sition. Any brute force calculation of the OTOC satura-
tion value requires an estimation on the time-dependent
part in the dynamical Eq. [6] e.g. which energy pairs
are equal to each other. The energy resolution AFE is
used here to define a threshold so that we could ex-
ert the degenerate subspaces on the OTOC calculation.
Crudely speaking, this threshold determines whether the
saturation value is contributed by the found energy set

13

{Bl.r1: Elo,0)s Elo.11 Elor )}

hen we numerically calculate the OTOC saturation
value, we do the summations in Eq. [} This introduces
an approximation to the final OTOC saturation value in
our numerical result. We set a threshold where any term
greater than the threshold is found and summed over.
We determine our threshold based on the dimension of
the Hilbert space, ~ 1/d?, where d is the dimension of
the Hilbert space. This generally bounds the error on
the order of ~ 1072 (we remind the reader that |F| < 1).
This approximation is the reason why the line with red-
squares in Fig. slightly diverges from the line with
blue-circles.

We utilize ITensor platform in C++ environment and
MPS (matrix product states) for our density matrix
renormalization group (DMRG) computations [55]. To
prepare infinite temperature states in MPS format, we
make use of randomly-set Fock states instead of summing
over the whole basis. As shown [15], a small number of
randomly-set Fock states are able to generate the exact
OTOC results up to errors around ~ 1072. We restrict
the bond numbers to m < 60. Since the bond numbers
increase as the system evolves in time, this results less
accuracy for the later times. Therefore, we restrict our
time-evolution with MPS to ¢ <5 [1/J] for h > 1.
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