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The manifold of all pure states of a quantum system satisfies an asymptotic no-cloning theorem,
which forbids the replication of arbitrary identical and independently distributed (i.i.d.) sequences
of states. In stark contrast, we show that arbitrary i.i.d. sequences of unitary gates can be replicated
at a quadratic rate, with an error that can be made arbitrarily small on most inputs, except for an
exponentially small fraction. By the same argument, we show that N parallel uses of a completely
unknown unitary gate can be compressed into a single gate acting on O(log N ) qubits, enabling an
exponential saving of computational workspace.

A striking feature of quantum theory is the impossibility of constructing a universal copy machine, i. e. a
machine that takes as input a quantum system in an arbitrary pure state and produces as output a number of
exact replicas [1, 2]. Such an impossibility has important
implications for quantum error correction [3, 4], key distribution [5, 6], and other cryptographic primitives, such
as quantum money [7–10] and quantum secret sharing
[11, 12].
The impossibility of universal copy machines is a hard
fact: it equally affects deterministic [13–16] and probabilistic machines [17], these two types of machines having
the same performances when it comes to copying completely unknown pure states [18, 19]. A similar no-go result holds when the universal machine is presented a large
number N  1 of identical copies and is required to produce a larger number M > N of approximate replicas: if
the replicas have non-vanishing overlap with the desired
M -systems state, then the number of extra copies must
be negligible compared to N [15, 20]. We refer to this
fact as the asymptotic no-cloning theorem or standard
quantum limit for cloning [19], expressing the fact that
long i.i.d. sequences of pure states cannot be stretched
by more than a linear factor.
The impossibility of universal cloning of pure states
suggests the validity of similar results for arbitrary unitary gates. Along this line, a no-go theorem for exact
universal gate cloning was proven in Ref. [21], showing
that no quantum network can perfectly simulate two uses
of an unknown unitary gate by querying it only once. On
the other hand, very recently Dür and coauthors [22] considered a non-universal setup designed to approximately
copy phase-gates, i. e. gates generated by time evolution
with a known Hamiltonian. In this scenario, they came
up with a quantum network that simulates with high fidelity up to N 2 uses of an unknown gate while using it
only N times. This phenomenon of gate super-replication
is an analog of the super-replication of phase-states discovered in Ref. [19], with the crucial difference that state
replication has necessarily an exponentially small probability of success while the gate replication takes place
deterministically. The main open question raised by Ref.

[22] is whether deterministic super-replication occurs not
only for the subset of phase gates, but also for arbitrary
unitary gates. An affirmative answer would imply that
the asymptotic no-cloning theorem only applies to states,
whereas it is possible to stretch long i.i.d. sequences of
reversible quantum gates by up to a quadratic factor.
In this letter we answer the question of Ref. [22]
in the affirmative, establishing the possibility of universal super-replication of unitary gates, in stark contrast
with the asymptotic no-cloning theorem for pure states.
Given N uses of a completely unknown unitary gate U ,
we construct a quantum network that simulates up to
M = O(N 2 ) parallel uses of U , providing an output that
is close to the ideal target for all possible input states
except for an exponentially small fraction. The network
is asymptotically optimal: every other network that produces replicas at a rate higher than quadratic will necessarily spoil their quality, delivering an output that has
vanishing overlap with the desired output. In addition to
cloning, we consider the task of gate compression, where
one is given a black box and is asked to faithfully encode
its action in a gate acting on a smaller quantum system.
For gates acting on two-dimensional quantum systems
(qubits), we show that N uses of a completely unknown
gate can be encoded without any loss in a single gate acting only on 2 log N qubits. This exponential compression
of workspace is the analogue of the exponential compression of i.i.d. sequences of quantum states [23], recently
demonstrated experimentally with photons [24].
Universal super-replication of qubit gates. Let us start
from the simplest case of qubit gates, represented by unitary matrices in SU(2). A generic gate can be represented
as Uϕ,n = exp[−iϕ n·j], where ϕ ∈ [0, 2π) is a rotation angle, n = (nx , ny , nz ) is a rotation axis, and j = (jx , jy , jz )
is the vector of angular momentum operators. We define
g := (ϕ, n) and label the unitary gate as Ug . Here both
ϕ and n are completely unknown, differing from the setting of [22], where the rotation axis was fixed and only
ϕ was varying. In order to replicate an unknown gate,
we consider a network where N parallel uses of Ug are
sandwiched between two quantum channels, C1 and C2 ,
as in figure 1. The overall action of the network is de-
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FIG. 1. Quantum network for gate replication. The
network simulates M parallel uses of an unknown unitary
gate Ug , while querying it only N times. The simulation is
obtained by transforming the input state of M systems into
the joint state of N systems and an ancilla (quantum channel
C1 ), applying the unknown gate on the N systems, and then
recombining them with the ancilla via a quantum channel C2 ,
which finally produces M output systems.


scribed by the channel Cg := C2 Ug⊗N ⊗ IA C1 , where
Ug is the channel Ug (·) = Ug · Ug† and IA is the identity
on a suitable ancilla.
In order to specify the channels C1 and C2 , it is useful
to decompose the Hilbert space of K qubits (K = N, M )
into rotationally invariant subspaces. Choosing K to be
even, we have
H ⊗K '

K/2 
M

(K)

Rj

(K)

⊗ Mj



,

(1)

j=0

where j is the quantum number of the total angular mo(K)
mentum, Rj
is a representation space, of dimension
(K)

dj = 2j + 1, and Mj
dimension
(K)

mj

=

is a multiplicity subspace, of



K
2j + 1
K/2 + j + 1 K/2 + j

(2)

(see e.g. [25]). The isomorphism in Eq. (1) is called the
Schur transform and can be implemented efficiently by a
(K)
suitable quantum circuit [26]. Let us denote by PJ the
projector on the direct sum of all subspaces with angular
momentum number smaller than J. Setting K = M , we
define the encoding operation
h
 i
(M )
(M )
(M )
(M )
EJ (ρ) = PJ ρPJ + Tr I ⊗M − PJ
ρ ρ0 (3)
(M )

(M )

where ρ0 is a fixed state, viz. ρ0 = P0 / Tr[P0 ].
(M,J)
Denoting by FΨ
be the fidelity between a generic pure
(M )
⊗M
state |Ψi ∈ H
and the state EJ (|ΨihΨ|), we have
the following
Theorem 1. If |Ψi is chosen uniformly at random, then,
(M,J)
for every fixed  > 0, the probability that FΨ
is
smaller than 1 −  satisfies the bound
 2J 2
4 1 − 2−M e− M
Prob
<1− <
,
(4)

√
up to a multiplicative correction of order O(J/ M ).
h

(M,J)
FΨ
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Proof.
By iMarkov’s inequality, one has
h


(M,J)
Prob FΨ
< 1 −  < (1 − E F (M,J) )/, where


E F (M,J) is the average of the fidelity over all pure
states. In turn, theh average fidelity
i can be expressed


(M,J)
as E F (M,J) = 2M FE
+ 1 /(2M + 1), where
(M,J)

FE
is the entanglement fidelity [27, 28]. Finally, the
entanglement fidelity satisfies the bound
2
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J
X
2
d
m
j
j
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≥ hΦ|PJ |Φi = 
M
2
j=0

2
J
X
(M )
≡
pj  ,

(5)

j=0
(M )
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where the probability distribution pj
:= dj mj /2M
is known as the Schur-Weyl measure (see e.g. [29, 30]).
Now, for large M the Schur-Weyl
measure is concen√
trated on an interval of size M around j = 0. Explicit
calculation (cf. Appendix
A.1)
h
 √then
i gives the bound
2
(M,J)
− 2J
M
FE
≥ 1 − 4e
1 + O J/ M . The desired result follows by inserting this bound into the expression
of the average fidelity and using Markov’s inequality.
Theorem 1 guarantees that, except for an exponentially small fraction of the Hilbert space, almost all
pure M -qubit states are approximately in the subspace
(M )
(M )
HJ√ = PJ H ⊗M , provided that J is large compared
to M . To achieve super-replication of qubit gates, we
combine this fact with another observation, namely that
(M )
for J ≤ N/2, the states in HJ
can be faithfully encoded into H ⊗N ⊗ HA , where HA the Hilbert space of
a suitable ancilla. The encoding is achieved by an isom(M )
etry VJ : HJ
→ H ⊗N ⊗ HA that commutes with all
rotations, namely

VJ Ug⊗M = Ug⊗N ⊗ IA VJ
∀Ug ∈ SU(2) .
(6)
In order for this to be possible, the dimension of the
(N )
(M )
ancilla must satisfy the condition ml dA ≥ ml
for
all l ≤ J, and therefore has the minimum value

M
(N/2 + J + 1) M/2+J
dmin =
(7)

N
(M/2 + J + 1) N/2+J
r
N N/2 + J + 1 − 2(M −N )J 2
M −N
MN
≈2
e
, M, N  1
M M/2 + J + 1
We are now ready to specify the channels C1 and C2 in
the gate replication network. For channel C1 , we choose
(M )
C1 = VJ EJ , where VJ is the isometric
(·) =
n √ channel VJ o
†
1+δ
VJ · VJ and J is given by J = min b M
c, N/2 for
an arbitrary small δ > 0. For channel C2 , we choose
h
 i
C2 (ρ) = VJ† ρVJ + Tr I ⊗N − VJ VJ† ρ ρ0 .
(8)
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The action of the network on a generic M -qubit state Ug
is then given by
Cg (|ΨihΨ|) = C2 (Ug⊗N ⊗ IA )C1 (|ΨihΨ|)
= Ug⊗M C2 C1 (|ΨihΨ|)
(M )

= Ug⊗M EJ

(|ΨihΨ|) ,

having used Eq. (6) in the first equality. Clearly, this
implies that the fidelity between the output state and
the ideal target Ug⊗M |Ψi is equal to the fidelity between
(M )

(M,J)

EJ (|ΨihΨ|) and |ΨihΨ|, which is equal to FΨ
and
is arbitrarily close to one with high probability whenever
M is small compared to N 2 , by virtue of theorem 1.
In summary, given N copies of a completely unknown
gate, our network simulates the action of M  N 2 copies
one a large fraction of the input states, provided that M
is small compared to N 2 . Note that the simulation works
with probability exponentially close to 1, but can fail on
some specific inputs: notably, it fails for all the inputs of
the i.i.d. form |ϕi⊗M , for which the fidelity with the desired output state is zero. This fact is in complete analogy
with other phenomena based on measure concentration,
such as equilibration in large systems [31] and entanglement typicality [32]. Among other things, the fact that
our network does not work on i.i.d. states implies that it
cannot be used to circumvent the asymptotic no-cloning
theorem for pure states: even if one had at disposal N
uses of a gate Uψ that prepares the state |ψi from a fixed
state |0i, one would still be unable to produce M  N
copies of |ψi by gate super-replication. In this, universal super-replication differs remarkably from the superreplication of phase-gates [22], in that the latter allows
one to deterministically generate up to N 2 copies of a
phase-state from N uses of the corresponding gate.
Entanglement replication. Mathematically there is a
one-to-one correspondence between qubit gates Ug and
two-qubit maximally entangled states |Ψg i, set up by the
Choi isomorphism [33, 34]. Based on it, the universal
super-replication of quantum gates may suggest that one
could transform N copies of an unknown maximally entangled state into up to N 2 almost perfect copies. This
intuition, however, is faulty. Since the set of all maximally entangled states contains
√ the one-parameter family
|Φt i = (|0i|0i + eiϕ |1i|1i)/ 2, ϕ ∈ [0, 2π) a deterministic super-replication of maximally entangled states would
lead to a violation of the standard quantum limit for
phase estimation [19, 35]. As a matter of fact, the fidelity
of the optimal deterministic cloning machine transforming N perfect copies into M approximate replicas scales
like (N/M )3/2 for asymptotically large N and M [20],
clearly forbidding deterministic super-replication.
The difference between unitary gates and maximally
entangled states is due to the probabilistic nature of
the Choi isomorphism, which allows one to retrieve a
qubit gate from the corresponding maximally entangled

state only with probability 1/4 [36, 37]. On the other
hand, the probabilistic reversibility of the Choi isomorphism implies that super-replication of maximally entangled states is possible, albeit with an exponentially
small probability 1/4N . The protocol works as follows:
i) prepare M pairs of qubits, with each pair in the
√ maximally entangled state |Φ+ i = (|0i|0i + |1i|1i)/ 2, ii)
on the first qubit of each pair, apply the operation C1
of the gate super-replication protocol, thus producing N
qubits, iii) teleport each of the N qubits, using one of
the N copies of the unknown entangled state |Φg i as resource, and finally iv) apply the operation C2 of the gate
super-replication protocol, thus producing M qubits. In
the lucky case where all the Bell measurements used to
teleport the N qubits give the favourable outcome, this
protocol outputs M pairsh of qubits in a istate that has
√
N2
fidelity FE ≥ 1 − 4e− 2M 1 + O(J/ M ) with M perfect copies of |Φg i (cf. the proof of theorem 1). This
argument is interesting not only because it provides an
explicit protocol for the super-replication of maximally
entangled states, but also because it allows one to prove
the optimality of the gate super-replication protocol: if
there existed a protocol producing M  N 2 almost perfect copies out of N copies of an unknown gate, such a
protocol could be converted into a (probabilistic) protocol producing M  N 2 almost perfect copies out of N
copies of an unknown maximally entangled state. But
this is known to be impossible, because it would lead
to a violation of the Heisenberg limit [19]. Even more
strongly, since Ref. [19] showed that the fidelity of state
replication must vanish for M  N 2 , the bound of Eq.
(5) leads to the conclusion that a gate replication protocol with M  N 2 will have vanishing fidelity on most
input states. This conclusion equally applies to deterministic and probabilistic protocols.
Gate compression. The argument used to prove gate
super-replication can also be applied to the task of quantum gate compression, which consists in encoding the
action of an unknown gate Ux in a gate Ux0 acting on a
smaller physical system. Gate compression protocols are
useful in a distributed scenario where a service provider
(Alice) has to apply the gate Ux to the input state provided by a client (Bob). In this task, it is natural to minimize the total amount of communication between client
and provider, by compressing the client’s input and the
provider’s gate into the smallest physical support. Ideally, the compression should be faithful, in the sense that
the action of Ux on the original input state can be retrieved to a good degree of approximation. Now, consider
the specific scenario where Ux is an N -qubit gate of the
i.i.d. form Ug⊗N . The case where g is a rotation around a
fixed axis has been considered in [22], but again here we
want to address the universal case, where the gate is completely unknown. Using theorem 1 one can prove that for
large N any such gate can be compressed to a gate Ug0 act-
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FIG. 2. Gate compression. Alice sandwiches the given gate
Ux (in green) between two quantum channels A1 and A2 (in
red), thus reducing it to a gate Ux0 acting on a smaller quantum
system. The action of Ux is retrieved through Bob’s decoding
operations (in blue). The protocol reduces the amount of
quantum communication needed to simulate the application
of Alice’s gate to Bob’s input.

required for compressing the gate is 2 log N . This is still
an exponential saving of workspace with respect to the
initial N qubits.
Gate super-replication in higher dimensions. We introduced the universal gate-replication protocol for qubits.
However, the same idea can be easily extended to higher
dimensions. An immediate extension is to the superreplication of rotation gates for spin-k particles with
(k)
k ≥ 1/2, that is, gates of the form Ug = e−iϕn·j with
2
2
2
jx + jy + jz = k(k + 1) I. The super-replication protocol has the same structure of the protocol for qubit gates,
with the only difference is that the probability measure in
(M,k)
(M,k)
theorem 1 is now given by pj
= dj mj
/(2j + 1)M ,
(M,k)

ing only on O(log N ) qubits, with an error that vanishes
on almost all input states. The protocol works as follows:
(N )
first, Bob applies the encoding operation EJ to the input state, a√generic state of N qubits. Thanks to theorem
1, for J  N  1 this operation will cause little disturbance, except on an exponentially small fraction√of the
inputs. Specifically, one can set J to scale like N 1+δ
(N )
for every desired δ > 0. Now, the output of EJ can be
encoded faithfully into the state of a composite
Lsystem
J
AB, where system A has Hilbert space HA = j=0 Rj
and system B has Hilbert space HB = MJ . Let WJ be
the isometry that achieves such encoding. After the application of WJ , Bob sends system A to Alice and keeps
system B in his laboratory. On her hand, Alice has only
LJ
(j)
to implement the gate Ug0 = j=0 Ug on system A: if
she succeeds in doing that, then she can send system A
back to Bob, who can decode by applying the inverse of
WJ . Overall, this sequence of operations is equivalent to
the application of the gate Ug⊗N to the truncated state,
which is close to the original input state with probability exponentially close to 1. Implementing the gate Ug0
with N uses of Ug is the actual gate compression. Alice
can achieve it by following these instructions: i) take a
copy of system B, call it B 0 , and initialize it in a fixed
state |µi, ii) apply the inverse of WJ , thus producing N
qubits, iii) apply the gate Ug⊗N , apply iv) apply WJ and
v) discard system B 0 .
PJ
Since the dimension of system A is dA = j=0 (2j +

1) = Θ J 2 = Θ(N 1+δ ), we have that a completely unknown i.i.d. sequence Ug⊗N can be compressed to a gate
acting on k = (1 + δ) log N qubits for arbitrarily small
δ > 0. Quite surprisingly, this is the same compression
rate that can be achieved if one tries to compress an arbitrary i.i.d. state |ϕi⊗N of N qubits [23, 24]. This equality
of compression rates comes rather unexpected if one consider the differences between state and gate replication.
Note however that if one wants a compression protocol
that works well on every input state, then one has to set
J = N/2, which implies that the dimension of the Hilbert
space HA scales like N 2 and that the number of qubits

where mj
is the multiplicity of the irreps with quantum number j in the decomposition of the tensor product
(k) ⊗M
representation Ug
. For large M , the multiplicity approaches the value [38]
s
3j 2
27(2k + 1)2M (2j + 1)2 − 2M k(k+1)
(M,k)
e
(9)
mj
=
3
3
3
8πM k (k + 1)
and the entanglement fidelity in Eq. (5) can be bounded
by
r
3kN 2
8(k + 1)M − 2(k+1)M
(k)
FE ≥ 1 −
e
(10)
3πkN 2
(cf.
Appendix A.2).
Hence, deterministic superreplication can be achieved for all rotation gates on
spin-k particles.
The minimal ancilla has dimension
p
(k)
3
3
dmin = M /N (2k + 1)M −N , i. e. it can be realized
by adding Θ(M ) spin-k systems. With to a more technical treatment, it is also possible to show that gate super
replication can be achieved also for arbitrary gates in
arbitrary dimensions, leveraging on the concentration of
the Schur-Weyl measure on SU(d) [39]. In the same way,
it is possible to show that N uses of a completely unknown gate can be compressed into a single gate acting
on (d − 1)(d/2 + 1) log N qubits (cf. Appendix A.3).
In conclusion, we showed that N uses of a completely
unknown unitary gate are sufficient to simulate M  N 2
uses of the same gate, with high accuracy on all input
states except for an exponentially small fraction. The
protocol is optimal, in the sense that any attempt to
simulate N 2 or more uses is doomed to have vanishing
fidelity on most input states. The arguments developed
in this paper do not apply only to gate replication, but
also to the task of gate compression. For this task, we
demonstrated that an unknown i.i.d. sequence of N unitary gates can be compressed down to a single gate acting
only on O(log N ) qubits, thus achieving an exponential
saving of computational workspace.
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A. Peres, and W. K. Wootters, Phys. Rev. Lett. 70,
1895 (1993).
[37] D. Genkina, G. Chiribella, and L. Hardy, Phys. Rev. A
85, 022330 (2012).
[38] G. Chiribella, R. Chao, and Y. Yang, arXiv preprint
(2014), arXiv 1411.3439.
[39] A. W. Harrow, arXiv preprint quant-ph/0512255 (2005).

[1] W. K. Wootters and W. H. Zurek, Nature 299, 802
(1982).
[2] D. Dieks, Physics Letters A 92, 271 (1982).
[3] D. Gottesman, in Quantum Information Science and Its
Contributions to Mathematics, Proceedings of Symposia
in Applied Mathematics, Vol. 68 (2009) pp. 13–58.
[4] D. A. Lidar and T. A. Brun, Quantum error correction
(Cambridge University Press, 2013).
[5] V. Scarani, S. Iblisdir, N. Gisin, and A. Acı́n, Rev. Mod.
Phys. 77, 1225 (2005).
[6] V. Scarani, H. Bechmann-Pasquinucci, N. J. Cerf,
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J
X
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2M
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=
 2M

A.1 The entanglement fidelity in Theorem 1

By the definition of Schur-Weyl measure and Eq. (2)
we have


M
2(2j + 1)2
(M )
pj = M
2 (M + 2j + 2) M/2 + j

 

2j + 1
M
M
=
−
. (11)
2M
M/2 + j
M/2 + j + 1
Inserting Eq. (11) into the expression of the entanglement fidelity, one obtains

M
M/2 + j

M/2+J

X

j=M/2−J



M
j






−

M
M/2 + j + 1


2



 2
M

− (2J + 1)
.
M/2 + J + 1 
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When M  1, we can bound the first term within the
parentheses of the last equality with Hoeffding’s inequality as

into Eq. (5) and substituting the sum by an integral, as

2
kN
X
(k)
(M,k) 
FE = 
pj
j=0

1
2M

M/2+J

X



j=M/2−J

M
j


≥ 1 − 2e

2
− 2J
M

.

The second term can be estimated using de MoivreLaplace formula, which gives

!
r


M
2J + 1
J 2 − 2(J+1)2
M
=O
e
.
M/2 + J + 1
2M
M

Clearly, for J  M this value is negligible compared to
2J 2
the value of the first term, which scales like e− M . Combining the above observations, the entanglement fidelity
is lower bounded as

r

J 2 − 2(J+1)2
M
≥ 1 − 4e
−O
e
M
h
√ i
2J 2
≥ 1 − 4 e− M 1 + O(J/ M ) .
2

− 2J
M

!

A.2 Gate replication fidelity in higher dimensions

The entanglement fidelity for the super-replication of
rotation gates for spin-k particles can be derived when
N, M  1, by inserting the multiplicity expression (9)
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A.3 Gate compression in higher dimensions

√

(M,J)
FE

#2
√
3j 2
3 3(2j + 1)2
− 2M k(k+1)
j. p
e
=
2 2πM 3 k 3 (k + 1)3
0
"s
#
1
3kN 2
2
= erf
+ O(M − 2 )
2(k + 1)M
r
3kN 2
8(k + 1)M − 2(k+1)M
e
≥1−
.
(12)
2
3πkN
Rx
2
Here erf(x) ≡ √2π 0 e−t t. is the error-function for the
normal distribution and the lower-bound comes from
the first-term Taylor expansion of 1 − erf(x) when x is
large, i. e. for N 2 /M  1.
"Z

In the case of d-dimensional quantum systems (qudits),
the Hilbert space of N identical systems can be decomposed as

M  (N )
(K)
H ⊗N '
Rj ⊗ Mj
,
(13)
j∈PN,d

where the sum runs over the set PN,d of all partions of N
(N )
consisting of d non-negative numbers, Rj is a represen(N )

tation space and Mj
is a multiplicity space. Now, it is
possible to show that the dimension of each representation space is upper bounded by dj = (N + d)d(d−1)/2 (see
e.g. [39]). Since the total number of
 partitions of N into
N +d−1
d non-negative integers is equal to
≤ (N +
d−1
P
1)d−1 , one has y∈PN,d dj ≤ (N + 1)d−1 (N + d)d(d−1)/2 ,
which approaches N (d−1)(d/2+1) for large N . In this
regime, the compression protocol that encodes the gate
U ⊗N into a gate acting on the Hilbert space HA =
L
j∈PN,d can be implemented using (d−1)(d/2+1) log N
qubits.

