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Abstract. A word circuit [1] is a directed acyclic graph in which each
edge holds a w-bit word (i.e. some x ∈ {0, 1}w) and each node is a gate
computing some binary function g : {0, 1}w × {0, 1}w → {0, 1}w . The
following problem was studied in [1]: How many binary gates are needed
to compute a ternary function f : ({0, 1}w)3 → {0, 1}w . They proved that
(2+ o(1))2w binary gates are enough for any ternary function, and there
exists a ternary function which requires word circuits of size (1−o(1))2w .
One of the open problems in [1] is to get these bounds tight within a low
order term. In this paper we solved this problem by constructing new
word circuits for ternary functions of size (1 + o(1))2w . We investigate
the problem in a general setting: How many k-input word gates are
needed for computing an n-input word function f : ({0, 1}w)n → {0, 1}w

(here n ≥ k). We show that for any fixed n, (1 − o(1))2(n−k)w basic
gates are necessary and (1 + o(1))2(n−k)w gates are sufficient (assume
w is sufficiently large). Since word circuit is a natural generalization of
boolean circuit, we also consider the case when w is a constant and the
number of inputs n is sufficiently large. We show that (1 ± o(1)) 2wn

(k−1)n

basic gates are necessary and sufficient in this case.

1 Introduction

Word circuit, defined in [1], is an acyclic graph where each edge holds a w-bit
word and each node computes some binary word function g : {0, 1}w×{0, 1}w →
{0, 1}w. In this paper we extends this definition so that each node computes a
k-input word function g : ({0, 1}w)k → {0, 1}w, where k is a parameter. We call
this k-input word function a basic gate, or simply gate if no confusion. For a
word circuit C, the size of it is defined as the number of basic gates used in C.
It is a natural question to ask: How many basic gates are needed for computing
an n-input word function f : ({0, 1}w)n → {0, 1}w? Here the number of input
n ≥ k. We use symbols x1, x2, . . . , xn to denote the input of the word function
(or the word circuit), and symbols b1, b2, . . . , bnw to denote the input bits, i.e.
xi = b(i−1)w+1b(i−1)w+2 · · · biw (i = 1, . . . , n).
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This problem was first considered by Hansen et al. [1] for binary word gates
(k = 2) and ternary word functions (n = 3). They proved that (1−o(1))2w gates
are necessary and (2 + o(1))2w gates are sufficient. One of the open problem
remains is to get the bound tight within a lower order term.

We answered this question in this work. We give a tight bound for the gen-
eralized problem: For every fixed n, there exist an n-input word function which
needs (1 − o(1))2(n−k)w basic gates to compute, and (1 + o(1))2(n−k)w basic
gates are always sufficient to build a circuit computing any n-input word func-
tion. Here w is sufficient large (the o(·) notation approximates as growing of w).
These are proved in section 2. The lower bound is proved by Shannon’s counting
arguments [2]. The upper bound is much more sophisticated. In [1] they build a
formula for ternary word functions. Here we balanced the role of the three input
words, and build a “grid” circuit. More efforts are needed for the construction
of the general case.

We also consider the problem on another aspect. That is, the word length w
is fixed, while the desired number of inputs n is sufficient large. Boolean circuits
can be considered as the special case when w = 1 and k = 2. A well known result
for this case is that (1 ± o(1))2n

n gates are necessary and sufficient (see [2–4]).
As a generalization we show that for any fixed w and k, (1 ± o(1)) 2wn

(k−1)n basic
gates are necessary and sufficient. This result is given in section 3. The lower
bound is proved by a similar counting argument as above. The upper bound is
a modification of Lupanov’s construction for boolean circuits.

2 Fixed Number of Input, Large Word Length

In this section, we assume that k, n are constants and w is sufficiently large.

2.1 Lower Bound

First, we have the following counting lemma:

Lemma 1. A word circuit of size s can compute at most (s+n− 1)sk2sw2kw

/s!
different n-input functions f : ({0, 1}w)n → {0, 1}w.

Proof. For each gate there are at most (s + n− 1)k ways to choose its k inputs,
namely the output of the other (s−1) gates and x1, x2, . . . , xn. There are (2w)2

kw

different types of a gate. Finally each circuit is counted s! times for the gates
can be numbered in s! different ways. Thus the lemma is proved. �

By this lemma, the lower bound is shown as following:

Theorem 1. For any constant n > k ≥ 2, there exists a word function f :
({0, 1}w)n → {0, 1}w so that no word circuit computing f consists of less than
(1 − o(1))2(n−k)w basic gates.
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Proof. The number of different functions f : ({0, 1}w)n → {0, 1}w is 2w2nw

. By
Lemma 1 we have

(s + n − 1)sk2sw2kw ≥ 2w2nw

s! > 2w2nw

.

Take the logarithm of both sides, we have

sk log2(s + n − 1) + sw2kw > w2nw.

An easy calculation gives s ≥ (1 − O( w
2kw ))2(n−k)w. �

2.2 Upper Bound for k = 2, n = 3

Here we give a matched upper bound for the special case k = 2, n = 3, which
was first considered in [1].

Theorem 2. Every ternary function f : ({0, 1}w)3 → {0, 1}w can be computed
by a word circuit that consists of (1 + o(1))2w binary gates.

Proof. We use x1, x2, x3 to denote the 3 input words as described previously.
Let x2,1 be the first �w/2� bits of x2, and x2,2 be the last �w/2� bits.

Partition the 2w+�w/2� possibilities of input (x1, x2,1) into r1 = � 2w+�w/2�
2w−1 � =

2�w/2� + 1 sets Q1,1, Q1,2, . . . , Q1,r1, so that |Q1,j | ≤ 2w − 1(1 ≤ j ≤ r1). (The
way to divide is arbitrary.) For each Q1,j , we build a gate h1,j taking x1, x2 as
inputs.1 If (x1, x2,1) ∈ Q1,j, h1,j outputs the index of (x1, x2,1) in Q1,j (a unique
w-bit integer from 1 to |Q1,j|), otherwise the output is 0w.

Similarly, we partition the 2�w/2�+w possibilities of input (x2,2, x3) into r2 =
� 2�w/2�+w

2w−1 � = 2�w/2� + 1 sets Q2,1, Q2,2, . . . , Q2,r2 , whose size is at most 2w − 1.
We build a gate h2,j corresponding to Q2,j (1 ≤ j ≤ r2), namely the input of
h2,j is x2, x3, and the output is 0w if (x2,2, x3) /∈ Q2,j , or the index of (x2,2, x3)
in Q2,j otherwise.

For any input x1, x2, x3, only one of outputs of gates h1,1, h1,2, . . . , h1,r1 is
not 0w. This is because these gates correspond to sets Q1,1, Q1,2, · · · , Q1,r1 ,
which partition all the possibilities of (x1, x2,1). Similarly, only one of outputs of
h2,1, h2,2, · · · , h2,r2 is not 0w. If we know two gates h1,j0 and h2,l0 do not equal
to 0w for some j0 ∈ {1 . . . , r1}, l0 ∈ {1 . . . , r2}, we can identify the values of
x1, x2, x3 (and thus f(x1, x2, x3)).

For each h1,j (1 ≤ j ≤ r1), we construct r2 gates gj,1, gj,2, . . . , gj,r2 like a
chain (we call these gates the j-th chain, see Figure 1) in the following way:

gj,1(h1,j , h2,1) =

⎧
⎨

⎩

h1,j if h2,1 = 0w;
0w if h1,j = 0w;
f(x1, x2, x3) otherwise, x1, x2, x3 are known.

1 Here we use a k-input gate as a 2-input one. In later proof we will use a k-input gate
as a 2-input or 1-input one without claim.
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h1,1 h1,2 · · · · · · h1,r1

gr1,1 gr1,2 · · ·
gr1,r2

· · · · · · · · · · · · · · ·

g2,1 g2,2 · · ·
g2,r2

g1,1 g1,2 · · ·
g1,r2

h2,1 h2,2 · · · · · · h1,r2

x1 x2,1

x2,2 x3

OR

RESULT

Fig. 1. Full construction for k = 2, n = 3

For 2 ≤ l ≤ r2,

gj,l(gj,l−1, h2,l) =

⎧
⎨

⎩

gj,l−1 if h2,l = 0w;
0w if gj,l−1 = 0w;
f(x1, x2, x3) otherwise, x1, x2, x3 are known.

It is easy to see that if h1,j = 0w, the end of the j-th chain gj,r2 must output
0w. Let’s consider the case h1,j 
= 0w. As claimed above, there is only one of
h2,1, h2,2, . . . , h2,r2 nonzero, say h2,l. By the construction, all gates in the j-th
chain other than gj,l outputs its first input word. Thus the first input of gj,l must
be h1,j, which is nonzero. Therefore x1, x2, x3 can be identified at gj,l and the
gate is well defined. The output of gates gj,l, gj,l+1, . . . , gj,r2 are all f(x1, x2, x3).

At last, we compute the disjunction of all gates gj,r2 (1 ≤ j ≤ r1). This takes
(r1 − 1) 2-input OR gates. The final output is the desired function value. (See
Figure 1 for the full construction) The total number of gates is r1 +r2 +r1×r2 +
r1 − 1 = 2× (2�w/2� +1)+2�w/2� +(2�w/2� +1)× (2�w/2� +1) = 2w +O(2w/2) =
(1 + o(1))2w. �
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2.3 Proofs for the General Upper Bound

Now we give the construction for general cases. The following theorem shows
an upper bound for any fixed k and n that matches the lower bound stated in
Theorem 1.

Theorem 3. For any fixed n > k ≥ 2, every function f : ({0, 1}w)n → {0, 1}w

can be computed by a word circuit that consists of (1 + o(1))2(n−k)w basic gates.

Proof. The construction contains two steps:

1. We divide the whole input (b1, b2, . . . , bnw) into k parts S1, S2, . . . , Sk, each
contains �nw/k� or �nw/k� consecutive bits. The first step is for each part
Si (1 ≤ i ≤ k), build a word circuit Ci satisfying the following conditions:

For every i ∈ [k], let ai be the number of bits in Si (ai = �nw/k� or �nw/k�).
Word circuit Ci takes these ai bits as input (which is contained in at most
�ai/w� + 1 words). We partition the whole input set {0, 1}ai into ri subsets
Qi,1, Qi,2, . . . , Qi,ri so that |Qi,j | ≤ 2w − 1 for all 1 ≤ j ≤ ri. (We define the
way to partition and the number ri precisely later.) The output of circuit Ci

contains ri words hi,1, hi,2, . . . , hi,ri . For every 1 ≤ j ≤ ri, hi,j = 0w if the
input is not in set Qi,j , otherwise hi,j returns the index of the input in set
Qi,j (a w-bit integer in [2w − 1]).

Here is the construction of Ci: Let y1, y2, . . . , yni be the input words of Ci,
then ni ≤ �ai/w� + 1. Since n > k and w sufficiently large, we have ni ≥ 2.
Let uj be the number of bits of word yj that are in set Si (the useful input
bits in word yj of circuit Ci), we have

∑ni

j=1 uj = ai. Since the partition of
Si are consecutive, there are at most two of {u1, u2, . . . , uni} small than w.
W.l.o.g. let’s assume they are uni−1 and uni , and assume uni−1 ≥ uni . (If
there is only one less than w, assume it is uni). Now we partition the 2u1+u2

possibilities of (y1, y2) into m = � 2u1+u2

2w−1 � sets T 1
1 , T 1

2 , . . . , T 1
m, each contains

at most 2w − 1 elements. For each set T 1
j (1 ≤ j ≤ m), we build a gate z1

j

taking y1, y2 as input. The output of z1
j is 0w if (y1, y2) /∈ T 1

j , otherwise it is
the index of (y1, y2) in set T 1

j . These m gates are the first layer.
Next we build the second layer (if ni > 2) on the outputs of the gates
z1
1 , z1

2 , . . . , z
1
m and input y3. Partition the 2u1+u2+u3 possibilities of (y1, y2, y3)

into m × 2u3 sets: T 2
j,l = {(y1, y2, y3) | (y1, y2) ∈ T 1

j , y3 = l} (1 ≤ j ≤ m, 1 ≤
l ≤ 2u3). For every j, we build 2u3 gates taking the output of z1

j and the
input y3 as input, say z2

j,1, z
2
j,2, . . . , z

2
j,2u3 . The gate z2

j,l (1 ≤ l ≤ 2u3) outputs
z1

j if y3 = l, or 0w otherwise. (See Figure 2)
One can easily check z2

j,l outputs 0w if (y1, y2, y3) /∈ T 2
j,l, and it is the index

(a unique w-bit integer for each (y1, y2, y3)) otherwise.
The third layer (for ni > 3) is build on the outputs of the second layer and
y4. For each output of the second layer, say z2

j,l1
(1 ≤ j ≤ m, 1 ≤ l1 ≤ 2u3).

We build 2u4 gates z3
j,l1,l2

(1 ≤ l2 ≤ 2u4) on z2
j,l1

and y4 in the same way as
above: The gate z3

j,l1,l2
outputs z2

j,l1
if y4 = l, and it is 0w otherwise.
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· · · · · · · · · · · · · · ·

z1
1

z1
2

· · · z1
m

y3

(u3 bits)

y1

(u1 bits)
y2

(u2 bits)

First Layer

Second Layer

2u3 2u3

Fig. 2. First two layers of Ci

Continue this to build ni − 1 layers in total. One can see that the output
of the last layer satisfies our requirement of Ci and the corresponding sets
(1 ≤ j ≤ m, 1 ≤ l1 ≤ 2u3 , 1 ≤ l2 ≤ 2u4 , . . . , 1 ≤ lni−2 ≤ 2un)

T ni−1
j,l1,l2,...,lni−2

= {(y1, y2, . . . , yn) |
(y1, y2) ∈ T 1

j , y3 = l1, y4 = l2, . . . , yn = lni−2}

can be put into a one to one mapping with the Qi,1, Qi,2, . . . , Qi,ri . Thus

ri = m2u3+u4+···+uni =
⌈

2u1+u2

2w − 1

⌉

2u3+u4+···+uni

< 2ai−w + O(1)2u3+u4+···+uni .

By n > k and ai ≥ �nw/k�, one can see u1 + u2 − w → ∞ as w → ∞.
It follows that 2u3+u4+···+uni /2ai−w = 2w−u1−u2 = o(1). Therefore ri =
(1 + o(1))2ai−w, and the number of gates used in Ci is O(ri) = O(2ai−w) =
O(2(n/k−1)w).

2. This step is to build circuit on the outputs of C1, C2, . . . , Ck. Say the output
of C1: h1,1, h1,2, . . . , h1,r1 are the master line, the outputs of C2, C3, . . . , Ck

are the slave lines. We list the Cartesian production of slave lines as (the
order is unimportant) p1 = (h2,1, h3,1, . . . , hk,1), p2 = (h2,2, h3,1, . . . , hk,1),
. . . , pR = (h2,r2 , h3,r3 , . . . , hk,rk

), where R = r2r3 · · · rk.
For each h1,j in the master line, we construct a list of gates gj,1, gj,2, . . . , gj,R

linking like a chain (we call them the j-th chain). gj,1 takes the output of
h1,j and gates in p1 as input. For 2 ≤ l ≤ R, gj,l takes the output of gj,l−1

and gates in pl as input.
The gate gj,l functions as following:
(1) Outputs the first input word if one of the other k− 1 input words is 0w.
(2) Otherwise if the first input word is 0w, the gate outputs 0w.
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(3) If the first input is also nonzero, we claim that x1, x2, . . . , xn can be
determined by the input. As hi,j is nonzero only when the bits in Si are
in Qi,j , we see the bits in S2, S3, . . . , Sk can all be determined. Also we
see all gates in the j-th chain other than gj,l must be the first case, i.e.
output its first input word. Thus the first input of gj,l must equal to
h1,j, and the bits in S1 can also be determined. The gate gj,l outputs
f(x1, x2, . . . , xn) in this case.

Formally, these gates are defined as following:

gj,1(h1,j , p1) =

⎧
⎨

⎩

h1,j if one of gates in p1 is 0w;
0w if h1,j = 0w;
f(x1, . . . , xn) otherwise, all x1, . . . , xn are known.

For 2 ≤ l ≤ R,

gj,l(gj,l−1, pl) =

⎧
⎨

⎩

gj,l−1 if one of gates in pl is 0w;
0w if gj,l−1 = 0w;
f(x1, . . . , xn) otherwise, all x1, . . . , xn are known.

h1,1 h1,2 · · · · · · h1,r1

gr1,1 gr1,2 · · ·
gr1,R

· · · · · · · · · · · · · · · · · ·

g2,1 g2,2 · · ·
g2,R

g1,1 g1,2 · · ·
g1,R

p1 p2 · · · · · · · · · pR

Fig. 3. Construction of gj,l (1 ≤ j ≤ r1, 1 ≤ l ≤ R)

As we have shown that at most one gate in the j-th chain does not transfer
its first input forward, one can see the last gate

gj,R =
{

0w if bits in S1 are not in Q1,j;
f(x1, x2, . . . , xn) otherwise.

Then we use (r1−1) gates to compute the disjunction of g1,R, g2,R, . . . , gr1,R.
This part of circuit can be any tree consisting of 2-input OR gates that takes
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the outputs of g1,R, g2,R, . . . , gr1,R as leaves. The root of this tree outputs
the value of f(x1, x2, . . . , xn).
In this step, r1 × R + r1 − 1 = r1r2 · · · rk + r1 − 1 = (1 + o(1))2(n−k)w gates
are used in total.

The total number of gates is

k · O(2(n/k−1)w) + (1 + o(1))2(n−k)w = (1 + o(1))2(n−k)w.

Thus the theorem is proved. �

3 Fixed Word Length, Large Number of Input

In this section, we assume that w, k are fixed and n is sufficiently large. First we
give the lower bound using similar counting argument as the previous section.

Theorem 4. For any fixed w ≥ 1, k ≥ 2 and sufficiently large number n, there
exists a function f : ({0, 1}w)n → {0, 1}w so that no circuit consists of less than
(1 − o(1)) 2nw

(k−1)n k-input gates computes f .

Proof. Similarly as in Theorem 1, by Lemma 1 we have

(s + n − 1)sk2sw2kw

/s! ≥ 2w2nw

.

Take the logarithm of both sides, by Stirling’s Formula, we have

sk log2(s + n − 1) + sw2kw − s log2 s + s log2 e − 1
2

log2 s + O(1) ≥ w2nw,

For sufficiently large n, it implies s ≥ (1 − o(1)) 2nw

(k−1)n . �

To show that (1 + o(1)) 2nw

(k−1)n gates are sufficient to compute every function,
we consider a function f : ({0, 1}w)n → {0, 1}w as a combination of w one-
bit output functions ({0, 1}w)n → {0, 1}. We first construct word circuits that
computes these one-bit functions.2

Lemma 2. For any fixed w ≥ 1, k ≥ 2, every function F : ({0, 1}w)n → {0, 1}
can be computed by a word circuit of size at most (1 + o(1)) 2nw

(k−1)nw .

Proof. The following proof is based on Lupanov’s construction for boolean cir-
cuits ([3, 4]).

1. First use nw gates to break the input words into bits: For each input word xi

(1 ≤ i ≤ n), we build w gates taking xi as input. The j-th gate (1 ≤ j ≤ w)
outputs the j-th bit of xi. We simply use b1, b2, . . . , bnw to denote the output.

2 Here the highest bit of the output word is the result, all lower bits are not used. In
later proof we will use a w-bit word as a single bit without claim.
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2. Let t = �3 log2(nw)�, we use binary AND/OR gates to compute all minterms
on {b1, b2, . . . , bt} and {bt+1, bt+2, . . . , bnw}. In this step, O(2t +2nw−t) gates
are enough.

3. Divide the 2t possibilities of (b1, b2, . . . , bt) into p sets Q1, Q2, . . . , Qp, so that
each contains at most s = nw − �5 log2(nw)� elements and p = �2t/s�.
For 1 ≤ i ≤ p and a 0-1 string v of length |Qi|, we build gates to compute
the following value:

F 1
i,v =

{
j-th bit of v if (b1, b2, . . . , bt) is the j-th element of Qi;
0 otherwise.

For given i and v, F 1
i,v equals to the disjunction of some minterms on

{b1, b2, . . . , bt}. Since the length of v is at most s, we see each minterm
is used as most 2s times. Thus this step takes at most 2s2t gates.

4. Every possibility of (b1, b2, . . . , bt) is corresponding to a tuple (i, j), where
(b1, b2, . . . , bt) is the j-th element of Qi. Thus we may write F (b1, b2, . . . , bnw)
as F (i, j, bt+1, bt+2, . . . , bnw). Define G(i, bt+1, bt+2, . . . , bnw) to be the 0-1
string of length |Qi|, that the j-th bit equals to F (i, j, bt+1, bt+2, . . . , bnw)
(1 ≤ i ≤ p, 1 ≤ j ≤ |Qi|).
For 1 ≤ i ≤ p and a 0-1 string v of length |Qi|, we build gates to compute
the following value:

F 2
i,v =

{
1 if G(i, bt+1, bt+2, . . . , bnw) = v;
0 otherwise.

Similarly, F 2
i,v equals to the disjunction of some minterms on the last nw− t

bits {bt+1, bt+2, . . . , bnw}, say e1, e2, . . . , ed. If d ≤ k, we can compute F 2
i,v

by one gate. Otherwise we can use �(d− 1)/(k− 1)� k-input OR gates (only
the highest bit of every word is used) to compute it: The first gate takes
k minterms as input, all other gate takes at most k − 1 minterms and the
output of the previous gate as input. The output of the last gate is the
disjunction. (See Figure 4)

k-bit OR k-bit OR k-bit OR · · ·

e1 · · · ek ek+1 · · · e2k−1 e2k · · · e3k−2 · · ·

k k − 1 k − 1

Fig. 4. Disjunction of e1, e2, . . . , ed

Every minterm on {bt+1, bt+2, . . . , bnw} is used at most p times. Among the
OR gates there are only O(p2s) (the number of all possible (i, v)) taking less
than k−1 minterms as input. Thus this step takes at most p2nw−t/(k−1)+
O(p2s) gates.
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5. It is not difficult to see F =
∨

i

∨

v
(F 1

i,v

∧
F 2

i,v) (see [3, 4] for details). Thus we

can compute F by the result of the previous steps. This step takes O(p2s)
gates.

The gates used in total is

O(2t + 2nw−t) + 2s2t + p2nw−t/(k − 1) + O(p2s) = (1 + o(1))
2nw

(k − 1)nw
.

Thus the lemma is proved. �

By Lemma 2 we get an upper bound matching the lower bound in Theorem 4
immediately.

Theorem 5. For any fixed w ≥ 1, k ≥ 2, every function f : ({0, 1}w)n →
{0, 1}w can be computed by a circuit that consists of (1 + o(1)) 2nw

(k−1)n k-input
gates.

Proof. The function f can be considered as a combination of w one-bit output
functions. We construct circuits for each of these functions, then use at most
w − 1 = O(1) gates to combine the w outputs into one word. The whole circuit
takes (1 + o(1)) 2nw

(k−1)n gates. �
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