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Abstract The determinantal complexity of a polynomial f(x1,x2,...,x;,) is the
minimum m such that f = det,, (L(x1, x2, ..., X,)), where L(x1, x2, ..., X,) is a ma-
trix whose entries are affine forms in the x;s over some field IF.

Asymptotically tight lower bounds are proven for the determinantal complexity of
the elementary symmetric polynomial S,‘f of degree d in n variables, 2d-fold iterated
matrix multiplication of the form (| X' X? ... X??|v), and the symmetric power sum
polynomial )7, xlfi, for any fixed d > 1.

A restriction of determinantal computation is considered in which the underlying
affine map Ax.L(x) must satisfy a rank lowerability property: L mapping to m X m
matrices is said to be r-lowerable, if there exists an a € F" such that rank(L(a)) <
m — r. In this model strongly nonlinear and exponential lower bounds are proved for
several polynomial families. For example, for S,%d it is proved that the determinantal
complexity using r-lowerable maps is Q (n%/?4=7)) for constants d and r with 2 <
d+1<r<2d.Forr=2d —1andd = Lnl/S_EJ, a lower bound is given for S,%d of

. 1/5—
magnitude n2(€" ! 9, for any € € (0, 1/5).
Keywords Computational complexity - Arithmetic circuits - Determinant versus
permanent - Elementary symmetric polynomial
1 Introduction

The main open problem in algebraic complexity theory is the resolution of Valiant’s
Hypothesis, which states that the complexity classes VP and VNP are distinct. The
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question is attractive to study as a stepping stone towards the P versus NP conun-
drum, as in this area algebraic tools are more readily available. Over the field of
complex numbers VP # VNP is known to be implied by NP Z P/ poly, provided the
Generalized Riemann Hypothesis is true [4]. Currently, we do not know of a reverse
implication.

The complexity class VNP is characterized by the permanent polynomial per, =
> ]_[l- c[n] Xio(i)> OVer fields of characteristic other than two [15], cf. [3]. Here the
summation is over all permutations o of [n]. For comparison, we have the determi-
nant polynomial defined by det, =) sgn(o) []; e[n] Xio (i), Where sgn(o) denotes
the signature of the permutation o. Resolution of Valiant’s Hypothesis comes down
to proving lower bounds for the determinantal complexity of the permanent. In gen-
eral, the determinantal complexity of a polynomial f(x), denoted by dc(f), is the
minimum m such that f = det,,(L(x)), where L(x) is a matrix whose entries are
affine forms in x. Proving dc(per,) = n®1°¢" is known to be sufficient for separat-
ing VP and VNP. This is a plausible condition, knowing that computing the perma-
nent of a 0, I-matrix over the integers is #P-complete [16]. By Toda’s Theorem [13]
this implies the permanent is PH-hard. On the other hand, integer determinants can
be computed with NC;-circuits [2].

Currently the best known lower bound on determinantal complexity of the perma-
nent is dc(per,) > n? /2 [7] (cf. [5]). Their lower bound technique is a dimension ar-
gument employing second order partial derivatives. Using partial derivatives of order
at most two limits the technique to proving lower bounds that are linear in the num-
ber of input variables. In this paper the question is investigated whether any stronger
results can be obtained by considering higher than second order partial derivatives.
Higher order partial derivatives have been instrumental in previous landmark work in
algebraic complexity theory, e.g. [§—12].

A fundamental observation is that determinantal complexity minorizes arithmetic
formula size up to constant factors, i.e. de(f) < 2L(f) + 2, where L(f) denotes
formula size [15], cf. [6]. As a matter of fact, dc(f) = O(B(f)), where B(f) de-
notes algebraic branching program size of f (see [8]). In the latter model, currently
no nonlinear lower bounds are known beyond the trivial bound B(f) = 2(deg(f))
and the geometric degree bounds of Baur-Strassen [1]. The later bounds are of level
Q(nlogdeg(f)), and are established for general arithmetic circuits. For explicit f
of “reasonable” degree, proving strongly nonlinear lower bounds for B(f), and even
more so for dc( f), is a major open problem.

In this paper the first aim is to investigate under what additional restrictions to the
determinantal model we can achieve above goal for dc(f). It is shown the Mignon-
Ressayre technique can be generalized to higher order partial derivatives. This will
be applied to a version of determinantal complexity, in which the affine map Ax.L(x)
is restricted to be so-called r-lowerable. This condition stipulates that for L mapping
to m x m matrices, there exists a point a, such that rank L(a) <m —r.

For low degree polynomials this will yield strongly nonlinear and exponential
lower bounds. For example, for the elementary symmetric polynomial of degree
d in n variables, defined by S¢(X) = Y rcinnini=a | lies Xi» it will be shown that
the determinantal complexity of S,%d when restricted to using r-lowerable maps is
Q(nd/(Zd_’)), for any constants d and r with 2 <d 4+ 1 <r < 2d. In the most re-

.. . . 1/5— .
strictive setting, for r = 2d — 1, an exponential lower bound of level pSen /79 is
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observed for S,%d , for d = |n'/°~¢] and any constant € € (0, 1/5). We stress that for
both of these examples, currently we do not know of a finite upper bound for the
restricted determinantal complexity.

The second aim of this paper is to consider unrestricted determinantal complex-
ity of several important polynomial families. For example, it will be shown that
dc(ngf*l) >n and dc(S%r‘f Jr2) >n/2, for d > 1, over fields of characteristic zero.
For constant d, this determines the determinantal complexity of Sfll up to a constant
factor, since L(S,‘,i) = 0 (nd? logd) [12].

1.1 Organization

The rest of this paper is divided as follows. Section 2 contains preliminaries. Section 3
briefly revisits the Mignon-Ressayre technique. In Sect. 4 lower bounds are proven
for determinantal complexity under lowerability restrictions. In Sect. 5 lower bounds
are proven for the unrestricted determinantal complexity of elementary symmetric
polynomials and several other important polynomial families. Finally, some open
problems are raised in Sect. 6.

2 Preliminaries

For integer n, [n] denotes {1, 2,...,n}. Let F be a field. Let X = {x,...,xy} and
Y ={y1,..., ym} be sets of variables. Let polynomials f € F[X] and g € F[Y] be
given. For a vector r = (r1,72,...,ry)T € F[XIM denote by g(r) the polynomial
obtained by substitution of y; by r; in g, for all 1 <i < M. For a matrix G whose
entries are elements in F[Y], let G(r) denote the matrix that has ijth entry G(r);; =
Gij(r). We generalize the framework of [7] by considering arbitrary order partial
derivatives. Their results are obtained by setting k = 1 in the following suite of results
(Lemma 1, Proposition 1, and Lemma 2):

2.1 Partial Derivatives Matrix

Let £k > 1 be an integer. Define the partial derivatives matrix of a polynomial f of
order 2k, denoted by T2* £, to be an N¥ x N* matrix of formal partial derivatives,
with rows and columns indexed by k-tuples v, w € X¥, respectively, where

82kf
T2k _ 7
( f)v,w avaw
where dv is shorthand for dvidv,...dvg. We use (iy, i2, ..., i;) as a shorthand for
the index of a row or column given by the k-tuple (x;,, x;,, ..., x;, ). In expressions,

taking derivatives is given precedence over substitution, e.g. 7°¥g (L(x)) means
(T#)(L(x)).

Lemma 1 Let k > 1 be an integer. Let C be an M x N matrix with entries from F .
Let c = (c1,c3,..., cM)T € FM [etx = (x1,x2,..., xN)T be a vector of variables.
Suppose for a M-vector L(x) = Cx + ¢ of affine forms that f = g(L(x)). Then

TZkf _ (CT)®k . (TZkg (L(x))) .C®k,
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and hence for any a € F",
rank TZkf(a) < rank Tzkg(L(a)).

Proof Lemma 1 is proved by induction on k. The basis k = 1 is given by Lemma 3.1
in [7], and is obtained using the chain rule as fOIIOWS' g_f = Z,I{VII T (L(x))

d(L(x)) )
UG = 3L G5 (L(x)) - G- Hence (T2f)ij = i = Y0l Y12 e S

(L)) - 258y = L 2 %(L( ) - CiCu = YL Lty x
(Tg (L(x)))kz CijCri = (CT - T?g (L(x)) - C)yj.

Now assume the statement of the lemma is true for a k > 1. Let (v,i)(w, j) €
[NT¥t!. We have that

(1242 ) 2T o

.Dw.j) — dx; 0x
_TUCTH®E (T (L(x))) - C®F o
- 3)6,'3)6./'

92T o(L g
= Y [N, TS ey )

s,te[N]k ax,ﬁxj

Let hy = [T?*g (L(x))]s:. We have hy; = [T? gl (L(x)). By the base case

3hy;
3x,’3xj‘

= [CT : [Tz[Tzkg]st] (L(x)) - C]ij

= > il [r™e], J(Lw)], - Cy

k,le[N]

T [2k+2
Z Cix - [T* ¢ (L(x))](s,k)(t,l) -Cij-
k,I€[N]

Substituting this into (1), we get
2k+2
(T f ) (w.i)(w, j)

Z Z b [T7 2 (L(x))](s,k)(t,l) -Ci[c®],,

s,te[Nk k,le[N

®(k+1)
X Z Z CT (v,i)(s,k) ) [T2k+28 (L(x))](s,k)(t,l)
s,te[NIF k,I€[N]

’ [C®(k+1)](t,l)(w,j)'

We conclude that 722 f = (CT)®*+D . 72424 ([ (x)) . CO*+D), 0
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2.2 Rank Deficiency of the Determinant

Proposition 1 Let k > 1 be an integer. Let A and C be invertible m x m matrices.
Then for any m x m matrix B,

rank 7% det,, (B) = rank T°* det,, (ABC).

Proof Let X be a m x m matrix with variables with ij-th entry equal to x;;. The
linear map L : X — AXC is invertible. So if we let f(X) = det, (L(X)), we
have by Lemma 1 that rank T2k f(B) = rank T?} det,,(L(B)). However, f(X) =
det,, (AXC) = pdet,,(X), where pu = det(A)det(C) # 0. Hence T2kf =u -
T2k det,,. We conclude that rank 72 det,,(B) = rank T2k f(B) = rank T2k %
det,, (L(B)). O

Lemma 2 Let 2k > r > 1 be integers. Suppose B is an m x m matrix of rank at most
m — r. Then rank T?* det,, (B) < ((2k)!/(2k — r)))>m3—".

Proof By Proposition 1, we can assume wlog. that B equals diag(0,0,...,0,1,
1,..., 1), where there are r zeroes on the diagonal. Let H = T2 det,,.Fori, j,s,t €
[m]¥, on row (i, j) and column (s, t) of H we have

9% det,,

0x;, j,0Xiyjp -+ 0Xiy i = 0K 1y 0Xspty -+ - OXgypy

For this entry to be nonzero when evaluated at B, we must have that both
[r]1 < {iy,i2, ..., ik, 51,52, ...,8k} and [r] < {J1, j2, ..., Jk-t1, 12, ..., tx}. There are
((2k)!/(2k — r)H? ways of fixing particular indices to be 1,2,...,r. Once fixed
we are left with 2k — r variables that index rows and 2k — r variables that index
columns. These take values in the range [m]. Hence each choice of fixing values
gives rise to a submatrix of rank at most m*~". Observe this implies we can write H
as a sum of ((2k)!/(2k — )12 matrices, each with rank bounded by mZ~"_ Hence
rank H < ((2k)!/(2k — r)!)?>m?*—". O

Note in [7] it is proved that rank T2 det,, (B) <2m, for singular B. The following
lemma and its proof are similar to Proposition 3.3 in [11].

Lemma 3 Let f be homogeneous of degree 2d in variables X = {x1,x2,..., Xy},
and let g be homogeneous of degree 2e in variables Y = {y1,y2,..., Ym}. Then
rank 720@+¢) fo > rank T2 f - rank T%¢g.

Proof Let H = T?% fg_The rows and columns of H are indexed by (d + e)-
sequences v and w of variables from X U Y. H, ,, equals the coefficient of the mono-
mial that is the product of the entries of (v, w) in fg. We will only consider a minor
H' of H, where v (and similarly w) consists of d X-variables and e Y-variables.
Let s = n9 and t = n¢. Enumerate all d-sequences in X as aj, as, ..., ds. Enumerate
all e-sequences in Y as by, by, ..., b;. Consider the minor with rows and columns
(a1,b1), (a1, b2), ..., (a1,by), (a2,b1),(a2,b2),...,(a2,b), ..., (as, b1), (a5, b2),
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..., (ag,b;). Observe that the entry H(/a,-,h_,-),(ap,bq) = (T f)ar.a) T* &) b;.5,)-
Hence H' = (T* f) ® (T*g), and the lemma follows. O

3 The Mignon-Ressayre Bound

Mignon and Ressayre’s lower bound proof for the permanent uses the special case
where k = 1 in the framework of Sect. 2. The proof strategy can be outlined as
follows. Suppose f(x) = det,,(L(x)), for some affine map Ax.L(x). The objective
is to find a point @ € F" that simultaneously minimizes rank 72k det,, (L(a)) and
maximizes rank T2k f(a). For points a such that f(a) =0, L(a) must be singu-
lar. Mignon and Ressayre prove that this! implies rank 7% det,, (L(a)) < 2m. By
Lemma 1, for any a, rank Tzf(a) <rank 72 det,, (L (a)). For f = per, it is possible
to find a with per(a) = 0 and rank T2 per, (a) at the maximum value n>, implying
dc(pery) > n2/2.

4 r-Determinantal Complexity
Results in this section hold for any choice of the underlying field F'.

Definition 1 Call a map L : F* — M,,(F) r-lowerable if there exists a € F" such
that rank L(a) < m —r. We define the r-determinantal complexity of a polynomial f,
denoted by dc, (f), to be the minimum m for which f(x) = det,,(L(x)), where L is
an r-lowerable affine map.

For any r > 0, dc, (f) < dc,4+1(f). Note that de(f) = dco(f), and if F=10) #£0,
then dc(f) =dc(f).

It should be remarked that the affine maps obtained by the constructions that show
universality of the determinant of [6, 15] will not be 2-lowerable, since these con-
structions create an upper triangular minor in L(x) of size m — 1. As a matter of fact,
universality fails in the r-determinantal model for inhomogeneous polynomials, for
r > 2. To give an example, let us consider computing a polynomial f of degree four
using a 3-lowerable map, where f is of the form:

f=x1x2(x3x4) + x5%6(x3x4 — 1) + g(x7, %8, ..., Xp).

Assume that f(x) = det,,(L(x)), where for some a, rank L(a) < m — 3. We have
that all (m — 2) x (m — 2) minors of L(a) are singular. Hence all 2nd order partial
derivatives of det,, vanish at L(a). Since the second order partial derivatives of f(x)
are in the linear span of those of det,, (see e.g. the proof of Lemma 1), we have that all
second order partial derivatives of f(x) vanish at a. For the given f, 3 f/dx10x; =
x3x4 and 92 f/0x50x¢ = x3x4 — 1, which clearly cannot simultaneously vanish.

INote that Lemma 2 would already yields rank T2 det,; (L(a)) <4m.
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Whether universality fails for homogeneous polynomials in the r-determinantal
model is an open problem, for 1 < r < deg(f). We do however have the following
general lower bound theorem:

Theorem 1 For any polynomial f of degree 2d and integer r such that 1 <r < 2d,
—r)! _ —
de, (f) > ((Z(dZd)r!)-)Z/(Zd r) (rank T2df)1/(2d .

Proof Suppose we can write f(X) = det,,(L(X)), where L is r-lowerable. Since
f is of degree 2d, for any a € F", rank 7% f(a) = rank T?? f. Fix arbitrary a
such that L(a) has rank at most m — r. By Lemma’s 1 and 2, rank T2 f(a) <
rank 72¢ Det,, (L(a)) < ((2d)!/(2d — r)!)*m??". O

4.1 Applications

1/2d—r)

Theorem 2 dc, (527) > (%)Wff—’) () Jfor1<r<2d<n.

Proof Consider any ([j) x (/}) minor H of 724524 where rows and columns are

indexed by all d-subsets I = {iy, i2,...,ig} and J = {1, ja2, ..., ja} of [n], respec-
tively. Then

82dS2d : —
- 2 { | ifInJ=¢

a 0x, 0%, ...0x;,0xj,0xj,...0xj, 0 otherwise.

In other words H is the communication matrix of set disjointness, which is known to
have rank (Z) (see page 175, [14]). The result now follows by applying Theorem 1. [J

Corollary 1 dc,(529) = Qn¥/?4=) for 1 <d <r <2d = O(1).

In the most restrictive setting one has that dCZd,l(S,%d) = Q(nd), for constant
d > 1. As a matter of fact, Theorem 2 yields an exponential lower bound in this case
for non-constant d:

Corollary 2 desg—1(S24) = €™ for any fixed 0 < € < 1/5, where d =
Lnl/S—éJ )

The above is the most restrictive case in which computability of S,%d is not yet
ruled out by Theorem 1. Careful inspection of the proof of Theorem 1 does show that
S,%d cannot be computed using a 2d-lowerable map if (Z) > (2d")?, e.g. for all large
enough n, if d is constant.

Using Lemma 3, we obtain lower bounds for products of symmetric polynomials
on disjoint variables sets.

Theorem 3 Forconstantsd > 1, p > 1,andr withdp <r < 2dp, let X', X2, ..., XP
be disjoint sets of variables of size n each. Then

de, < []s(x )) = Q(n?dr/dp=r)),

i€lp]
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Proof By Lemma 3, rank 7247 [Ticip S (x1y > [Ticip rank 724524 (X" > (Z)p.
The latter inequality follows from the proof of Theorem 2. Applying Theorem 1

yields the result. g

Next, we consider iterated matrix product. Define I M M,, ; by summing entries of
an iterated matrix multiplication:

IMM, 4= Z (]_[ X’) .

i,j€ln] “reld] 1

where X1, X2, ..., X9 are n x n matrices with disjoint sets of variables. Since
I MM, 4 has algebraic branching programs of size dn, we have that dc(/M M,, 4) =
O (nd), which is sublinear in the number of variables n?d.

Lemma 4 Ford > 1, rank T IMM,, 54 > n?.
Proof We prove the following claim, by induction on d:

Claim 1 Ler (g1,82,...,8:) = (1,1,..., DX X2 ... X2¢=1X?? Then for each i,
rank 724 g; > n4.

The case d = 1 follows directly by inspection. Now suppose, (g1, g2, ---,8n) =
(1,1,...,HX' X2, . x2-1x2% et G; = T*g;. Let (hy,ha, ..., hy) = (g1, g2,
<o+, 8n) X241 X24+2 Consider the minor H of 723", h; where rows contain a
variable from X29*! but not from X292, and vice-versa for columns. Provided we
order at the top level rows according to variables from X2¢*! and columns according
to variables from X24 +2, this minor will be of the following form:

G, ... Gt 0 ... 0 ... O ... O

0 G, ... Gy ... 0 ... O
o ... O o ... 0 ... Gi ... G
G, ... Gpb 0 ... O ... O ... O

0 Go Go 0 0

H =

0 0 0 0 Gy G2
Gy G, O 0 0 0

0 Gy G, 0 0
0 0 0 0 G, Gn
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For any i, T??*2h; is obtained by setting to zero in the above columns which
at the top level are indexed by variables X,%j‘.”z with j # i. Hence for each i,
rank T2942h; > n - maxgep, rank G > n?*!. This proves the claim.

Observe that in the above the individual 72412} ; do not interfere, in the sense that
rank H > rank TZdhi, for each i. Hence rank 724 Zi gi > nd. O

Combining Theorem 1 and Lemma 4 yields the following results:

Theorem 4 dc, (I MM, 24) > (S50 C4=nnd/d=n) for | <7 < 2d.
Corollary 3 dc,(IMM, 24) = Qn4/??="), for 1 <d <r <2d = O(1).

Corollary 4 dcog—1(IMM, 2q) = nQ(E"IM_S),for any fixed 0 < € < 1/4, where d =
Ln1/4_€J.

5 Unrestricted Determinantal Complexity
Results in this section hold for fields F of characteristic zero.
5.1 Elementary Symmetric Polynomials

Note using Theorem 2 with d = 1 and r = 1 yields that dc(S,%) >n/4.Forn>1,we
define 2n-vector p, = (1,—1,1,—1,...,1, —1). Easily verified by induction on n,
is that the univariate polynomial ((r — 1)(# 4 1))" equals Y '_ 2" (—1)"~"("). Since
Sgn (pn) is the coefficient of 121=d e obtain the following:

Proposition 2 Forany 1 <d <n, S%d_l (pn) =0.

n

Proposition 3 Forany 0 <d <n, $3(p,) = (—D?(}).

n

Lemma 5 rank TzSgr‘f*] (pn) =2n,for2 <d <n.

Proof Let H = T?S397!. Then H;j = S3973(X/xi, x;), if i # j, and zero other-
wise. By symmetry and Proposition 2, if i and j have distinct parity, H;;(p,) =
555:3(p,1,1) = 0. Let H° and H¢ be the n x n minors of H formed by all odd,
respectively even, rows and columns. H acts independently on the odd and even in-
dices of a vector, so rank H = rank H® +rank H¢. H? has zeroes on its diagonal, and
by symmetry off-diagonal entries will be the same value 553:23 (—=1,—1; py—2). Pro-
vided this is a nonzero value, H? will be non-singular. A straightforward calculation

shows this value is (— 1)d_2(2:%). Similarly rank H® = n. O

Following the proof strategy as outlined in Sect. 3, and using the bound
rank 72 det,,, (B) < 2m, for singular B of [7], we obtain the following corollary:
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Corollary 5 de(S3771) > de(S5¢7 ") = n, for2 <d <n.

For even degree, a simple calculation shows that S%ff 12

2ab=(n + 1)/d.

(a, b, py) = 0 whenever

Lemma 6 For 2 < d < n, there exists constant [, such that for g, = (u(n +
1), ﬁ, pn)- rank T2539  (ga12) = .

Proof Let H = TzSgg 4o+ Consider the n x n minor H' of H given by rows

i and columns j, where i, j > 3 and i, j are both odd. The diagonal of H’

has all entries zero. By symmetry, Hi” j(q,,+2) has the same value S%nd_z(/t(n +

1), ﬁ ,—1,—1, pp_»), forall fori # j. A simple calculation shows that one can eas-
ily pick u large enough so this value does not vanish, in which case H’ has rank n. O

Corollary 6 dc(s2¢

24 ) >de(S39.,) > n/2, for2 <d <n.

2n+2

Shpilka and Wigderson give depth 6 arithmetic formulas of size O (nd>logd)
for S;‘f [12]. By the universality of the determinant [15] (cf. [6]) we have dc(S,f ) =
O (nd>logd). Hence the following theorem holds:

Theorem 5 For any constantd > 1, dc(S,‘f) =0O(n).

In other words, for constant d, dc(S,f) = @(L(Sg)). For non-constant d, it is an
open problem whether any improved upper bound can be given for dc(S,i’ ) beyond
applying the universality of the determinant to best-known formulas. We note this can
easily be done for the permanental complexity of Sff. Also permanental complexity
minorizes formula size, i.e. for any polynomial f, pc(f) = O(L(f)). However, for
any d, pc(S,‘f) < n, over fields of characteristic zero. Namely, the permanent of a
matrix A whose first d rows equal (x1, x2, ..., x,), and with other entries equal to
one, is d!(n — d)!S¢.

Note one could try to obtain a polynomial hﬁ that has the same support as S,‘f by
taking hg = det, (A o C), where o denotes the Hadamard product, and C is some
matrix of constants C = (j;);, je[s]- In this case for I C [n] of size d, the monomial
]_[iel x; appears with coefficient &= det(Ciqy, 1) det(Cigy1,a42,...,n},[n1/1)> Where Cy g
denotes the submatrix with rows I and columns J. It is easily possible to choose C
so that all these coefficients are nonzero. However, requiring all coefficients to equal
1 will not be feasible in general. We immediately know this from our previous inves-
tigation, since the mapping defined this way is d-lowerable. We know by Theorem 1,
one cannot compute S,%d using 2d-lowerable maps, if (;’) > (2d")>.

5.2 Iterated Matrix Product

Theorem 6 Foranyd > 1,dc(IMM,2q4) >n/2.
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Proof Consider the minor of T2/ MM, >4 corresponding to rows with variables
X %ffl s X fff*l and columns with variables of X??. With the appropriate ordering
of variables from X2¢, this minor looks like:

g1t .- &n O ... O ... O ... O
0 g1 - 8&m .. 0 .. 0
o ... O 0O ... 0 ... gu ... &um

where g;; = 821MMn,2d/8X%fl_18Xi2jd. Note g;; is the same for all i, j € [n]. It
suffices to find point a, such that IM M, >4(a) = 0 and g;;(a) # 0. Since g;; does
not contain any variables from X>?~! and X2, this can easily be achieved by setting
to zero all variables in X291 and X2, and setting all other variables to 1. O

By the remarks before Lemma 4, we have that dc(/M M, 24) = ©(n), for con-
stant d. More generally, by means of reduction, we have for row vector (u| and col-
umn vector |v) of variables the following corollary:

Corollary 7 For constant d, dc((u| X' X? ... X*?|v)) = O(n).
5.3 Symmetric Power Sum Polynomials

The symmetric power sum polynomial of degree d in n variables is defined by P,f =
Y eln] xf’ . Pf has arithmetic formula size L(P,ji ) = O(nd). The partial derivatives
matrix Tsz is given by the diagonal matrix d(d — 2)diag(xf_2, x;l—z’ ey x,‘f‘2).
By the strategy described in Sect. 3, it suffices to find a zero a of P,fi with all en-
tries a; # 0 to obtain that for all d > 2, dc(Pnd) > n/2. For an arbitrary field F' of
characteristic zero one achieves this by going to an extension field G of F' where the
dth root of (1 — n) exists. Over G, one takes a = (1, 1,...,1, (1 —n)!/9) to show

deg (P%) > n/2. The lower bound follows since dc g (PY) > deg (PY).
Corollary 8 For any constant d > 2, dc(P,ji )=0(mn).

Note the statement of the corollary would be false if we drop the restriction (which
holds section-wide) on the characteristic of the underlying field, e.g. dc(Pnz) =2 over
GF(2).

6 Conclusions

In this paper efforts have been made to overcome the current barrier to proving lower
bounds for the determinantal complexity of explicit polynomials, that scale beyond
linear in the number of variables. It has been demonstrated that this barrier can be bro-
ken through under the mathematically natural restriction of r-lowerability. It will be
interesting to see whether one can do this under any weaker assumptions. The inquiry
leaves us with some intriguing questions regarding determinantal representation:
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Problem 1 Can S,%d be computed using an r-lowerable map, withd <r < 2d?

Problem 2 Can every homogeneous polynomial of degree 2d be computed using an
r-lowerable map for some r such thatd <r <2d?

Problem 3 For non-constant d depending on n, can we give better upper bounds for
dC(Sfll ) than would be obtained by applying Valiant’s universality construction of the
determinant to best-known formulas for Sff ?

References

1. Baur, W., Strassen, V.: The complexity of partial derivatives. Theor. Comput. Sci. 22, 317-330 (1982)

2. Berkowitz, S.: On computing the determinant in small parallel time using a small number of proces-
sors. Inf. Process. Lett. 18, 147-150 (1984)

3. Biirgisser, P.: Completeness and Reduction in Algebraic Theory Complexity. Springer, New York
(2000a)

4. Biirgisser, P.: Cook’s versus Valiant’s hypothesis. Theor. Comput. Sci. 1, 71-88 (2000b)

5. Cai, J.Y., Chen, X, Li, D.: A quadratic lower bound for the permanent and determinant problem over
any characteristic # 2. In: STOC ’08: Proceedings of the 40th annual ACM symposium on Theory of
computing, pp. 491-498 (2008)

6. von zur Gathen, J.: Feasible arithmetic computations: Valiant’s hypothesis. J. Symb. Comput. 4, 137—
172 (1987)

7. Mignon, T., Ressayre, N.: A quadratic bound for the determinant and permanent problem. Interna-
tional Mathematics Research Notices pp 4241-4253 (2004)

8. Nisan, N.: Lower bounds for non-commutative computation: extended abstract. In: Proc. 23rd Annual
ACM Symposium on the Theory of Computing, pp. 410—418 (1991)

9. Nisan, N., Wigderson, A.: Lower bounds on arithmetic circuits via partial derivatives. Comput. Com-
plex. 6, 217-234 (1996)

10. Raz, R.: Separation of multilinear circuit and formula size. In: Proc. 45th Annual. IEEE Symposium
on Foundations of Computer Science, pp. 344-351 (2004)

11. Raz, R.: Multilinear formulas for permanent and determinant are of super-polynomial size. J. Assoc.
Comput. Mach. 56(2), 1-17 (2009)

12. Shpilka, A., Wigderson, A.: Depth-3 arithmetic formulae over fields of characteristic zero. J. Comput.
Complex. 10(1), 1-27 (2001)

13. Toda, S.: PP is as hard as the polynomial-time hierarchy. SIAM J. Comput. 20, 865-877 (1991)

14. Ukna, S.J.: Extremal Combinatorics. Springer, New York (2001)

15. Valiant, L.: Completeness classes in algebra. Tech. Rep. CSR-40-79, Dept. of Computer, Science,
University of Edinburgh (1979a)

16. Valiant, L.: The complexity of computing the permanent. Theor. Comput. Sci. 8, 189-201 (1979b)

@ Springer



	Lower Bounds for the Determinantal Complexity of Explicit Low Degree Polynomials
	Abstract
	Introduction
	Organization

	Preliminaries
	Partial Derivatives Matrix
	Rank Deficiency of the Determinant

	The Mignon-Ressayre Bound
	r-Determinantal Complexity
	Applications

	Unrestricted Determinantal Complexity
	Elementary Symmetric Polynomials
	Iterated Matrix Product
	Symmetric Power Sum Polynomials

	Conclusions
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e5c4f5e55663e793a3001901a8fc775355b5090ae4ef653d190014ee553ca901a8fc756e072797f5153d15e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc87a25e55986f793a3001901a904e96fb5b5090f54ef650b390014ee553ca57287db2969b7db28def4e0a767c5e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020d654ba740020d45cc2dc002c0020c804c7900020ba54c77c002c0020c778d130b137c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor weergave op een beeldscherm, e-mail en internet. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for on-screen display, e-mail, and the Internet.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <FEFF004a006f0062006f007000740069006f006e007300200066006f00720020004100630072006f006200610074002000440069007300740069006c006c0065007200200037000d00500072006f006400750063006500730020005000440046002000660069006c0065007300200077006800690063006800200061007200650020007500730065006400200066006f00720020006f006e006c0069006e0065002e000d0028006300290020003200300031003000200053007000720069006e006700650072002d005600650072006c0061006700200047006d006200480020>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToRGB
      /DestinationProfileName (sRGB IEC61966-2.1)
      /DestinationProfileSelector /UseName
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing false
      /UntaggedCMYKHandling /UseDocumentProfile
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


