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Abstract: Estimating the state of a stochastic system is a long-lasting issue in the areas of
engineering and science. Existing methods either use approximations or yield a high computation
burden. In this paper, we propose reinforced optimal estimator (ROE), which is an offline
estimator for general nonlinear and non-Gaussian stochastic models. This method solves optimal
estimation problems offline, and the learned estimator can be applied online efficiently. Firstly,
we demonstrate that minimum variance estimation requires us to solve the estimation problem
online, which causes low computation efficiency. To overcome this drawback, we propose an
infinite horizon optimal estimation problem, called reinforcement estimation problem, to obtain
the offline estimator. The time-invariant filter of linear systems is shown as an example to
analyze the equivalence between reinforcement estimation problem and minimum variance
estimation problem. We show that such equivalence can only be found for linear systems, and
the proposed problem formulation actually enables us to find the time-invariant estimator for
general nonlinear systems. Then, we propose the ROE algorithm, inspired by reinforcement
learning, and develop an actor-critic architecture to find a nearly optimal estimator of the
reinforcement estimation problem. The estimator is approximated by recurrent neural networks,
which has high online computation efficiency. The convergence is proved using contraction
mapping and extended policy improvement theorem. Experiment results on complex nonlinear
system estimation problems show that our method achieves higher estimation accuracy and
computation efficiency than the unscented Kalman filter and particle filter.
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1. INTRODUCTION

In recent years, state estimation (also known as filtering)
of dynamic systems draws much attention in different
domains such as signal processing, robotics as well as
econometrics (Musoff and Zarchan (2009)). Statistical
techniques for state estimation such as Bayesian filtering
provide a natural way to tackle difficult issues for robotics
such as simultaneous localization and mapping (Thrun
(2002)). Such filtering methods can also be used to fuse the
redundant and complementary sensor data to enhance the
perception system’s reliability and capability (Sun (2004)).
For example, it can be used to increase the position
accuracy of the Global Positioning System and the Inertial
Navigation System.

State estimation for linear stochastic systems has actually
been elegantly solved with convergence guarantee since the
prominent Kalman filter (KF) was proposed in the late
1950s (Kalman (1960)). KF is the optimal filter for linear
systems with Gaussian noises in the sense of minimum
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variance estimation (MVE). It can also be considered
optimal regardless of the probability distribution function
of the noise in the sense of linear minimum-variance
estimation (Simon (2006)).

However, a closed form estimator like KF does not exist
for nonlinear stochastic system because the probability
distribution of state does not preserve the property of
Gaussian. As a result, nonlinear filtering is far more chal-
lenging. Extended Kalman filter (EKF) introduces first-
order Taylor series expansion of the nonlinear stochastic
state space models and derives a suboptimal filter (Smith
et al. (1962)). Instead of directly linearizing the models,
Unscented Kalman filter (UKF) uses a set of sigma points
to parameterize the mean and covariance of the posterior
distribution and can be comparable to the second-order
Gauss filter (Julier and Uhlmann (1997)). Unfortunately,
both methods are only valid in high signal-to-noise ratio
situations and are not applicable to highly nonlinear sys-
tems.

Some more accurate estimators which better approximate
model non-linearities and non-Gaussian noises have been
proposed. Gaussian sum filter (GSF) fuses multiple EKFs
to deal with a highly nonlinear and noisy environment
(Alspach and Sorenson (1972)). Although a weighted sum
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State estimation for linear stochastic systems has actually
been elegantly solved with convergence guarantee since the
prominent Kalman filter (KF) was proposed in the late
1950s (Kalman (1960)). KF is the optimal filter for linear
systems with Gaussian noises in the sense of minimum
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variance estimation (MVE). It can also be considered
optimal regardless of the probability distribution function
of the noise in the sense of linear minimum-variance
estimation (Simon (2006)).

However, a closed form estimator like KF does not exist
for nonlinear stochastic system because the probability
distribution of state does not preserve the property of
Gaussian. As a result, nonlinear filtering is far more chal-
lenging. Extended Kalman filter (EKF) introduces first-
order Taylor series expansion of the nonlinear stochastic
state space models and derives a suboptimal filter (Smith
et al. (1962)). Instead of directly linearizing the models,
Unscented Kalman filter (UKF) uses a set of sigma points
to parameterize the mean and covariance of the posterior
distribution and can be comparable to the second-order
Gauss filter (Julier and Uhlmann (1997)). Unfortunately,
both methods are only valid in high signal-to-noise ratio
situations and are not applicable to highly nonlinear sys-
tems.

Some more accurate estimators which better approximate
model non-linearities and non-Gaussian noises have been
proposed. Gaussian sum filter (GSF) fuses multiple EKFs
to deal with a highly nonlinear and noisy environment
(Alspach and Sorenson (1972)). Although a weighted sum

of Gaussian probability density functions has been proved
to be able to approximate arbitrarily close to another
density function, the computational overhead of the GSF
can be significantly large and it relies on some adhoc rules
to keep consistent with its theoretical properties. Particle
filter (PF) uses sequential Monte Carlo methods which
sample a set of particles to approximate the posterior
distribution (Liu and Chen (1998)). Although PF has
proved convergence to the true posterior distribution with
the increasing number of particles, it requires a lot of com-
putation resources which hinders its online applications.

This paper proposes an offline optimal estimation prob-
lem, called Reinforcement Estimation Problem (REP), to
find an estimator with the minimized cumulative square
estimate error. Then we design the ROE algorithm which
is inspired by reinforcement learning and develop an actor-
critic architecture to find the optimal solution of the REP.
The main contributions of this paper are summarized as
follows:

(1) We point out that the problem formulation of MVE is
a one-step horizon estimation problem and requires us
to solve it online, causing low computation efficiency.
To overcome this drawback, we propose an infinite
horizon estimation problem called REP. This problem
formulation enables us to obtain the offline estimator.
We take the time-invariant filter of linear systems as an
example to analyze the relationship between REP and
MVE. We illustrate that the gain matrix of the time-
invariant filter can be seen as the stationary policy
of the REP. Such a special form can only be found
in linear systems because the Markov property of the
estimate error only holds when the system and the
estimator are linear. Thus, the problem formulation
of the REP enables us to find the time-invariant
estimator for general nonlinear systems.

(2) We stress that KF has the special recurrent form in
which the current estimate can be calculated only
by the last estimate and the innovation. This form
is optimal due to the property of linear systems and
Gaussian noises. However, such an optimal analytical
form does not exist for nonlinear systems. This paper
finds the recurrent form for general nonlinear estima-
tors. The proposed form employs the hidden state of
recurrent neural network (RNN) to encode the histor-
ical information, which ensures the optimality of the
estimator due to the universal approximation ability
of RNN (Hammer (2000); Schäfer and Zimmermann
(2006)).

(3) We utilize contraction mapping and extended policy
improvement theorem to prove the convergence of the
ROE algorithm. Compared with EKF and UKF, ROE
can be applied to complex nonlinear systems and non-
Gaussian noises. Besides, unlike existing methods such
as PF and GSF that require huge online computation
resources, ROE has high computation efficiency since
it is an offline estimator represented by neural net-
works.

The remainder of the paper is organized as follows. Sec-
tion 2 describes REP based on the general discrete-time
stochastic model. Section 3 illustrates the relationship be-
tween REP and MVE. The ROE algorithm is proposed in
section 4. The convergence of ROE algorithm is proved in

section 5. Experiments are described in section 6. Section
7 makes a conclusion in the end.

2. PROBLEM FORMULATION

2.1 Preliminaries

Consider the following system with process noise and
measurement noise:

xt+1 = f(xt) + ξt
yt = g(xt) + ζt.

(1)

where x ∈ Rn is the state, y ∈ Rm is the observation. f(·)
and g(·) can be arbitrary time-invariant functions. ξ ∈ Rn

is the process noise and ζ ∈ Rm is the measurement noise.
As for the general state estimation problem, the stochas-
tic system has the following assumptions (Anderson and
Moore (2012)):

(1) {ξt, t ≥ 0} is independent and identically distributed
(iid) and the distribution is accessible:

ξt ∼ pξ(ξt).

(2) {ζt, t ≥ 0} is iid and the distribution is accessible:

ζt ∼ pζ(ζt).

(3) {ξt, t ≥ 0} and {ζt, t ≥ 0} are independent with each
other.

(4) The distribution of the initial state is independent to
{ξt, t ≥ 0} and {ζt, t ≥ 0}.

Denote the estimate of xt as x̂t, then the estimation error
is et = xt − x̂t. We consider the following generic form of
state estimator:

x̂t = ϕ(ht),

where ht = (x̂0, y1, x̂1, y2, . . . , x̂t−1, yt) is the history infor-
mation containing all past estimations and observations.
To estimate the true state, existing filtering algorithms,
such as KF and PF, aims to find the estimator that
minimizes the square estimation error:

ϕ∗(ht) = argmin
x̂t=ϕ(ht)

E
{
‖et‖22|ht

}
. (2)

Remark 1. Such problem formulation requires us to calcu-
late the posterior distribution of Bayesian filtering online.
However, for complex nonlinear systems, this process is
often intractable with low computation efficiency. Actu-
ally, state estimation or filtering means the recovery from
y(·) of x(·) or even some information about x(·) (Anderson
and Moore (2012)). In this sense, MVE is just one type of
estimation criterion. It’s reasonable for us to find other
estimation criterions.

2.2 Reinforcement Estimation Problem

RL has received remarkable success in a wide variety of
challenging control problems (Duan et al. (2020); Guan
et al. (2019)). RL can learn a nearly optimal policy offline
and the learned policy can be directly used for online
application, leading to high computation efficiency (Li
(2020)). It is known that optimal estimation and optimal
control are dual problems in linear Gaussian settings.
Inspired by this duality, if we can reframe the nonlinear
optimal estimation problem as an optimal control problem
and then use RL’s techniques to solve it, we might be
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of Gaussian probability density functions has been proved
to be able to approximate arbitrarily close to another
density function, the computational overhead of the GSF
can be significantly large and it relies on some adhoc rules
to keep consistent with its theoretical properties. Particle
filter (PF) uses sequential Monte Carlo methods which
sample a set of particles to approximate the posterior
distribution (Liu and Chen (1998)). Although PF has
proved convergence to the true posterior distribution with
the increasing number of particles, it requires a lot of com-
putation resources which hinders its online applications.

This paper proposes an offline optimal estimation prob-
lem, called Reinforcement Estimation Problem (REP), to
find an estimator with the minimized cumulative square
estimate error. Then we design the ROE algorithm which
is inspired by reinforcement learning and develop an actor-
critic architecture to find the optimal solution of the REP.
The main contributions of this paper are summarized as
follows:

(1) We point out that the problem formulation of MVE is
a one-step horizon estimation problem and requires us
to solve it online, causing low computation efficiency.
To overcome this drawback, we propose an infinite
horizon estimation problem called REP. This problem
formulation enables us to obtain the offline estimator.
We take the time-invariant filter of linear systems as an
example to analyze the relationship between REP and
MVE. We illustrate that the gain matrix of the time-
invariant filter can be seen as the stationary policy
of the REP. Such a special form can only be found
in linear systems because the Markov property of the
estimate error only holds when the system and the
estimator are linear. Thus, the problem formulation
of the REP enables us to find the time-invariant
estimator for general nonlinear systems.

(2) We stress that KF has the special recurrent form in
which the current estimate can be calculated only
by the last estimate and the innovation. This form
is optimal due to the property of linear systems and
Gaussian noises. However, such an optimal analytical
form does not exist for nonlinear systems. This paper
finds the recurrent form for general nonlinear estima-
tors. The proposed form employs the hidden state of
recurrent neural network (RNN) to encode the histor-
ical information, which ensures the optimality of the
estimator due to the universal approximation ability
of RNN (Hammer (2000); Schäfer and Zimmermann
(2006)).

(3) We utilize contraction mapping and extended policy
improvement theorem to prove the convergence of the
ROE algorithm. Compared with EKF and UKF, ROE
can be applied to complex nonlinear systems and non-
Gaussian noises. Besides, unlike existing methods such
as PF and GSF that require huge online computation
resources, ROE has high computation efficiency since
it is an offline estimator represented by neural net-
works.

The remainder of the paper is organized as follows. Sec-
tion 2 describes REP based on the general discrete-time
stochastic model. Section 3 illustrates the relationship be-
tween REP and MVE. The ROE algorithm is proposed in
section 4. The convergence of ROE algorithm is proved in

section 5. Experiments are described in section 6. Section
7 makes a conclusion in the end.

2. PROBLEM FORMULATION

2.1 Preliminaries

Consider the following system with process noise and
measurement noise:

xt+1 = f(xt) + ξt
yt = g(xt) + ζt.

(1)

where x ∈ Rn is the state, y ∈ Rm is the observation. f(·)
and g(·) can be arbitrary time-invariant functions. ξ ∈ Rn

is the process noise and ζ ∈ Rm is the measurement noise.
As for the general state estimation problem, the stochas-
tic system has the following assumptions (Anderson and
Moore (2012)):

(1) {ξt, t ≥ 0} is independent and identically distributed
(iid) and the distribution is accessible:

ξt ∼ pξ(ξt).

(2) {ζt, t ≥ 0} is iid and the distribution is accessible:

ζt ∼ pζ(ζt).

(3) {ξt, t ≥ 0} and {ζt, t ≥ 0} are independent with each
other.

(4) The distribution of the initial state is independent to
{ξt, t ≥ 0} and {ζt, t ≥ 0}.

Denote the estimate of xt as x̂t, then the estimation error
is et = xt − x̂t. We consider the following generic form of
state estimator:

x̂t = ϕ(ht),

where ht = (x̂0, y1, x̂1, y2, . . . , x̂t−1, yt) is the history infor-
mation containing all past estimations and observations.
To estimate the true state, existing filtering algorithms,
such as KF and PF, aims to find the estimator that
minimizes the square estimation error:

ϕ∗(ht) = argmin
x̂t=ϕ(ht)

E
{
‖et‖22|ht

}
. (2)

Remark 1. Such problem formulation requires us to calcu-
late the posterior distribution of Bayesian filtering online.
However, for complex nonlinear systems, this process is
often intractable with low computation efficiency. Actu-
ally, state estimation or filtering means the recovery from
y(·) of x(·) or even some information about x(·) (Anderson
and Moore (2012)). In this sense, MVE is just one type of
estimation criterion. It’s reasonable for us to find other
estimation criterions.

2.2 Reinforcement Estimation Problem

RL has received remarkable success in a wide variety of
challenging control problems (Duan et al. (2020); Guan
et al. (2019)). RL can learn a nearly optimal policy offline
and the learned policy can be directly used for online
application, leading to high computation efficiency (Li
(2020)). It is known that optimal estimation and optimal
control are dual problems in linear Gaussian settings.
Inspired by this duality, if we can reframe the nonlinear
optimal estimation problem as an optimal control problem
and then use RL’s techniques to solve it, we might be
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Fig. 1. Problem formulation of MVE and REP.

able to obtain the optimal offline estimator for general
nonlinear stochastic state space models.

RL was first utilized to solve the estimation problem in
2007 and achieved great performance (Morimoto and Doya
(2007)). However, its cost function designed is actually
only suitable for zero-mean Gaussian noise. Recently, the
RL-based state estimator with bounded estimate error
performance guarantee is proposed (Hu et al. (2020)). This
work assumes that the estimate error dynamics can be
described by a Markov decision process. However, the error
dynamics generated by the nonlinear filter actually does
not satisfy the Markov property. Besides, the structure of
the estimator is predefined as the combination of the last
step’s estimate and pseudo-innovations, which loses the
guarantee of optimality.

To deal with all these issues, our work formulates a new
offline estimation problem called REP. In contrast to the
previous work, our work finds the true state of Markov
decision process and has no prior assumptions on the
estimator’s structure.

Inspired by RL, the value function of the offline state
estimation problem is defined as:

V ϕ(ht) = E
x̂t=ϕ(ht)

{ ∞∑
k=t

γk−t‖ek‖22 | ht

}
,

where γ ∈ (0, 1] is discount factor.

This paper aims to find an optimal estimator ϕ∗ with the
minimized value function V ∗(ht), i.e.,

ϕ∗(ht) = argmin
x̂t=ϕ(ht)

V ϕ(ht). (3)

We refer to problem (3) for systems in (1) as REP.
γ → 0 means the REP is “myopic” and concerns only
immediate error. As γ → 1, it becomes more “farsighted”.
The relationship between REP and MVE is shown in
Fig. 1. Considering the standard RL setting, an agent
interacts with the environment E which can be modeled
as Markov decision process. It is defined by the tuple
(S,A, C,P). In REP, the state is defined as st = ht ∈ S.
Action is described as at = x̂t ∈ A, which is selected
according to the estimator (or policy) ϕ(ht), i.e., x̂t =
ϕ(ht). The E

{
‖et‖22 | ht

}
can be seen as the cost function

lt ∼ l(st, at), i.e., lt = l(ht, x̂t) = E
{
‖et‖22 | ht

}
. Besides,

P (ht+1|ht, x̂t) maps a given state-action tuple (st, at)
to the probability distribution over st+1. Therefore, the
Bellman equation of the REP can be written as

V ∗(ht) = min
x̂t=ϕ(ht)

{
E
{
‖et‖22 | ht

}

+ γ E
ht+1∼p(ht+1|ht,x̂t)

{V ∗(ht+1)}
}
.

The optimal value function and estimator can be found by
solving the Bellman equation.

Remark 2. In keeping with the terminologies in the control
community, we use “minimize the cost”, which is equal to
“maximize the reward” as used in the RL community.

3. RELATIONSHIP BETWEEN REP AND MVE

Section 2.2 transforms the traditional state estimation
problem (2) into REP (3). To demonstrate the correctness
of this transformation, this section takes the time-invariant
filter of linear systems as an example to analyze the
relationship between REP and MVE.

3.1 Time-invariant solution of MVE

First, consider the following linear system

xt+1 = Fxt +Gξt

yt = H�xt + ζt,
(4)

where E[ξt] = 0, E[ζt] = 0, E[ξtξ�t ] = Q and E[ζtζ�t ] = R.
A standard and widely used estimation algorithm for linear
system is the well-known KF. KF is the optimal filter for
linear systems with Gaussian noises in the sense of MVE.
In KF, the state estimator for systems in (4) is given as
follows:

x̂t+1 = Fx̂t +Kt(yt+1 −H�Fx̂t), (5)

where Kt = PtH(H�PtH + R)−1. The predicted error
covariance matrix Pt can be solved via Riccati equation

Pt = FPt−1F
� − FPt−1H(H�Pt−1H +R)−1H�Pt−1F

�

+GQG�.

Suppose the cholesky decomposition of Q is Q = G1G
�
1 . If

(F,H) is completely detectable and (F,GG1) is completely
stabilizable, the matrix Pt would converge to P̄ , which is
the solution of the discrete-time algebraic Riccati equation
(DARE)

P̄ = FP̄F� − FP̄H(H�P̄H +R)−1H�P̄F� +GQG�.

For the time-invariant filter, the gain matrix Kt is invari-
ant, i.e.,

K̄ = P̄H(H�P̄H +R)−1. (6)

According to (5), the time-invariant filer can be designed
in the following form

x̂t+1 = Fx̂t + K̄(yt+1 −H�Fx̂t). (7)

The time-invariant filter is obviously not the optimal
filter, but K̄ is optimal among all the fixed gains. However,
it can be proved that the limit of the error covariance
matrix is the same as that of the KF (Sinopoli et al.
(2004)). Suppose that when t > tstationary, the system
come to the stationary distribution and K̄ satisfies

K̄ =argmin
K

E
{
‖xt − x̂t‖22

}

s.t. t > tstationary
(8)

3.2 Time-invariant solution of REP

Assuming that the time-invariant solution of REP has a
similar form with (7), one has

x̂t+1 = ϕ(ht+1; η) = Fx̂t + η(yt+1 −H�Fx̂t), (9)

where η is the parameter to be solved. According to (3),
the goal of REP is to find the optimal η∗ such that

η∗ = argmin
η

E

{ ∞∑
k=t

γk−t‖ek‖22 | ht

}
. (10)

When γ = 1, problem (10) is equivalent to minimizing the
average-cost, i.e.,

η∗ = argmin
η

E

{ ∞∑
k=t

‖ek‖22 | ht

}

= argmin
η

lim
T→∞

1

T
E

{
T∑

k=t

‖ek‖22 | ht

}

= argmin
η

lim
T→∞

E

{
1

T

T∑
k=t

‖ek‖22

}

= argmin
η

lim
T→∞

E
{

E
ek∼d(ek)

{
‖ek‖22

}}

= argmin
η

E
ek∼d(ek)

{
‖ek‖22

}
,

(11)

where d(ek) is the stationary distribution of estimation
errors. The key point of (11) is that et obeys Markov
property when the system and estimator are both linear,
i.e.,

et+1 = (I − ηH�)Fet + (I − ηH�)Gξt − ηζt+1. (12)

From (8) and (11), it is clear that η∗ = K̄, which means
that REP and MVE lead to a same time-invariant filer for
linear systems when γ = 1. Based on this finding, if we do
not limit the estimator ϕ(ht; η) to the form shown in (9)
and assume that it can be characterized as an arbitrarily
complex function, we can further derive that

min
ϕ

lim
T→∞

E
{ 1

T

T∑
k=t

‖ek‖22
}
≤

lim
T→∞

E
{ 1

T

T∑
k=t

‖ek‖22
}∣∣∣

K̄=P̄H(H�P̄H+R)−1
.

This indicates that the optimal filter obtained by REP is
at least not worse than the time-invariant filter.

Remark 3. More generally, average-cost problems (γ =
1) are ill-conditioned, which usually need a few strong
assumptions on environment models and cost functions
to find optimal policies. For practical applications, the
vanishing discount factor γ ∈ (0, 1) is a widely used
alternating procedure. In fact, if γ → 1, the discounted
cost is approximately linear to an average cost (Sutton
and Barto (1998)).

Remark 4. This special equivalence η∗ = K̄ can only be
found in linear systems because et obeys Markov property
in this special case. Thus, the problem formulation of the
REP actually enables us to extend the time-invariant filter
to the general nonlinear systems.
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Fig. 2. Gradient flow of GRU-based value function and pol-
icy. The gradient ∂V

∂ω or ∂ϕ
∂η is calculated via backprop-

agation through time (BPTT) which is a gradient-
based technique for training certain types of RNN.

4. REINFORCED OPTIMAL ESTIMATOR

This section proposes the ROE algorithm to find the nearly
optimal solution of the REP for general nonlinear systems.

4.1 Policy Iteration for REP

Existing RL algorithms usually employ the policy iteration
techniques to find the nearly optimal policy and value
function. Policy iteration involves two revolving iteration
procedures: 1) policy evaluation (PEV) and 2) policy
improvement (PIM).

For the REP, given an estimator ϕ, PEV seeks to numeri-
cally solve its corresponding value function V ϕ(ht) via the
self-consistency condition:

V ϕ
k+1(ht) = l(ht, ϕ(ht))+γ E

ht+1∼p(ht+1|ht,ϕ(ht))
{V ϕ

k (ht+1)} .
(13)

PIM aims to search for a better estimator by minimizing
the current value function:

ϕk+1(ht) = argmin
ϕ

{
l(ht, ϕ(ht))

+ γ E
ht+1∼p(hh+1|ht,ϕ(ht))

{V k(ht+1)}
}
.

(14)
Here, V k is the value function of the estimator ϕk.

4.2 Algorithm

To learn an analytic estimator, both value function and
estimator should be approximated using parameterized
functions. In this paper, we employ RNN to represent the
value function and estimator, called value network and
estimator network, due to its strong ability to fit complex
nonlinear functions and handle sequential inputs (Elman
(1990)). RNNs are now broadly used in various fields
such as language modeling, machine translation as well
as speech recognition (Lipton et al. (2015)). It is proved
that the hidden state of RNN can store the information of
previous inputs (Allen-Zhu et al. (2018)).

The value network is also called the critic, denoted as

V (ht) ∼= V (ht;ω), (15)

where ω is the parameter. According to (13), the value net-
work can be updated by directly minimizing the following
critic loss:
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3.2 Time-invariant solution of REP

Assuming that the time-invariant solution of REP has a
similar form with (7), one has

x̂t+1 = ϕ(ht+1; η) = Fx̂t + η(yt+1 −H�Fx̂t), (9)

where η is the parameter to be solved. According to (3),
the goal of REP is to find the optimal η∗ such that

η∗ = argmin
η

E

{ ∞∑
k=t

γk−t‖ek‖22 | ht

}
. (10)

When γ = 1, problem (10) is equivalent to minimizing the
average-cost, i.e.,

η∗ = argmin
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E
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T→∞

1
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E
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T
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‖ek‖22
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E
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E
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η
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ek∼d(ek)

{
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}
,

(11)

where d(ek) is the stationary distribution of estimation
errors. The key point of (11) is that et obeys Markov
property when the system and estimator are both linear,
i.e.,

et+1 = (I − ηH�)Fet + (I − ηH�)Gξt − ηζt+1. (12)

From (8) and (11), it is clear that η∗ = K̄, which means
that REP and MVE lead to a same time-invariant filer for
linear systems when γ = 1. Based on this finding, if we do
not limit the estimator ϕ(ht; η) to the form shown in (9)
and assume that it can be characterized as an arbitrarily
complex function, we can further derive that

min
ϕ

lim
T→∞

E
{ 1

T

T∑
k=t

‖ek‖22
}
≤

lim
T→∞

E
{ 1

T

T∑
k=t

‖ek‖22
}∣∣∣

K̄=P̄H(H�P̄H+R)−1
.

This indicates that the optimal filter obtained by REP is
at least not worse than the time-invariant filter.

Remark 3. More generally, average-cost problems (γ =
1) are ill-conditioned, which usually need a few strong
assumptions on environment models and cost functions
to find optimal policies. For practical applications, the
vanishing discount factor γ ∈ (0, 1) is a widely used
alternating procedure. In fact, if γ → 1, the discounted
cost is approximately linear to an average cost (Sutton
and Barto (1998)).

Remark 4. This special equivalence η∗ = K̄ can only be
found in linear systems because et obeys Markov property
in this special case. Thus, the problem formulation of the
REP actually enables us to extend the time-invariant filter
to the general nonlinear systems.
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Fig. 2. Gradient flow of GRU-based value function and pol-
icy. The gradient ∂V

∂ω or ∂ϕ
∂η is calculated via backprop-

agation through time (BPTT) which is a gradient-
based technique for training certain types of RNN.

4. REINFORCED OPTIMAL ESTIMATOR

This section proposes the ROE algorithm to find the nearly
optimal solution of the REP for general nonlinear systems.

4.1 Policy Iteration for REP

Existing RL algorithms usually employ the policy iteration
techniques to find the nearly optimal policy and value
function. Policy iteration involves two revolving iteration
procedures: 1) policy evaluation (PEV) and 2) policy
improvement (PIM).

For the REP, given an estimator ϕ, PEV seeks to numeri-
cally solve its corresponding value function V ϕ(ht) via the
self-consistency condition:

V ϕ
k+1(ht) = l(ht, ϕ(ht))+γ E

ht+1∼p(ht+1|ht,ϕ(ht))
{V ϕ

k (ht+1)} .
(13)

PIM aims to search for a better estimator by minimizing
the current value function:

ϕk+1(ht) = argmin
ϕ

{
l(ht, ϕ(ht))

+ γ E
ht+1∼p(hh+1|ht,ϕ(ht))

{V k(ht+1)}
}
.

(14)
Here, V k is the value function of the estimator ϕk.

4.2 Algorithm

To learn an analytic estimator, both value function and
estimator should be approximated using parameterized
functions. In this paper, we employ RNN to represent the
value function and estimator, called value network and
estimator network, due to its strong ability to fit complex
nonlinear functions and handle sequential inputs (Elman
(1990)). RNNs are now broadly used in various fields
such as language modeling, machine translation as well
as speech recognition (Lipton et al. (2015)). It is proved
that the hidden state of RNN can store the information of
previous inputs (Allen-Zhu et al. (2018)).

The value network is also called the critic, denoted as

V (ht) ∼= V (ht;ω), (15)

where ω is the parameter. According to (13), the value net-
work can be updated by directly minimizing the following
critic loss:



370 Wenhan Cao  et al. / IFAC PapersOnLine 54-20 (2021) 366–373

Jcritic = E
ht∼d(ht),

ht+1∼d(ht+1)

{
1

2
[lt + V (ht+1;ω)− V (ht;ω)]

2

}
.

where ht ∼ d(ht) is the stationary distribution derived by
the current estimator. Based on the semi-gradient trick,
the update gradient for the value network can be derived
as
∂Jcritic

∂ω
= − E

ht∼d(ht),
ht+1∼d(ht+1)

{
[lt + γV (ht+1;ω)

− V (ht;ω)]
∂V (ht;ω)

∂ω

}
.

(16)

The estimator network is also called the actor, denoted as

ϕ(ht) ∼= ϕ(ht; η), (17)

where η is the parameter. According to (14), a better
estimator network can be obtained by minimizing the
following actor loss:

Jactor = E
ht∼d(ht),ht+1∼d(ht+1)

{lt + γV (ht+1;ω)} .

Then, the update gradient for the estimator can be ex-
pressed as

∂Jactor
∂η

= E
ht∼d(ht),

ht+1∼d(ht+1)

{
∂l

∂ϕ

∂ϕ

∂η
+ γ

∂V (ht+1;ω)

∂ht+1

∂ht+1

∂ϕ

∂ϕ

∂η

}
,

(18)
which contains two parts: 1) the first part comes from the
cost lt = l(ht, x̂t) and 2) the second part comes from ht+1.

We refer to the algorithm that uses the gradients (16)
and (18) to alternately update the value network and
the estimator network, as ROE algorithm. Algorithm 1
and Fig. 3 show the pseudocode and diagram of ROE
algorithm, respectively.

Algorithm 1 ROE algorithm

Initialize parameters η0, ω0

Initialize state h0 ∈ S
repeat

Rollout with estimator ϕη from ht

Receive and store ht+1

PEV step:
Calculate critic gradient (16)
Update value function with: ωk+1 = ωk − α∂Jcritic

∂ω
PIM step:
Calculate actor gradient (18)
Update estimator with: ηk+1 = ηk − β ∂Jactor

∂η

until Convergence

5. CONVERGENCE PROOFS OF ROE ALGORITHM
WITH FUNCTION APPROXIMATION

Inspired by the proof of the convergence of approximate
dynamic programming with discrete finite state (Bertsekas
and Tsitsiklis (1996)), we prove the convergence of ROE
algorithm with continuous state space in this section.

Definition 1. Define operators Tϕ and T :

TϕV (ht) = l(ht, ϕ(ht)) + γ E
ht+1∼p(ht+1|ht,ϕ(ht))

{V (ht+1)}

T V (ht) = min
x̂t

{
l(ht, x̂t) + γ E

ht+1∼p(ht+1|ht,x̂t)
{V (ht+1)}

}
.

Definition 2. If function f defined on a set H is bounded,
the infinite norm is defined as

‖f(·)‖∞ = sup
h∈H

(|f(h)|).

Lemma 1. Operator Tϕ is a contraction mapping with
respect to the infinite norm.

‖TϕV (·)− TϕU(·)‖∞ ≤ γ‖V (·)− U(·)‖∞.

Proof.
‖TϕV (·)− TϕU(·)‖∞

= sup
ht

(
γ

∣∣∣∣ E
ht+1∼p(ht+1|ht,ϕ(ht))

{V (ht+1)− U (ht+1)}
∣∣∣∣
)

≤ sup
ht

(
γ E

ht+1∼p(ht+1|ht,ϕ(ht))
{|V (ht+1)− U (ht+1)|}

)

≤ sup
ht

(
γ E

ht+1∼p(ht+1|ht,ϕ(ht))
{‖V (·)− U(·)‖∞}

)

= γ‖V (·)− U(·)‖∞.

�
Lemma 2. If there exist some ε, δ ≥ 0 which satisfy
‖V k(·;ωk) − V k(·)‖∞ ≤ ε, ∀k and ‖Tϕk+1

V k(·;ωk) −
T V k(·;ωk)‖∞ ≤ δ, ∀k, then

V k+1(h) ≤ V k(h) +
δ + 2γε

1− γ
.

Here, Vk(·) is the real value function of the estimator ϕk

and Vk(·;ωk) is the value function with function approxi-
mation.

Proof. Let ρk = suph
(
V k+1 (h)− V k(h)

)
. Obviously, we

have
V k+1(h) ≤ V k(h) + ρk

V k+1(h) = Tϕk+1
V k+1(h)

≤ Tϕk+1

(
V k(h) + ρk

)

= Tϕk+1
V k(h) + γρk.

(19)

Using assumption on ϕk+1, we have

0 ≤ −Tϕk+1
V k(·;ωk) + T V k(·;ωk) + δ

≤ −Tϕk+1
V k(·;ωk) + Tϕk

V k(·;ωk) + δ.
(20)

Combine (19) with (20), we have

V k+1(h)− V k(h)

≤ Tϕk+1
V k(h) + γρk − V k(h)

≤ 2γ‖V k(·)− V k(·;ωk)‖∞ + γρk + δ

≤ 2γε+ γρk + δ.

The inequality makes use of the fact stated in the Lemma
1. As a result

ρk ≤ 2γε+ γρk + δ

ρk ≤ δ + 2γε

1− γ
.

�
Lemma 3. Let τk = suph(V

k(h) − V ∗(h)), then the se-
quence τk satisfies

τk+1 ≤ γτk + γρk + δ + 2γε. (21)

Proof. We first note that V k (h) ≤ V ∗ (h)+ τk, ∀h, which
leads to

T V k(h) ≤ T (V ∗(h) + τk)

= T V ∗(h) + γτk
= V ∗(h) + γτk.
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Fig. 3. Training procedure of ROE algorithm. Note that during training, we need to roll out from ht to ht+1. It seems
that we can never obtain the transition probability for ht analytically. However, it is not the case. It is reasonable
to obtain xt during training using the stochastic model which can be seen as “real world” and x̂t can be obtained
from the “estimator”. The learned estimator is called ROE and can be applied online.

We then have
Tϕk+1

V k(h) ≤ Tϕk+1

(
V k (h;ωk) + ε

)
.

= Tϕk+1
V k (h;ωk) + γε

≤ T V k (h;ωk) + δ + γε

≤ T
(
V k(h) + ε

)
+ δ + γε

= T V k(h) + δ + 2γε

≤ T (V ∗(h) + τk) + δ + 2γε

= V ∗(h) + γτk + δ + 2γε.

Thus
V k+1(h) = Tϕk+1

V k+1(h)

≤ Tϕk+1

(
V k(h) + ρk

)

= Tϕk+1
V k(h) + γρk

≤ V ∗(h) + γτk + δ + 2γε+ γρk.

That is to say

τk+1 ≤ γτk + δ + 2γε+ γρk.

�
Theorem 1. The sequence of estimator ϕk generated by
the ROE algorithm satisfies

lim sup
k→∞

‖V k(·)− V ∗(·)‖∞ ≤ δ + 2γε

(1− γ)2
.

Proof. According to Lemma 3, take the limit on both
sides of (21), we have

lim sup
k→∞

τk ≤ δ + 2γε+ γρk
1− γ

.

Combining with Lemma 2, we have

ρk ≤ δ + 2γε

1− γ
.

Thus

lim sup
k→∞

τk ≤ δ + 2γε

(1− γ)2
.

�

According to Theorem 1, when δ,ε → 0, the estimator ϕk

will finally convergence to ϕ�.

6. EXPERIMENT RESULTS

In this section, we first adopt the linear pendulum task to
demonstrate the equivalence between the time-invariant
solutions of REP and MVE. Then, we evaluate the perfor-
mance of ROE by estimating the centroid side slip angle
and yaw rate of a nonlinear vehicle system.

6.1 Experiment I: Estimation of Pendulum System

The linear dynamics of the pendulum is shown as below:

xt+1 = Fxt +But + ξt
yt = xt + ζt,

where

ξt ∼
[
N (0, 0.005)
N (0, 0.01)

]
, ζt ∼

[
N (0, 0.1)
N (0, 0.3)

]
.

And

F =

[
1 T

−gT

l
1− µT

ml2

]
, B =

[
0
T

ml2

]
,

with g = 9.81, T = 0.01, µ = 0.01, m = 1 and l = 1.

Given the time-invariant estimator form shown in (7) or
(9), we use the DARE (6) and ROE (Algorithm 1) to solve
their matrix gain K̄ and η∗ respectively. The experiment
is repeated 40 times independently and Fig. 4 plots the
training curves. Table 1 shows the average results over the
last 100 iterations.

Table 1. Final Solution of DARE and ROE

k11 k12 k21 k22
DARE 0.0457 -0.00110 -0.0178 0.0367
ROE 0.0495 -0.00109 -0.0152 0.0379

As shown in Fig. 4 and Table 1, the four elements of the
gain matrix obtained by the ROE algorithm converges to
the gain of time-invariant filter after 1000 iterations.
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V k(h) ≤ Tϕk+1

(
V k (h;ωk) + ε

)
.

= Tϕk+1
V k (h;ωk) + γε

≤ T V k (h;ωk) + δ + γε

≤ T
(
V k(h) + ε

)
+ δ + γε

= T V k(h) + δ + 2γε

≤ T (V ∗(h) + τk) + δ + 2γε

= V ∗(h) + γτk + δ + 2γε.

Thus
V k+1(h) = Tϕk+1

V k+1(h)

≤ Tϕk+1

(
V k(h) + ρk

)

= Tϕk+1
V k(h) + γρk

≤ V ∗(h) + γτk + δ + 2γε+ γρk.

That is to say

τk+1 ≤ γτk + δ + 2γε+ γρk.

�
Theorem 1. The sequence of estimator ϕk generated by
the ROE algorithm satisfies

lim sup
k→∞

‖V k(·)− V ∗(·)‖∞ ≤ δ + 2γε

(1− γ)2
.

Proof. According to Lemma 3, take the limit on both
sides of (21), we have

lim sup
k→∞

τk ≤ δ + 2γε+ γρk
1− γ

.

Combining with Lemma 2, we have

ρk ≤ δ + 2γε

1− γ
.

Thus

lim sup
k→∞

τk ≤ δ + 2γε

(1− γ)2
.

�

According to Theorem 1, when δ,ε → 0, the estimator ϕk

will finally convergence to ϕ�.

6. EXPERIMENT RESULTS

In this section, we first adopt the linear pendulum task to
demonstrate the equivalence between the time-invariant
solutions of REP and MVE. Then, we evaluate the perfor-
mance of ROE by estimating the centroid side slip angle
and yaw rate of a nonlinear vehicle system.

6.1 Experiment I: Estimation of Pendulum System

The linear dynamics of the pendulum is shown as below:

xt+1 = Fxt +But + ξt
yt = xt + ζt,

where

ξt ∼
[
N (0, 0.005)
N (0, 0.01)

]
, ζt ∼

[
N (0, 0.1)
N (0, 0.3)

]
.

And

F =

[
1 T

−gT

l
1− µT

ml2

]
, B =

[
0
T

ml2

]
,

with g = 9.81, T = 0.01, µ = 0.01, m = 1 and l = 1.

Given the time-invariant estimator form shown in (7) or
(9), we use the DARE (6) and ROE (Algorithm 1) to solve
their matrix gain K̄ and η∗ respectively. The experiment
is repeated 40 times independently and Fig. 4 plots the
training curves. Table 1 shows the average results over the
last 100 iterations.

Table 1. Final Solution of DARE and ROE

k11 k12 k21 k22
DARE 0.0457 -0.00110 -0.0178 0.0367
ROE 0.0495 -0.00109 -0.0152 0.0379

As shown in Fig. 4 and Table 1, the four elements of the
gain matrix obtained by the ROE algorithm converges to
the gain of time-invariant filter after 1000 iterations.
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Fig. 4. Training curves of experiment I. (a) K̄11 and η∗11
(b) K̄12 and η∗12 (c) K̄21 and η∗21 (d) K̄22 and η∗22.
Solid lines are average values over 40 runs. Shaded
regions correspond to 95% confidence interval. The
gain matrix solved by ROE finally convergences to
the solution of DARE.

6.2 Experiment II: Estimation of Vehicle State

The employed vehicle dynamics (Bakker et al. (1987)) is
as follows:

θt+1 = f1(θt,Ωt) + ξ1,t
Ωt+1 = f2(θt,Ωt) + ξ2,t,

where θt is the slide slip angle and Ωt is the yaw rate. The
observations are calculated as

y1,t = θt + ζ1,t
y2,t = Ωt + ζ2,t.

Due to the characteristics of tires, the model has a strong
degree of non-linearity,

f1(θt,Ωt) = A1b cos δt sin{C arctan[B(−δt + θt +
aΩt

u
)]}

+A1a sin{C arctan[B(θt −
bΩt

u
)]} − ΩtT,

f2(θt,Ωt) =−A2 sin{C arctan[B(−δt + θt +
aΩt

u
)]}

+A2 sin{C arctan[B(θt −
bΩt

u
)]}.

To evaluate the performance of ROE, we compare it with
the UKF and PF. Note that although the value function
should be GRU or LSTM and the inputs are the history
state ht, we find that using true state xt−1 and estimate
x̂t−1 of the last step to represent the history state works
better. In this case, only a multi-layer perceptron (MLP)
is needed to parameterize the value function.

Each algorithm is evaluated using the Monte Carlo ex-
periment (5000 steps per experiment), which is repeated
100 times from different initial states. The experiment
results are shown in Fig. 5. Table 2 gives the RMSE (Root
Mean Square Error) during experiments of all algorithms.

Besides, We use RTX3090 to calculate the estimated state,
and the average time consumption per step is also shown
in Table 2.
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Fig. 5. Results for experiment II. (a) Estimation error of
state 1. (b) The true state and estimates of 3 methods
for state 1. (c) Estimation error of state 2. (d) The
true state and estimates of 3 methods for state 2. The
solid lines correspond to the mean and the shaded
regions correspond to 95% confidence interval over 20
runs.

Table 2. RMSE and Average Time

ROE UKF PF

θ(rad) 0.000989 0.002239 0.005742
Ω(rad/s) 0.002371 0.002597 0.005986

Time consumption(s) 0.000541 0.000777 1.0736

As shown in Fig. 5 and Table 2, the accuracy of ROE out-
performs that of UKF and PF (1000 particles), especially
for the estimation of slide slip angle. The time-consuming
is superior because ROE is trained offline, and there is no
need for online sampling and calculation for ROE.

The detailed parameters for the 2-DOF system and noise
are listed in Table 3. The detailed parameters for training
procedure is listed in Table 4.

7. CONCLUSION

This work proposed an offline estimation problem called
REP for general nonlinear systems and non-Gaussian
noises. Besides, we proposed ROE algorithm to find an
approximated optimal solution of REP. This algorithm
employs RNN to tackle the historical sequential infor-
mation simultaneously. The estimator is trained offline
and can be used efficiently without online computations.
Simulation results show the superiority of our method
over existing nonlinear estimators in terms of accuracy
and time-consuming. However, there are still quite a few
issues that have not yet been addressed in the paper.
For example, how to describe uncertainty of the estimate
and will the algorithm still convergence considering the
property of neural networks and finite samples.

Table 3. Detailed Parameters for Vehicle Dy-
namics

Model parameters Value

A1
� DgT
uL

A2
DmgabT

IzzL

δt −θt
T 0.01
B 14
C 1.43
D 0.75
m 1500
u 20
Izz 2420
L 2.54
a 1.14
b 1.4
g 9.81
ξt E(ξ1,t + ξ2,t)

ξ1,t

[
N
(
100, 104

)
N
(
100, 104

)
]

ξ2,t

[
U(−1126.25, 1326.25)

U(−900, 1100)

]

E

[
3.33 ∗ 10� 7 3.33 ∗ 10� 7

0 5.4 ∗ 10� 7

]

ζt

[
8.33 ∗ 10� 3χ2(1)

2.47 ∗ 10� 2χ2(1)

]

Table 4. Detailed Parameters for Training

Training parameters Value

Optimizer ADAM (β1=0.9, β2=0.99)
Batch size 512

Discounted factor 0.9
Learning rate 0.00001

Number of hidden layers 2
Number of hidden units per layer 512

ValueNet
Approximation function MLP

Activation function of hidden layer Elu
Activation function of output layer Softplus

PolicyNet
Approximation Function GRU

Length of series 20
Activation function of hidden layer Tanh
Activation function of output layer Identity
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